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ENERGY SELECTION OF CHARGED PARTICLES BY A MAGNETIC 
FIELD! 


By J. W. GARDNER? 


ABSTRACT 


We examine the problem of obtaining a sharply defined mono-energetic beam of 
particles from an omnidirectional, poly-energetic source without the use of slits. 
A magnetic field is suggested which will achieve this in the idealized case when the 
source and counter are of vanishingly small dimensions and the particles are 
confined to the median plane. We then investigate the proportional spread in 
energy (AE/E) of particles arriving at the counter due to the finite dimensions 
of the source and counter and a small component of particle velocity out of the 
median plane. Finally some numerical estimates are made of AE/E and of the 
magnetic fields required in particular cases. 


1. INTRODUCTION 

A problem which arises in experimental atomic and nuclear physics is that of 
obtaining a sharply defined mono-energetic beam of particles without recourse 
to slits or other devices liable to give confusing secondary radiations. The 
problem may be idealized as follows: O in Fig. 1 is a point source emitting charged 
particles of many energies in all directions and B is a counter whose dimensions 
are negligible compared with its distance, a, from O. We wish to arrange that all 
particles emitted with some particular kinetic energy £ are collected by B, and 
all other particles miss it. This selection is to be done without slits and therefore 
presumably only by using a suitable magnetic or electric field or combination of 
such fields; if it can be achieved with only one type of field (say magnetic) so 
much the simpler. 

In the present paper we do not attempt to solve the problem in its most 
general form; we first of all consider the two-dimensional problem of designing 
a magnetic field which will direct into the counter only those particles of energy 
E whose velocities lie in a particular plane (the ‘“‘median’’ plane, designated 
hereinafter as the r—§ plane). Subsequently, in considering the energy spread 
AE in E due to the finite dimensions of the source and counter, we do allow for 
small components of particle velocities in a direction perpendicular to the 
median plane (the z-direction) ; but no solution for the general three-dimensional 
problem is offered at present. 

The present treatment is completely relativistic if the ‘m’ in the equations of 
' motion be taken as the relativistic mass, related to the rest mass my by a Lorentz 
1 Manuscript received October 7, 1952. 
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transformation; for the motion of a relativistic charged particle in a time- 
independent, purely magnetic field is that of a classical particle with the rest 
mass replaced by the relativistic mass (see, forexample, McCrea (3)). A practical 
upper limit to the energies which can be handled is set by considerations of 
magnetic field strength and physical size of the apparatus and for this reason it 
was unnecessary to extend Table II of Section 6 to relativistic heavy particle 
energies. A lower energy limit is set (for all particles) by our neglect of such 
disturbing effects as stray fields and collisions, the actual value of this lower 
limit being determined by the conditions of any particular experiment. 
2. CONDITIONS FOR ASYMPTOTIC ORBIT 

The problem is clearly one of cylindrical symmetry about a z-axis through O, 
and the magnetic field must be everywhere parallel to Oz if the particles are to be 
confined to the r—-@ plane. We note at once that a uniform field parallel to Oz is 
useless for our purpose, for in such a field a particle of charge e (e.s.u.) and 
(relativistic) mass m moves in a circle whose radius is fixed by the energy 
according to a well known relation, and it is clear from Fig. 1 that particles of 
any energy greater than a certain critical energy (/ mo*c* + (Hae)? — moc?) 
moving in this way can reach B if emitted in the appropriate direction from O, 
while particles of the required energy E will miss B unless emitted in the direction 
OO’. After consideration one sees that what is required is a field which will cause 





Fic. 1. Orbits for particles of the same mass and charge and various energies in a uniform 
magnetic field. (1) and (4) are for particles of energy E, (2) and (3) for particles of energy 
> E, (5) for particle of energy < E. 
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particles of energy E to spiral asymptotically towards the circle r = a. Then all 
particles of this energy eventually reach the counter at B;* on the other hand 
particles of energy < E will never travel out as far as B — either they will 
return to O or they will move in some smaller asymptotic orbit; whilst particles 
of energy > E will travel beyond B. (It is of course conceivable for a particle 
of energy < E to have an orbit which is tangential to the circle r = a exactly 
at the counter, and for a particle of energy > E to have an orbit crossing this 
circle exactly at the counter. However, the mere fact that we are, for the 
moment, idealizing the counter as the geometrical ‘‘point B’’ means that we 
cannot assign any finite probability to such orbits.) 

To investigate the conditions for this asymptotic orbit it will be convenient 
to work in terms of the magnetic vector potential A, related to the field H 
(e.m.u.) by H = curl A. By writing out the particle Lagrangian in cylindrical 
coordinates and using symmetry, together with two obvious restrictions on H 
(curl H = 0, and H, = He = 0 in the median plane), we find, as has been 
shown elsewhere by the present author (2), 
erA _ 


[1] mr + F. 


—* 
Here the dot signifies differentiation with respect to time; P is a constant of the 
motion, to wit the angular momentum about Oz, which is zero in the present 
case since the particles start from O; A is a function of r only, and is in fact just 
Ag», the only nonvanishing component of A. Equation [1] can therefore be 
rewritten: 


2 r@ = — —.A(r). 
[2] mc ") 
Also, from energy conservation, 

2 E p 9 s. 2 
a 2moe + EE) a3 =O HT v0)” 
[3] Gne -> B) mc m + OF) 


where / is the magnitude of the linear momentum associated with kinetic energy 
E. 

The geometry of the orbit is examined by eliminating the time variable 
between [2] and [3] to obtain a differential equation between 7 and @: 


iy -(gy £20) 


6 do 


(ai) ty" 
a, 


Now a necessary condition for the orbit to have the asymptote r = a is that 
dr/d@ vanish at this radius, and from [4] this requires 


Ne ne 
[5] A (a) + rs 


[+] 


*In order that the particles shall not take an infinite time to reach the counter we may suppose 
it to be located an infinitesmal distance in from r = a. 
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For the sake of definiteness we shall suppose A (a) and e both to be positive so 
that the + sign is the one required in [5]. (A of course can always be made 
positive since its definition includes an arbitrary additive constant.) Although 
necessary, condition [5] is not sufficient to ensure that the orbit is asymptotic 
to the circle r = a; for example it also applies to an orbit which returns to O 
after touching this circle. We must therefore invoke the further condition that 


@ increase indefinitely as r approaches a: 


va do = 
6] J, = o 7 


where 0 < b < a. Let us write [4] as 


. dr _ s ey. u 
[7] — See (2 _ 1 ( 


where y = eA (r)/c, and where the + sign must again be taken on the right side 
since 7 increases continually with 6, albeit at an infinitesimal rate near a. 
Since condition [6] must apply however near 0 is to a, provided only that it is 
less than a, we shall suppose 0 to be so close to a that y is adequately represented 
over the region of integration by the first few terms of a Taylor expansion in 
powers of (ry — a). Using such an expansion, together with condition [5] (which, 
incidentally, gives y(a) = p), [6] and [7] vield: 


[8] I r : ee eee 
, Ad» fki(r —a) + ko(r — a)? +...}° 
7 2 (dy 
[9] with ki=- p So 
| _J3 («2)' 1 d’yl 
[10] and ky = lp - p’ dr’) 9° 


Terminating the expansion in the denominator at the first term, and inte- 
grating, makes it immediately apparent that k; must vanish for the integral to 
diverge to first order. That is to say, dy/dr = dA/dr = 0 at r = a. Condition 
[8] has therefore now become: 


Pic dr 
[11] et thle —a) +... 


1 (d°y e (dA 
9 ; = = 3 ae Sn tate 2 
2} with = (93) = 2 (44) 


The integral on the left side of [11] diverges to second and higher orders for 
finite k's. To avoid an imaginary second order integrand kz must be positive, 
i.e. d*y/dr?, and hence d?A /dr?, must be negative at 7 = a. 

Recapitulating then, the necessary and sufficient conditions for particles of 
energy EF to spiral asymptotically towards the circle r = a are: 
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a ft 
[13] A= 
[14] atr =a) 8 0 
dr I ‘ 
- i.e. A(r) has a maximum at r = a. 
. d’A 
[15] dr: < 0) 


The condition that A (rv) have a maximum at r = a is of course consistent with 
the physical consideration that the orbit be stable against small oscillations 
about this radius. 

3. EFFECT OF FINITE COUNTER WIDTH 

On account of its finite radial extent the counter will admit not only particles 
of exactly that energy E corresponding to the asymptote 7 = a, but also 
particles whose energies lie in a small range about E, and itis this energy spread 
which is investigated in the present section. First we note that if a finite counter 
extends right up to the asymptote a certain part of it will be inaccessible to 
particles of energy E. For suppose it extends from r = b out to r = a, then the 
greatest radius that a particle of energy E can attain before entering the counter 
is attained by that particle which just misses it at r = b and so makes one more 
revolution before entering it at r = 6’, say, where in view of [7] and [11] 0’ is 


determined by 


ie 4 dr 

[16] 27 = | 7 ei 
QS, Vke an-r 

Thus for maximum efficiency a counter of finite radial width b’ — b = w, say, 
should be placed not exactly at r = a, but some distance a — b’ = u, say, in 
from the asymptote, where from [16], 

a Ww 
[17] 2 exp (27a V ke) — 1 

Equation [16] may be taken to define the response of the counter to particles 
of energy E; we wish to know how much the response drops from its maximum 
value of 2 when E changes by + AE. Let us therefore replace p in [7] by 


p+ Ap, with 
Ap _ i + ae) AE _ , AE 
[18] o "\E+leecl ER 


Then expanding y as before near r = a, and using the results of Section 2, we 
ie g 


, say. 


have: 
[19] do | es I 
* 1. se. ste ; \s 
2A he TS + ko(r—a)+...¢ 
2 E f 
Integrating over the counter to obtain the new response, 9, say, gives to first 
order :* 
*We are assuming here that particles of all energies are equally abundant; if the abundance 
were a function n(E) of E the left sides of |20| and |21| should be multiplied by n(E + AE)/n(E), 
resulting in obvious corrections to |23| and [24]. 
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w E \3 
20 5 a ee 
[20] = a 


and to second order: 
fics ec ee (u 0] 
[21] av kz fue ta }i—u 


where u and w are related as in - and where 


[22] fap ae ee ey f 


The proportional change in energy at which the response has dropped to half 
maximum (0 = 7m) is, according to [20], 


9 


AE w 
oe ace aemeenrtemrere 
[23] E  2dx°a’ 
or according to [21] 
se 44 5 
[24] a ae fey 
25] with y = 3 kw” (cosech’) (cosh B + cosh 28) 
me 9 Ae e(ma)” ) 
2 and where 8° = ke = — Anal (oe) 
[26] ind where 6 ko(2a) ae a. 


Equation [23] shows that to first order the ‘‘energy width” AE varies as the 
square of the counter width and is independent of the detailed behavior of the 
vector potential (and hence the field) at r = a, provided [13]-[15] are satisfied. 
4. EFFECT OF FINITE SOURCE WIDTH 

The calculations so far have been based on the assumption of a point source 
but in practice of course this too will have finite dimensions so let us suppose 
that it extends out to radius 7 = ¢, with t/a < 1. Then it is no longer true that 
the (constant) angular momentum about Oz of every particle is zero: it can be 
anything between + pf, depending on how the particle is emitted initially. If 
we arrange matters so that all particles of the particular energy E (momentum p) 
are counted, whatever their angular momentum, then some particles of different 
energy will also be counted if they happen to have the right angular momentum. 
To examine the energy spread due to this circumstance we replace [2] by the 
limiting equations: 
[27] (3 2S 

mc mr 

Equation [3] expressing energy conservation still holds of course, and from [3] 
and [27] one readily obtains, corresponding to [7], 


ee dr . i 2 a4 pee u 
[28] eo" eae OY 


where Ay has been written for + pt/r. 
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On comparing the expansions of {p/(y + Ay)}? and {(p + Ap)/y}* near 
r = a (where y = ) it is seen that to first order the effect of the term Ay in 
the denominator is the same as that of a term Ap in the numerator, given by: 


:, Ap cuz) Ay _¢ 
29 ——— 2s a SB > m=, 
[29] . p E y a 
Similarly to second order the equivalent Ap is given by: 
(30) ae. 5. 

p a a 


Also by considering the expansion of {(p + Ap)/(y + Ay)}* in conjunction 
with [7] it can be seen that to first order the effects of finite source width and 
finite counter width are additive. Thus, with a source of width ¢ and counter of 
width w the energy E + AE at which the response drops to half maximum is 
given to first order, not by [23], but rather by: 


AE 1ft,1(w\t 
a aE 443 (2) 


which clearly shows that the limitation on source size is more stringent than the 
limitation on counter size. 

Similarly to second order the combined effect of a finite source and a finite 
counter is represented by 
[32] Ae = (61 + 52) (1+ 20d) 
where again the left side is the proportional energy width at which the counter 
response drops to half maximum, and where 6; is written for the “AE/E”’ of 
[24], and 6. for the “AE/E” corresponding to the Ap/p of [80], i.e. 
52 = {t/a + (t/a)?}/X. Thus we see that to second order the effect of a finite 
counter (6,;) and that of a finite source (62) are not strictly additive, their 
combined effect being rather greater than their sum. 

5. EFFECT OF A FINITE s-COMPONENT OF VELOCITY 

Up to this point we have limited our attention to particles whose velocities 
lie wholly in the median (r-8) plane. On account of the small but finite extent 
of the source and counter in the z-direction some particles with a small 
z-component of velocity will also be counted, and this will contribute to the 
total spread in energy of all particles arriving at the counter. The contribution 
can be estimated as follows. Suppose the source extends from z = — f toz =f 
and the counter from z = — g to z = g, then the maximum vertical distance 
a particle can travel and still be collected is f + g. While travelling this vertical 
distance the particle must travel a horizontal distance Ka where K is at least 
unity and may in fact be considerably larger, depending on the orbit. Hence 


s. fs 
[33] v Ka 


where v is the component of total velocity in the median plane, and is related 
to the kinetic energy £ in that plane by: 
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oy ea 
aia (°) ; = + a ; 


Similarly 2 is related to the kinetic energy (AZ), in the z-direction by: 


[35] (:) eM fo moc” mi acai 2(AE), 

re “a> mo’ + (AE),1 moc * 
From [33], [34], and [35] 

36] (AE), _ 1 ( 4 2) i = e a aoe 
E 2 Re E+ mec/\E+ mec J 


Combining [36] and [31] we have 


i ay tS a) 1 (i+-8)' (a ay 
[37] ( E a. mee = 2 \ra . 2\ Ka E + moc” f 


It is clear that (AE),/E can never exceed (f + g/Ka)? and that it tends to zero 
for large E. By a suitable field which would cause particles to spiral through 
many revolutions before entering the counter, K could be made large enough for 
the last term in [37] to be neglected even for small &. However K must not be 
too large because we want 3 = v(f + g)/Ka to be finite; for it is clearly unrealis- 
tic in a physical case to consider only particles whose motion lies exactly in the 
median plane: to have a finite number of particles entering the counter we must 
tolerate small z-components of velocity within the range + 4. 

In this discussion we have ignored the effect of small changes of azimuthal 
velocity 76 caused by the interaction of 4 with H,, which does not vanish outside 
the median plane (since curl H = 0 requires 0H,/0z = 0H,/0dr). This interaction 
will depend on the product of 2 with H, near the median plane, i.e., the product 
of two first order small quantities. Moreover, since H, changes sign at the 
median plane the net effect will be a difference of such products, i.e., the differ- 
ence of two second order small quantities, so its neglect is certainly justified in 
[37]. A similar cancellation applies to changes in 4 itself caused by the interaction 
of ré with H,. 

As mentioned earlier, we offer no solution here for the general three-dimensional 
problem of directing particles with large z-velocities into the counter; guidance 
in this problem might be obtained from the discussion of Fremlin and Gooden 
(1) who consider a somewhat, but not altogether, similar problem in connection 
with cyclotrons. 

6. NUMERICAL ORDERS OF MAGNITUDE 

In any practicable experimental arrangement the radius of the asymptotic 
circle would probably be somewhere between 10 cm. and 50 cm.; for these two 
values of a the Tables I and II give values of H, obtained from the formula 
Ld (yy)  _ be ME’ + 2E moc! 


(rA == 


38 H,’= 
[38] “ rdr figs” GeNE ea 


This relation between kinetic energy, maximum radius, and field at maximum 
radius is the same as in the cyclotron: in both cases it is that for a particle of 
energy E moving in a circle of radius a in a uniform field 7,. For E & moc? [38] 
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TABLE I 


ELECTRONS 
Hg in kilogauss 


a(cm.) | 10 50 






E(Mev.) 





ere hoe 
0.01 | 0.0338 0.00675 
0.1 0.111 | 0.0223 
1.0 0.473 0.0947 
10.0 3.50 0.701 
TABLE II 


HEAVY PARTICLES 
H, in kilogauss 








Particle Proton or alpha-particle | Deuteron 
_ a(em.) 10 50 10 50 
E(Mev.) ~ 
! 14.5 2.90 20.4 4.08 
5 32.4 6.48 45.7 9.14 


becomes H, = c(2moE)?/ea which was adequate for calculating Table II; 
relativistic heavy particles could be handled only by employing fields and 
orbits comparable with those used in the largest cyclotrons. (Indeed even 
larger fields and orbits than these would be required for relativistic particles of 
rest mass greater than the alpha-particle’s.) 

From [37] we can estimate AE/E for the above values of a by substituting 
reasonable numerical values for ft, w, f + g, and K. Let us suppose the source is 
about 2 mm. across and | cm. long, and that the dimensions of the counter 
window are of order 1 cm., so that ¢ = 1 mm., w = f + g = 1 cm. Then for 
a= 10cm. AE/E ranges from 2.5% for K = 1 down to 1.5% for K > 1; 
while for a = 50 cm. AE/E = 0.2% whatever value ( > 1) K may have.* 

The magnitude of ke, which by [12] is a measure of d?A /dr? (and hence of the 
gradient of the field in the median plane) at r = a, may be estimated by com- 
paring the first and second order calculations of AE/E. Thus the neglect of 
k2(r — a)” in [19] to obtain the first order expressions [20] and [23] implies 
ko(r — a)? < AE/E. On the other hand k must not be too small since for kz — 0 
the left side of [24] diverges as — (k2)~?, as may be seen by expanding the 
hyperbolic functions in [25] and substituting the resulting expression for y 
back into [24]. In fact the condition that expressions [23] and [24] for AE/E 
must differ only by quantities of second or higher order smallness yields the 
result: 


ie oo hae (74) a (a) a he 
39] es be \ dr’] rm pe \dr Jia (ma)” 


*We have assumed the worst case (AE),/E = (f + g/Ka)*, i.e. EK moe’. 
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Now from [388] — e/pc may be expressed as — 1/aH,, so that [39] gives an 
approximate relation between the field and its gradient in the median plane at 


r=a: 


dH _ Hy 
[40] (= )_ i ra 


For certain simple types of field [40] is sufficient to relate H, to the field Hy 
at the center; thus if /7 decreases linearly with r we find H, must be about 90% 
of Ho, and if it decreases parabolically (from a maximum Ho) H, must be about 
95% of Ho. Of course fields which are simply described mathematically are not 
necessarily simple to construct physically; however it is certainly possible to 
construct a field which will satisfy the conditions [13]-[15]—for this is just 
what we have in the cyclotron. 
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AUGER TRANSITIONS IN SILVER! 


By F. A. JOHNSON AND J. S. FosTER 


ABSTRACT 


Twenty of the K Auger lines of silver have been resolved and estimates of their 
relative intensities obtained. Comparison with the theoretical intensities calcu- 
lated by Burhop indicates that the existing theory is not quantitatively correct 
and that relativistic modifications offer little hope of improvement. Special 
attention is directed to the K— LL lines where disagreement with theory is 
most marked. Comparison with similar observations previously reported for gold 
and bismuth shows an interesting agreement in the observed ratio of the intensity 
of the A— LyyLy17y1 line to that of the K— LyyyLy77, line, and in the ratio of 
the intensity of the K— LyLyyyq line to that of the K— LyLy line. 


Twenty of the A Auger lines of silver have been resolved using a high 
resolution 180° permanent magnet photographic spectrograph, and estimates 
of their relative intensities obtained. The spectrograph source was a 2 mil 
tungsten wire onto which Cd!” (6.7 hr.) had been evaporated in vacuo. The 
active cadmium was produced by proton bombardment of silver at 20 Mev. 
in the McGill University synchrocyclotron. The Auger electrons were recorded 
on Eastman X-Ray No Screen plates and the intensities of the various electron 
lines were obtained from the trace of a Moll recording microphotometer type A. 
Calibration was by means of light exposures of known relative intensities, 
and it was found that the photographic density of the electron lines and of the 
background were all within the linear region. The energies of the lines were 
measured with reference to the thorium A line (2). 

The complete set of Auger lines is shown in Fig. 1 (a), and a microphotometer 
trace of the A — LL group in Fig. 1 (b). For the particular magnetic field 
setting, the strongest of the lines, K ~ L,;Ly71, had a p value of 10.94 cm. 
and was separated on the plate from the K — L;,;;L,7,; line by 1.13 mm.The 
measured energies of the lines, together with those calculated using the most 
recent values (4) of X-ray level energies, are listed in Table I. The measured 
intensities, corrected for influence of geometry on line widths, are compared 
with the theoretical values calculated nonrelativistically by Burhop (1) for 
interactions in the Z subshells, and with Burhop’s estimates for the interactions 
of the L and M shells using a plane wave approximation for the emerging 
electron. In addition, the integrated values calculated by Pincherle (7) are 
compared with the experimental values. 

The experimental relative intensities of the K — LL transitions are not in 
accord with the nonrelativistic theory of Burhop. Relativistic effects, estimated 
by Massey and Burhop (5) to cause an increase of 15 to 20% in the calculated 
values for silver, are not likely to give agreement. The general trend of the 
intensities is in agreement with the experimental results of Mihelich (6) for 
gold and of Ellis (3) for bismuth. Especially interesting is the fact that in all 
three cases the ratio of the intensity of the K — L,,L 17, line to that of the 


1 Manuscript received December 11, 1952. 
Contribution from the Radiation Laboratory, McGill University, Montreal, Que. 
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TABLE I 
EXPERIMENTAL AND THEORETICAL ENERGIES AND INTENSITIES FOR 
THE Aue GER TRANSITIONS IN SILVER 


Energy (kev.) | Intensity 





Transition ose = = 
Meas. + 0.06 Calc. | Measured Burhop Meas. Burhop Pincherle 





| 
| 
K—> LL; 17.70 1788/1 +02 1 | 
K— LyLlyy 17.98 18.16 13 +0.2 A | 
K— LyLyr1 18.14 18.33 | 13 +02 2.3 | 1 1 I 
K— Lysl yy 18.25 18.44;0.5 +0.2 0.96 { 
K— LyLlyyy 18.42 18.61|3.2 +04 2.6 | 
K—+ Lesvbsat 18.61 oe 18 +02 32 | 
K— LM, 20.88 20.96 | 0.8 +0.2 0.49 \ > . 
K— LyMinar 16 eles 20s ia Oe 
E+ Leilene a 21.32 | as 0.05 
K—= Ly, 21.17 21.25 | 0.2 + 0.1 \ ors | 
K— Liu, = 21.42 | a J : | 
K— LiwMyyi111 21.31 21.38 | 1.6 + 0.3) ~ \ 6 « ; 
eee eka 21.47 © 21.55| 1.7 +03} 2° | 0.45 030 0.49 
K— LiMo = 21; 60 | =: \ 0.61 | 
K— LyyiMywv 21.68 21770 | | 0.55 +02); °°" J 
= ee neat 21.85 21.91 | | 0.3 + 0.2 
K— LyryrNipitrt 22.02 22.08 | 0.55 + 0.2 
% 
K—> M,\Myy111 24.11 24.18 | 0.18 + 0.1 ) 
K—- M Ibi 1M IDIII 24.25 24. 32 | . 3 + 0.2 > 0.06 0.075 
K— M Il11I iV yw.v 24.48 24.54 | ~™ 0.05 J 
K> MWinwt 24.65 24.71) ~0.05 
K—= re rv IV;V 24.82 24.90 | ~ 0.05 
K— M IVovV N IViV 25.04 25.12 < 0.05 


K — Lyy 7711 line is 1.8, although only in the case of silver and bismuth is 
the K — L,;Ly77;, line the strongest of the group. In addition, the ratio of 
the intensity of the K > L ,Ly,, line to that of the A > L,L, line is about 
1.3 in the three cases. The K — L,,;L 1, line is the weakest of the group in all 
cases, in qualitative agreement with theory. 

In the K — LM group the main discrepancy between experiment and theory 
is in the intensities of the K — L,;M, and the K — LM 144,171; lines. This is 
not surprising since the plane wave approximation is poorest for transitions 
involving the L; shell (1). Experimentally it would just be possible to resolve 
two lines differing in energy by an amount equal to the separation of the 
K—>LyyMiyir11 and K > L,,;Myy,y lines, but where only one line is 
visible, it is difficult to be certain of the assignment. If the measured intensity 
of 1.7 was assigned to the former and this added to the intensity of 1.6 for the 
K — Ly 1M yu, 111 line, then the sum would be 3.3 as compared to 2.5 esti- 
mated by Burhop. This assumption that the intensity of the K > L,,;Myy,y 
line is small is perhaps substantiated by the agreement between the observed 
intensity of the K — L y4;M yy,y line and the value calculated for the combined 
intensity of the K > L1yM yy,y and K — Ly4141M qy,y lines. A similar argument 
can be used to show that the intensity of the K > L,,;M, line might also 
be small. 


PLATE | 


r { ' 4 i & 
' i Aletta, 





Fic. 1. (a) Reproduction of spectrograph plate showing all the Auger lines o! silver; 
(b) microphotometer trace of A— LL Auger lines. 
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In order to compare the experimental results with the theoretical calcu- 
lations of Pincherle, it was necessary to sum the intensities of various groups 
as indicated in the table. In addition, corresponding values were derived from 
Burhop’s calculations. In all cases the intensities were normalized to that of 
the K — LL group as unity. It will be seen that the measured intensities of 
the K- LL, K > L,Myryi11, and K >Ly14,131;;V groups are in moder- 
ately good agreement with the estimates of Burhop, considering that his latter 
two values are rough. Except for the K > 1,;My,11,111 group, the total 
intensities of the groups are in good agreement with the values calculated by 
Pincherle. The measured intensities for all four groups follow the pattern of 
the less accurate measurements of Robinson and Young (8) for zirconium and 
molybdenum, in the same region of the periodic table. 

The detailed experimental results clearly indicate that existing theory is 
not quantitatively correct and offer little hope that relativistic modifications 
in themselves will make the desired corrections. At present it is not clear 
whether theoretical agreement may be reached by the employment of more 
suitable wave functions or whether more complex phenomena must be taken 
into account. Burhop’s calculations were made using hydrogen-like wave 
functions with suitably chosen effective charges. In addition it was assumed 
that the Auger transition involves an interaction between only two electrons. 
It might be expected, however, that the other electrons in the atom should 
have some influence on the Auger transition probabilities. In this way the 
transfer of energy to the final Auger electron may take place in a number of 
competing ways through intermediate states, with a resulting change in the 
transition probabilities from those calculated to date. 
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RADIAL-AXIAL HEAT FLOW IN REGIONS BOUNDED 
INTERNALLY BY CIRCULAR CYLINDERS! 


By J. H. BLACKWELL 


ABSTRACT 

Two radial-axial transient heat flow problems have been solved for regions 
bounded internally by circular cylinders. They are not of the simple ‘‘product- 
solution” type and it is considered that they may have application in other 
fields of physics where the Diffusion Equation applies. The problems arose 
during investigation into “‘end-effect”’ in cylindrical thermal-conductivity probes. 
The solutions are obtained by integral-transform methods, two different types 
of transform being used in each solution. 


INTRODUCTION 

The writer has recently been examining the theory of the cylindrical heat 
probe method (1, 6, 8) for determination of thermal conductivity and dif- 
fusivity of materials in bulk. (A discussion of the theory is to be published 
shortly.) 

In the course of such an investigation the writer has solved several transient 
heat flow problems for infinite or semi-infinite regions, bounded internally by 
a circular cylinder, and with heat-flow in the axial as well as the radial direction. 
Two such solutions are reproduced below. 

It is considered that the results obtained may have applications in other 
fields where the Diffusion Equation applies and that the combined use of 
different types of integral transform in the analyses, although not new (9), 
may be of interest. Solutions of problems of this type for regions bounded 
internally by circular cylinders other than the simple ‘“‘product-solutions” (3, 
p. 284) do not appear to be available in the literature. 

It may be remarked that it is essential for simple application of the cylin- 
drical probe method that the heat-flow be treated as radial to within the 
limits set by experimental error. Accordingly the effect of finite cylinder 
length on the validity of the radial-flow theory must be investigated, so that 
a criterion for minimum probe-length may be established. 

The problems may be described as follows: 

(1) Transient heat flow in the infinite region bounded internally by an 
(infinite) circular cylinder. There is constant flux of heat across a finite 
length of the internal boundary surface and the remainder of this 
surface is insulated. 

(2) Transient heat flow in the semi-infinite region bounded internally by a 
circular cylinder and by planes at right angles to the axis of the cylinder. 
There is constant flux of heat across the cylindrical boundary and the 
planes are maintained at zero temperature. 

Case (1) is solved using a Laplace Transformation with respect to time, and 

an (infinite) Fourier Transformation with respect to the axial variable. 
1 Manuscript received December 12, 1952. 
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Case (2) employs a Laplace Transformation with respect to time and a finite 
Fourier Sine Transformation with respect to the axial variable. The analyses 
given are of a formal nature throughout and from the pure mathematical 
standpoint require verification. Verification of results obtained using a Laplace 
Transformation alone is more or less standardized (3, p. 367) but in the present 
cases, the situation is somewhat complicated by the use of another type of 
integral transform in the same problem. In consequence of this and since such 
verifications are space-consuming and of little interest to the physicist, they 
are omitted. 
ANALYSIS—CASE (1) 

We wish to solve the Heat Equation in cylindrical co-ordinates with circular 
symmetry, i.e. 

9 
00 1 06 00 1 00 
; t>0 


ap ae ar’ <p eo: — Oe wo 








(1] 


subject to: 


[2] é= 0, t=O0,a<p<r7:—-a7 <2 om 
00 
[3] Op Q, p al <Lit> 
| = 0, p=a, |z}>L:t>0 
where 
p, 2 are the radial and axial co-ordinates, 
t is the time, 


K, i? are the thermal conductivity and diffusivity of the medium, 
4(p, z, t) is the temperature, 
Q is the heat flux (constant) across the cylindrical surface. 
Firstly, we make a Fourier Transformation of equation [1] and boundary 
conditions with respect to ‘sz’. (We use the form of Fourier Transform closest 
to that of the standard Laplace Transform, i.e., 


Fw) = | f(z) -** ds, 


f(s) = x F(w) e”* dw.) 


mag 


The result of this transformation is: 


oe ,180 2» 1 # 


5 -—qwQ9=35-—— ° 
[4] Pry aa, il a a<p<o:t>0 
_ subject to: 
[5] 6=0, t=0, a<p<om 
- 00 20. 
[6] -—-K—= ae sin Lw, pa, t>0 
, Op @ 
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where O(p, w, ¢) is the Fourier Transform of 6(p, z, t) and we assume 


lim 0 . =A): 


aa 
10 ©O2 


Next we make a ait Transformation of equation [4] and boundary 


conditions, with respect to ‘t’. We obtain 


" io 1d® 2 2 
(7] 7? ae wb = 7° a<p<o 
subject to: 
9 
[8] —; Ke = 20 i sin La p =a 
p wp 


where ®(p, w, p) is the Laplace Transform of 0(p, a, ¢), 

= p*/h. 
The general solution of [7] subject to the implicit condition that be bounded 
as p— © may be written down, i.e. 


[9] ® = AKo(Bp) 


where B= V @ + w? and Ko(8p) is the modified Bessel function of the second 
kind and zero order. Applying boundary condition [8] we get finally 
2Q sin Lw Ko(8p) 


[10] a ee eee) 


where Aj(8p) is the modified Bessel function of the second kind and first order. 
By the Inversion Theorem of the Laplace Transformation (4, p. 72) then 


re Cee os Ko(Bp)_ 
[11] Ces Ya Kw J,—ixn PB Ki(Ga) 


which by another well-known theorem of the Laplace Transformation (4, p. 5) 


e" dp 


may be written 


: a 20 sin Lw a am es Ko(Bp) _ ir e” Jan 
[12] _e Kw {ls 2 ri 7 6 K,(6a) - 


Consider the contour integral within the square brackets, i.e., written in full 


ied {- KoloV g to) er dp _ 
a Gee < 
2b Oat 5 zc. 53 

ited, i ieee Kila + w’) 
Make the change of variable 

Pp = pt+oh* 
and put q’ = p/h. 
This change of variable does not modify shape or orientation of the contour. 
Then we get 


+ 
ul "Ko(q'p) €” dp’ 
in q Ki(q’a) 
The reduced contour Soaks of equation [13] may be expressed asa real infinite 


[13] i= Dai = exp (— wh *r) - 


BLACKWELL: RADIAL-AXIAL HEAT FLOW 475 


integral without difficulty using standard methods (4, p. 91). It arises in the 
solution of the analogous radial-flow problem and has already been evaluated 
by Carslaw and Jaeger (3, p. 283). Inserting its value we obtain 


9) bao 9 2 
I, = ae exp (— wh" ny | exp (— Ww’) 


0 


[14] s 2 (ua) No(up) — Ni(ua) Zot) | 


Jy (ua) + M; *(ua) 


Substituting from equation [14] into equation [12] we get 


O(p,w,t) = 4Oy aint ie f. exp ( — wh*d) J. exp ( — h’d\u”) f(p,u) du dd 


where 
[15] f(o,w) = Ji(ua) No(up) — Ni(ua) Jo(up)/Ji°(ua) + Ni? (ua). 
Proceeding to the inverse Fourier Transformation 


6(p,2,t) = Fo 


9 
= 20h" = * exp (izw) sin Lw { 


aK 


at 


exp ( — wh°h) { exp ( — h°du’*) 
X f(p,u) du dd dw 


0 


[ié] = i ft —[sin (L + 2)w + sin (L — 2)o] J aia ( — wh*d) 


x | exp ( — h’du’) f(p,u) du dX dw. 
0 


Equation [16] can be simplified by performing either or both of the integrations 
with respect to A and w. The procedure to be followed depends to a certain 
extent on the use to be made of the solution. 

It may be desired to find the approximate size of Z for which the solution 
for a given value of |z| < ZL (in particular, z = 0) differs from the corre- 
sponding radial-flow solution by less than a certain maximum error. In this 
case we need to perform the integration with respect to w only. We use the 
standard result (2) 

Ps, 2 T a 
J Sin ax exp (—x)dx = 9 erf @ 


and, assuming that the order of integration may be interchanged, we obtain 


- | L+ L-% 
[17] 9(0,2,t) we os, J, E (Z: +) - “= (4 =) 


X exp ( — h’du*) f(p,u) du dr. 


For convenience consider the temperature at z =.0 


- 
[18] _ 0(p,0,t) = — Fond Va exp ( — h’du”) f(p,u) du dd. 
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Now if L/2h-+/t is large, erf (L/2h-/X) changes very little from unity over the 
range of integration and we may write 


My + erf (2) : tL exp ( — hu’) f(p,u)du an| 


L MT + erf BS. X radial-flow solution. 


Hence for a given maximum departure from radial flow conditions we may 
determine an approximate minimum value for the quantity L/2h/t from the 
tables of erf(x). If the orders of magnitude of h and ¢ are known, this fixes the 
minimum size of L. 

If desired, the integral with respect to \ in equation [17] may be expressed 
in terms of tabulated functions. Each part of this integral is of the form 


[19] 0(p,0,t) 


ll 


a 


vt 
Ie = J erf f =.) exp ( — b’r) dd where a, 6 are real, b > 0. 


Integrating by parts and making an appropriate substitution in the remaining 
integral we get 


SN ath Od ds ee ] 
nas ert (4) exp ( bt) 2 f" exo] @ + oY Van 5 


By a well-known result (5) 


fee J ex e ( + - . ‘b° =) dX = | exp (2ab) erfc [ 3 +bv ) 


+ exp ( — 2ab) erfc (2 _ b vt) |. 


Hence Js is expressible in terms of tabulated functions and @(p, z, t) is reduced 
to a single (infinite) integral. 
ANALYSIS—CASE (2) 
We wish to solve 
a0 100, 06 _ 1 06 


2 _ -— 3 : z ai: = 

[20] ap te ; 3p re ae On << OiD <s2e 2S 0 

subject to: 

[21] 6=0, t=0, a<p<o: O0<2<2L 
_ 06 

[22] ee p= i. OMe: t>0 

[23] é=0, = 0,21, @<p: <a: t>0 


where the symbols are the same as in case (1). 
We first make a finite Fourier Sine Transformation of equation [20] and 
¢. F 


boundary conditions with respect to ‘sz’. (The following form of transform 
and Inversion Theorem (9, p. 74) are used 


2L 


Fin) = a f(2) sin 5 ds, 








sven 


BLACKWELL; RADIAL-AXIAL HEAT FLOW 477 


I< . 7 s. 
f(z) = -> F(n) sin ay) 


~n=1 


We obtain 


: °O | 190 _ nx’, _ 1 00 
(26) 3a AL’ Pee CLES OS TaN 
subject to: 
[25] 6 = 0, t=0, a<p<o 
_ 00 20L n4 
[26] ee = 20H 1 4 (-1) J p=a, t>0 
Op TN 


where 0(p, 7, ¢) is the finite Fourier Sine Transform of 6(p, z, ¢). 

Next we make a Laplace Transformation of equation [24] and boundary 
condition with respect to ‘?’ obtaining 
d ® ldb unt 


—-—; 6= 9 a<p<o 


O7 5 
[27] dp pdp 4L° 


subject to: 

_d& aes “| 
28 —K =e — 1)" =a 
[28] dp mp —s p 
where ®(p, 7, p) is the Laplace Transform of O(p, , t) and 

qg = p/h. 

The general solution of |27] subject to [28] and the implicit boundary condition 
that ® is bounded as p— © is 


_ 2QL a “| K (Bp) _ 
[29} = Kan l A I) PB Ki (Ba) 
where B= V ¢ + (n?x?, £E 2) 


Proceeding with the Inverse Laplace Transformation as in case (1) we get 
sony “| { ( neh’ ) 
: 0 = | 1 _ xp | — = S- 
[30] (o,n,) Karn + ( a2 Jo i 4L° . 
Xx | exp (— h’du’) f(p,u) du dd 
0 


where /{(p, u) has the same significance as before. 
Inverting the finite Fourier Sine Transform 


6(p,z,t) = 29 O0(p,n,t) sin — 
~n=1 ols 
=_ 4Qh° ; ‘| “] a NTS 
[31] “Kr 2d, = 1+ (-—1) sin 57 


at 2 2,2 Vax 
x j exp( ~ mae s) | exp ( — h’du") f(p,u) du dr 


0 
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[32] = sO : Dk 4 sin a,.2 ; Sa ( — ahd) 
4 J exp ( — h’du’) f(p,u) du ddr 
where: 
ar = 572k + 1)e. 


We may simplify this expression by performing the integration with respect 
ton; \ase: 
80 < | : J — exp [ — ht(u’ fe a,’)] 
33] 0(p,2,t) = +“3 net NE Se ee ean Fi ae alee. 
ort the Kris ok fi i J, uw? + on Fahde 


As in case (1) we may use the solution to determine the minimum L for radial- 
flow conditions. We proceed as follows. 
Rewrite equation [32] in the form 


+ 2 at oo 
[34] 0(p,z,t) = oC j b : — sin a,z exp ( — ath») | 
v7 


em 
2 ans 
x J exp ( — Adu’) f(p,u) du dr 
0 
where we assume that the order of summation and integration with respect 


to A may be interchanged. Taking z = LZ for convenience, and for comparison 
with case (1), we get 


is 20h? (4 4 (-1)' 7 
[35] 0(p,Z,t) = = J Es {— 1 exP (—agh »| 


4 | exp ( — h’du”) f(p,u) du dd. 
v0 


Now aphV/d = (2k + l)rhVd/2L and if rhv/t/2L is small, the sum of the 


series 





$0) DY pent glen 
T k=0 2k a 1 

changes very little over the range of integration from its value, unity, at 

} = 0. Hence we may write, similarly to case (1), 


O(p, L, t) = 3[{1 + S(A)] X radial-flow solution. 


Thus, again, we can derive a minimum value of Z for a given maximum 
departure from radial-flow conditions since the series S is tabulated (7). 
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ENERGY LOSS OF HIGHLY CHARGED PARTICLES 
PRODUCED BY FISSION AND BY COSMIC RAYS 


III. THE LINEAR DENSITY OF DELTA RAYS. EXPERIMENTS! | 









































By PIERRE DEMERS AND ZOFIA LECHNO-WASIUTYNSKA 


WITH AN APPENDIX 
IV. THE LINEAR DENSITY OF DELTA RAYS. THEORETICAL | 


By Zor1A LECHNO-WASIUTYNSKA 


ABSTRACT 
Delta rays having an energy as low as 2-5 kev. have been counted along the 
tracks of mesons, protons, and a rays of low velocity, allowing the identification 
of each. Three methods are presented and applied to determine the efficiency f 
of counting delta rays of various energies; measured values of f vary between 
0.05% at 2 kev. and 100-180% near 50 kev. The number of grains, and the 
energy distribution among visible delta rays, are analyzed. A new method of 
determining velocity, based on the analysis of the number of grains in the delta 
rays, is presented. In the Appendix, the effect of relativistic corrections is com- 
puted and discussed. It is small except at large velocities where comparison with 
experiment is difficult. 
COUNTING LOW-ENERGY DELTA RAYS 
1. Low Energy Delta Rays | 
The possibility of recognizing very short and low energy delta rays in our | 
fine grain emulsions was noticed earlier (2) by observing delta rays at some 
50 uw from the end of the range of a particles. This range would set an upper 
limit of 5 kev. on the lowest energy of delta rays that may be seen. See 
Appendix. 
Sheets of emulsion irradiated in the summer of 1952, during ascents de- 
scribed elsewhere (4), provided more abundant experimental material. By 
examining proton and a-ray tracks recorded in them, it became clear that 
these low energy delta rays could be counted regularly enough to be of use 
in the identification of particles even over short lengths of track, and at low 
velocities. 
kor instance an a ray of 2000 uw range gives nm = 2 delta rays per 100 uw with 
the accepted techniques (1), and a proton of 150 wu shows no delta ray at all. 
It will be seen by inspection of our curves that a 2000 u @ ray shows n = 15 
approximately, while a proton shows three or four delta rays in the last 150 u 
of its path. 
The first findings were reported briefly by Demers and Lechno-Wasiutyn- 
ska (5). An appendix by one of us, at the end of this paper, describes 
numerical calculations of the Mott—Bradt—Peters formula (1). These calcu- 
lations are made assuming that all delta rays above a certain minimum energy 
Wmin, for instance 5, 10, or 20 kev., are counted. Then comparison with experi- 


1 Manuscript received November 24, 1952. 
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ment requires some assumption regarding the relation between the energy w 
of a delta ray and its range or its number of grains. For instance delta rays 
of more than two grains are supposed to have more than 10 kev., and this 
allows us to define an average efficiency in this case, as follows: (Number of 
delta rays found with more than two grains) + (Number of delta rays ex- 
pected with wain = 10 kev.). The average efficiency as mentioned in the 
Appendix is of the order of 15 to 20% in G5, NTB, and Cz. 

Here no assumption is made on the energy of the delta rays when counting 
them; on the contrary from the analysis described in this paper, the relation 
between their energy and their number of grains is arrived at. This analysis 
makes use of the usual range-energy relation for protons and a rays. 


2. Counting Criteria 

We attempt to count every recognizable delta ray. Those defined by more 
than one grain, or by one grain distinct from those defining the track of the 
particle, pose no special problem, since the background is low. However, grains 
pressed together in the main part of the track sometimes protrude in a singular 
way, and these seem to be genuine delta rays. This belief is based upon, in- 
spection of their appearance, and on the consistency of the results obtained 
by counting them as being delta rays. Also, if they were mere accidents or 
defects in the track, they would be expected to show a frequency more or less 
proportional to grain density or to ionization, and therefore to decrease as the 
range increases from the end of a proton track for instance. On the contrary 
their frequency follows a different law, and quite a few times a proton will 
not show a single delta ray in the last 150 uw of its path, while an @ ray of the 
same ionizing power will show several in an equal length. 

It is difficult to state much more precisely the criteria used in counting such 
delta rays; they are to a degree subjective, and this reflects in the variations 
between days and between observers. This matter is taken up later. 

So much for the counting when delta-ray density n is low enough. At the 
highest values of m, the delta rays overlap and are more difficult to distinguish 
individually. 

All our measurements were carried out in baseless sheets of our ‘‘fine grain”’ 
emulsion formula 2, discussed earlier (3). 


3. Effect of Charge and Mass 

Several tracks identified as protons P, and as a rays a, respectively, from 
their appearance, were counted in one plate. In this case the range in divisions, 
at which each delta ray was recognized, was noted. The integral number NV 
of delta rays per track found from the end of the track up to a certain range 
R is plotted against R. One division is worth 1.12 u of the object being ex- 
amined; since the sheet expanded by 7% sidewise during processing, one 
division is worth 1.05 uw of the track when registered. 

The plot, Fig. 1, should provide a good test of the method: P and a have 
the same velocity at a given range, while the charges are in the ratio of 2 to 1. 
Theory then requires that NV values should be exactly in the ratio of the square 
of the charges, i.e., 4 to 1, which checks remarkably well with these experi- 


mental results, at all ranges. 
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Gc 50 100diu 150. R200 250 


Fic. 1. Total number N of delta rays per track vs. R, counted under comparable conditions 
for 10 a and 5 P by P.D. (broken line), and for 10 a@ and 22 P by Z.L.W. (single points). 


Differential plots of ” vs. R show a similarly good agreement. It follows 
that distinction between P and a may be accomplished by the sole counting 
of delta rays on short segments. If the end of the track is visible, 150 u length 
will provide almost certain identification. In the said series of measurements, 





0 1000 2000 div. 3000 4000 5000 


Fic. 2. Differential number » of delta rays per 100 divisions counted under various con- 
ditions of development by two observers, circles denote Z.L.W., otherwise P.D. Curves are 
for several a, P, and VM. Lowest two curves are for a single a. Dotted line is for one-grain delta 
rays. Range R is in divisions; number of delta rays » is per 100 divisions in this as in all figures. 
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the following values of N were found by one observer in 150 uw range for P: 15, 
11,11, 8,6 and for a: 65, 50, 48, 48, 41, 34, 33, 29, 28, 20. In 100 uw, values were 
as follows: P: 4, 3, 2, 1, 0; a: 22, 15, 11, 11, 10, 9, 8, 6, 5, 2. Here some 10% 
errors would be expected. 

The differential curves of ” vs. R for P and a, Fig. 2, show a maximum 
near 450 uw and then a slow decrease of m at larger ranges. The curve drawn for 
mesons, Fig. 2, shows a very sharp initial rise and a descent starting at 100 u 
or even at a shorter range. This curve represents the sum of measurements on 
ma and uw mesons combined, there being no significant difference between the 
two. Mesons can therefore be easily recognized by such a plot. 

If the position of the maximum in the ” vs. R curve could be ascertained 
with enough accuracy, it could be taken as a measure of the mass of the 
particle when 2’ = 1. In general, if 2’ does not vary along the path: 

(1] Riax(M, 2’) = (M/2"2) Rinax(1, 1) & (M/2”) 450 ps. 


Mesons can also be distinguished from P and a@ in the 100 uw path at the end 
of the range by the number of grains in the delta rays: in such a range some 
three delta rays with two grains or more will usually appear for a meson, and 
usually none and seldom one for P or a. This naturally follows from the range 
velocity relations. 

4. Comparison with Theoretical Curves 

If we compare the differential curves for P and a in Fig. 2 with the theoretical 
distributions, we find that the range at which the maximum occurs is best 
represented by choosing Wmin = 8 kev. approximately, while the absolute 
value at 2000 u range leads to choosing wmin = 10 kev.; on the other hand, 
the range at which the first delta appears would lead to Wain = 2 kev. 

These somewhat conflicting observations are well reconciled by assuming 
that the efficiency f of counting delta rays, or the proportion of delta rays 
theoretically formed that are seen, is a rapidly varying function of their 
energy, and this suggests the possibility of determining precise values of the 
efficiency. 

EFFICIENCY OF COUNTING DELTA RAYS 
1. Linear Equations Method 

This first method utilizes a system of m linear equations, containing m 
coefficients of efficiency that are the unknowns, and the m values derived 
from experiment for the linear density of delta rays in as many successive 
segments of the tracks. Coefficients in these equations are theoretical values 
of the total number of delta rays N. 

Firstly theoretical vs. R curves were drawn for P, with various limits set 
on W: m_3 represents the theoretical density for 1 kev. < w <3 kev.; n3~5, 
the same for 3 kev. < w < 5 kev.; and so on for m5_7, 27-10, %10-c. From these 
curves, the total number expected theoretically between specified range 
values of the particle were computed. These range values in microns are 
shown in superscripts, thus: / fc. ne etc. Inasmuch as we may assume 
that the probability of seeing a delta ray depends only on the energy class 
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to which it belongs, and not on the velocity of the particle, we may define 
and use fi_; as this probability for 1 to 3 kev. delta rays, f3_5, for 3 to 5 kev. 
delta rays, etc., and write down the following set of equations, where N°~*° 
means the observed number between 0 and 20 pw, N?°-5°, between 20 and 50 
Bee. < 

[2] N° = Niz3. fi-a 

Ne’ = Nits Jur Nes”. fas 


750-160 50-160 50-160 > 50—160 
N =NMi3 .fistNes .fastNsz .fs7z 


160—300 160-300 160-300 7160-300 - -160—300 
N = Ni-3 Sis t Nes JSs-5 + Nes .Ss-7 + Ni-10 


300—400 . 300—400 . 300—400 > 300—400 
Ni-s agar N3-5 035 + Ns-7 ey + N7-10 
300—400 ‘ 
+ N0_« - S102 


This system is easily solved because the range limits have been so chosen 
as to add one class of energy and one term as we pass from one equation to 
the next one. The first equation is solved for /;-3, and the value found used in 
the next equation which in turn is solved for f3-5 and so on. 

This procedure has been applied to the average of a sum of measurements 
on P and also on a by multiplying every theoretical value by 4, and the results 
are shown in Table I. In fact, in applying it, one division of the micrometer 
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TABLE I 
EFFICIENCY OF COUNTING (IN %) IN DIFFERENT ENERGY INTERVALS (IN KEV.) 
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| | | fiv—xo 
Sica: TU Colesen ee eee fi-0 | fio | (other range intervals) 
especies saint beemneronl ; ee ———| eset 
10wrays (Z.L.W.)| 0.07 | 2 | 16.8 | 15.9 41 41-61 
10 protons (Z.L.W.) 0.42 | 0.54 15 | 30 37 | 37-7 
10a@rays (P.D.) 0.26 | 0.33 | 45.3 aa — 
| | 





was taken as equal to 1 instead of 1.05 », but this makes little difference for 
what follows. The first and second terms are never negligible, and the efficien- 
cies f;-3 and f3_5, which are derived from relatively small numbers N, have a 
great influence on the other efficiencies. Some better way of using the experi- 
mental data along these lines might be designed, but we thought at this point 
of a differential method which is probably preferable, and less laborious, as 
described in the next section. 

The straight application of this method to further segments of P and a has 
led to rising values of f reaching as high as 190% at R = 4000 uw. This may 
perhaps be attributed to the counting of spurious delta rays in these cases, 
or else to the fact that f at a given energy of the delta ray increases when the 
density of the track decreases. The results in Table I indicate a small and 
variable proportion of the delta rays being counted between 1 and 5 kev., 
and a rising efficiency tending toward unity near w = 10 kev. 

2. (st Differential Method 


Examining the equations led us to another simpler method for calculating f 
from the experimental data. We write a partly relativistic equation for n: 
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ewmax 
[3] n= (2.73 2/6) | fdw/w", Wmax = 2 mc’B’/(1 — 6’). 

0 
The value of 2.73 for the coefficient holds for » = dN/dx, w in kev.; then 
2 mc? = 1021.7 kev. This equation differs from a similar one in the Appendix 
in that the differential dw/w* is multiplied by the efficiency {; we suppose f 
to depend only on w. The lower energy limit may now be Wain = 0, since 
f = 0, at zero energy, and wy,x is the same as previously. In the other form 
of the equation f is assumed as zero below w = Wmin, and as unity between 


Wmin and Wmeax- 
Let us write a function ¢, similar in its first expression to the function 1/K 


of Hoang (6): 
[4] ¢ = np’ /2.73 2” = J fdw/w 
0 


which is experimentally determined from mn and from the range velocity 
relation, as a function of 8. By differentiating with respect to Wmax which is 
itself a function of 6: 


do dWmax = Si W max : 


The value of f refers to the energy Wax. Omitting the subscript we may write: 


[5] f = wdd/dw. 


0 


This equation may be applied by plotting ¢ vs. w, finding the slope of the 
smoothed curve passing through the points, and multiplying it by w’, then / 
values obtain. This was done for the same series of 10 @ rays of Fig. 1 measured 
by P.D. See Fig. 3, and the following list, which shows reasonable agreement 
with the data of Table I for the same a rays: 

1 kev. 2 3 4 5 6 7 8 9 10 12 

0 0.64% 2.7 8.16 19.2 37.5 65.5 80.6 84.5 102 136 





Fic. 3. First differential method of determining f, ¢ vs. w, 10 a rays of P.D. as in Fig. 1; 
efficiency -f = slope X 8?. 
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3. 2nd Differential Method 
However, noting that d(—1/w) = dw/w’, we may plot the data in such a 
way that f is read directly as a derivative: 


(6] f = de/d(—-1/w) . 


This second procedure was applied to the same series of 10 a rays with very 
similar results indeed, the differences arising only from the exact manner of 
fitting the curve through the points. It was also applied to several other series 


of measurements. See Figs. 4, 5, and 8. 








5000, ,4000 
10000,\ (3000 500 
5000 M399 4 
10000 1000 300 200 150 100 80 70 60 20 40 35 30 25p 
Rz/y 
Fic. 4. Second differential method of determining f, @ vs. 1/w plot, efficiency f = —slope. 
All measurements, made by two observers, are included. About 10,000 delta rays were counted 
for this curve. No systematic difference appears between a, P, and .V. Experimental curve 
shown by dotted line represents an average, better agreement is found with a closer control of 
conditions, as in Fig. 5, on a single a ray. The oblique straight lines with slope —1 represent 
f = 1, and various values of wmin. The curves that are nearly hyperbolas represent constant 
values of n/s’*. The supplementary scale in abscissae represents the range of the equivalent 
proton, R 2’?/M. 
Fic. 5. Same plot for single @ of Fig. 2; tot. for all delta rays; 1, 2-3, and > 3, for those 
having 1, 2 and 3, and more than 3 grains respectively. Vertical scale is displaced from one 
curve to the next for clarity. 
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kor these plots the length of the segments of tracks considered was 100 
divisions, or multiples thereof, so that m was naturally counted not per 100 u, 
but per 100 divisions of 105 uw. With this practical definition of n, @ was written 
so: 


[7] @ = nB?/2.87 2”. 


If ¢ and 1/w are used as the rectangular coordinates, we may write in along 
the 1/w scale a scale of the ranges R for a particle. We may also draw two 
families of curves which are of interest. Suppose f = 1 for w > wmin, then we 
have a series of straight lines of slope —1 along which a value of Wyjy is 
uniquely defined. Suppose successive fixed values of n,n = 1,n = 2,.... We 
have a series of curves which nearly follow the law xy = constant. Then one 
pair of experimental values of » and R may be plotted without calculations 
on the curvilinear system of coordinates drawn. The point so chosen defines 
uniquely the value of Wmin Which would agree with the data assuming f = 1.* 

The values of f derived from the slope of the @ vs. 1/w curve are very 
sensitive to errors and fluctuations. Measurements on a single track give 
better internal agreement as seen in Fig. 5. On the whole it is fairly satis- 
factory that no case has been found so far which clearly required values of f 
greater than | or smaller than zero. For reasons that will become apparent 
later, the accuracy is good around w = 10-20 kev., and very little can be 
told from the application of this method above 50 kev. However it seems 
probable that f should reach a maximum of the order of unity between 40 and 
100 kev., and then diminish, since a 1 Mev. delta ray would be entirely in- 
visible, and since a 70 kev. delta ray should be long enough to emerge from 
the axis of the track, and dense enough in our emulsion to be recognized. 

The experimental values of f are shown in Fig. 8. They agree reasonably 
well with those derived from the other two methods when w < 25 kev. In 
agreement with the first method the present method applied to the same data 
indicates values of f decidedly passing unity above 25 kev. While this matter 
is not entirely clear, it may be an indication that some spurious delta rays are 
sometimes counted. This would induce a tendency to find in the high energy 
tracks a constant value of n, so that the @ vs. 1/w curve would tend to follow 
a curve of constant m but of increasing slope. We have an equivalent explana- 
tion if we assume that f does not depend exclusively on w but that it may 
increase with 8 as discussed later. So far nothing obliges us to suspect the 
validity of the Mott-Bradt—Peters formula. 

The values of f depend on the visibility of the delta rays as distinct from 
the grains along the axis of the track at the lower energies of the delta rays, 
and as distinct from the background of single grains and of other electron 
tracks at the higher energies. Indications are that the values at low energies 
may be somewhat greater along a track with a low grain density. On the other 
hand, the values at high energies may be larger when the delta rays are more 
numerous because confusion with a background electron is not so much to be 


* Also, along one line of given wmin value for which f = 1, we may read the n and R co- 
ordinates. The n vs. R relation so obtained corresponds to the hypothesis f = 1 when w> wmin. 
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feared then. Moreover the relativistic corrections make the procedure outlined 
theoretically unfit for obtaining the true values of f at energies of the delta 
rays much higher than 50 kev. Taking them fully into account would be very 
difficult. 
4. Analysis of the Number of Grains 

The number of delta rays may be counted while imposing on them any 
criteria we please. As long as these criteria do not change the efficiency of 
counting the delta rays of a given energy as we pass from one segment of the 
track to the other, we may carry the analysis just described, and determine 
for such delta rays how the efficiency varies with energy w. Accordingly the 
data for one long a ray were plotted in several ways, Fig. 5. Curve I is for the 
total number of delta rays, curve II for those having only one grain, g = 1, 
curve III for two and three grains, g = 2 and 3, curve IV, for more than 
three grains, g > 3. 

We expect / for one grain to be quite small at high enough energies, since 
a 50 kev. delta ray with a mean range of 15 u should very seldom be repre- 
sented by only one grain. The slope of curve I should therefore be very small 
both at zero and at a higher energy, with an inflection point at some inter- 
mediate energy. Within experimental uncertainties, such a course agrees with 
the data. This agreement may be taken as a confirmation of the proper 
identification of the one grain delta rays. 

Calling Ni, the theoretical number expected, N’, N’’,...the numbers in 
the different classes making the total observed of N; 

N= : i Nin; N” = ¥ Nun;...N = = +f” Pinan} Nin 


[8] f=fo+f" +... 


the over-all efficiency is the sum of the efficiencies in the component classes. 
This applies whether the N values are for all energies of delta rays or only for 
an infinitesimal energy range. Therefore the slopes of curves II, III, IV at a 
given abscissa should add up to that of curve I. This rule was kept in mind 
while fitting the various curves to the experimental points, and accordingly, 
the f vs. w plots in Fig. 6 verify it quite well. 


0 
O 'w 20Kev. 40 


Fic. 6. f vs. w for different number of grains, derived from Fig. 5; f is the probability of 
seeing a delta ray of energy w counting g grains. 
Fic. 7. f vs. number of grains g, for different energies w, derived from Fig. 5. 
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There is in curve III a suggestion of a maximum slope, and of a flattening 
above w = 50 kev., meaning that higher energies are seldom represented by 
two or three grains. 

The f vs. w tables established for given numbers of grains g may be completed 
by adding a column for g = 0, the values of fo in this column being obtained 
by difference: fo = 1 —/f. This table may be read either way, to give at a 
constant energy the absolute number of times the delta ray has zero, 1, 2 or 3, 
or more than 3 grains. For a few energies, Fig. 7 has accordingly been drawn. 
This differs from the usual distribution curves, in that the ordinate is not the 
number of cases per unit interval of the abscissae, but the total number of 
cases in one of four categories, represented in abscissae: 0, 1, 2 or 3, and more 
than 3 grains. Somewhat comparable curves have been drawn by Zajac (7) 
in different conditions. For 30 kev. electrons recorded in NT2A and in NT4 
emulsions she found tracks measuring on the average 8 uw and containing from 
6 to 18 grains. No such distributions at lower energies are described in the 
literature. We have recorded the tracks of 50 kev. electrons acelerated in an 
electron diffraction installation. These tracks in one fine grain emulsion 
measured about 15 4 and contained about 12 grains, while those of Zajac of 
the same energy had the same range and contained on the average 20 grains. 
5. Energy Distribution of Delta Rays 

If we inspect equation [3] we see that within a factor 2.73 2’*/6?, the ex- 
pression of dn/dw as a function of w is f/w? and does not depend on 2’ or on 8. 
The energy distribution of the delta rays is therefore the same in relative value 
for all particles of all velocities, except that the high energy limit Wax in this 
distribution is a growing function of 8. 





© 10 2 30 40 SOw 60 70Ke.60 90 100 


Fic. 8. Plots of f derived from Fig. 4, of 1/w?, and of f/w? vs. w; f/w? is theoretically 
proportional to the relative number per unit energy interval dn/dw. The upper limit wmax in 
the energy distribution curve is 5 kev. for 8 = 0.07, 10 for 0.1, 42 for 0.2, 68 for 0.25, and 
103 for 0.3, 
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Fig. 8 shows f values from Fig. 4; f and f/w? are plotted against w. It is seen 
that the f{/w* curve has a maximum at about 12 kev. and falls off more or less 
like 1/w until 90 kev. The values of f are not very certain above 25 kev., and 
if we assume that f = 100% above 25 kev., it means that dn/dw decreases 
from then on as 1/w*. The difference between the energy spectra at various 
velocities lies in the limit wax, as long as we neglect relativity corrections. The 
high energy tail is very low above 8 = 0.35 so that the area under this curve, 
which is equal to 9, is little dependent on the high energy cutoff and takes an 
almost constant value above 6 = 0.35. 

This curve manifests why the experimental determination of f cannot be 
very precise above w = 30 kev. This determination is based on the variation 
of @ with Wmax; at higher values of Wmax, ¢ is large and the method amounts to 
looking for a small increase in the area under the said curve at the high energy 
extremity, assuming that the rest of its shape remains unchanged. The best 
accuracy should be attained between 8 and 15 kev. near the maximum of the 
curve, and it is for such values of w that individual determinations of f agree 
best. 

Suppose that f depends not only on w but also to some degree on 8, for 
instance that a lower grain density or a higher 8 favors counting the low 
energy delta rays around 5-15 kev. This would change the shape of the energy 
spectrum and affect the determination of f, in such a way that f would seem 
too large at high energies, in agreement with observations described above. 


6. Corrected Equation for the Linear Density of Delta Rays 


To evaluate properly the values of ” we should determine in given experi- 
mental conditions the variation of f with w, and proceed to integrate 
equation [3]. 


100 
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Fic. 9. Average n/s’? vs. R s’*/M curve in log log scale drawn from one a measured by 
Z.L.W. and by P.D., from five M, by P.D., and one M, by Z.L.W. This should be a universal 
function for all s’ and M, as long as s’ remains constant. Theoretical data assuming f = 1, 
and various values of wmin are also shown. 
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An alternative procedure is to find the experimental values of m asa function 
of B for z’ = 2 and use the equation: 
[9] n(z’, 8) = (2'*/4) n(2, B) . 


The relative energy distribution of the delta rays is practically invariable 
above 8 = 0.35, so that above this velocity, m should vary quite accurately 
as 1/8. 

(10] n(s’, 8) = C2'2/p? B > 0.35. 


The constant C would have to be determined by measurements for instance 
with 2’ = 2 and 8 > 0.35. It is numerically equal to the linear density of 
delta rays along a relativistic proton, which is about 0.28 according to Fig. 9. 
The above should hold as long as f depends exclusively on w, and disregarding 
relativistic corrections. 

Fig. 9 shows a universal curve of n vs. R derived from our measurements. 

VELOCITY DETERMINATIONS 

From the preceding arguments, at least for velocities 8 less than 0.35, a 
change in the velocity of the particle modifies the distribution in energy of the 
delta rays, and accordingly should modify their distribution in number of 
grains. Therefore, a study of this distribution should enable one to determine 
the velocity along a track, whatever be the values of 2’, M, and R. Fair agree- 
ment with this rule may be seen in Fig. 10 derived from measurements on , 
P, and a. In this figure the number N of delta rays are shown vs. their number 
of grains g, for different segments of tracks. The distribution extends to greater 
and greater values of g as 8 passes from 0.09 to 0.47, and distributions are 
nearly the same for different particles having the same velocity. Comparing 
such diagrams with the one drawn for a segment of an unknown track may 
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Fic. 10. Effect of velocity 8 on the distribution of number of delta rays N vs. number of 
grains g. Range intervals in divisions are shown. Two observers, Z.L.W. is denoted by an 
asterisk. The vertical coordinate is log (N + 1). Scale of g is marked only once, it is displaced 
by 15 units from one distribution to the next one. 
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allow the determination of 8. An almost equivalent rule is to determine in a 
population of 50 or 100 delta rays the greatest value of g to be found; this from 
Fig. 10 is 3 or 4 at B = 0.09, 8 to 13 at B = 0.20, and 30 at B = 0.35 to 0.5. 
This fast and approximate rule may be of use even above 8 = 0.35, since it 
does not depend on the general features of the distribution in number of 
grains, which varies little above this velocity, but upon the upper energy limit 
in the distribution. 


CONCLUSION 


From these results, we may draw a picture of the delta-ray structure of a 
track. Very many delta rays having energies near 1 or 2 kev. are formed 
according to theory, and despite a very low efficiency of counting, a small 
number of them apparently do show up in our emulsion formula 2. When 
visible they have one grain. Conversely when a one grain delta ray is seen, 
its energy, from Fig. 6, may be as low as 2 kev. or as high as 30 kev. Delta 
rays of 15 to 150 kev. seldom fail to show up, they have 1, 2, and mostly 3 
and more grains. 

The average efficiency defined at the beginning depends on the lowest energy 
Wmin Which is assumed as being counted, and this may be chosen in a number 
of different ways, since a given number of grains, such as 2, may represent 
quite different energies as seen in Fig. 7. 

Despite some more or Jess subjective features the counting of low energy 
delta rays may yield quite reliable results if some care is taken to make con- 
ditions comparable for different observers, as seen from a comparison in 
Fig. 2. The identification of the particles, especially when mass, charge, and 
velocity are low, may be provided by the present method, used either alone 
or in conjunction with other methods based on the appearance, the grain 
density or the optical density of the track, and angular scattering. 

The variation of the efficiency of counting delta rays has been shown to 
depend mostly on the energy of the delta rays, but it may also depend to some 
degree on the grain density of the track, and on the linear density of the 
delta rays. 

To sum up the discussion of the calculations in the Appendix and of the 
experiments in this paper, the /inear density of delta rays along a track at low 
velocities, 8 < 0.35, and low charges of the particle, depends strongly on 
the values of the efficiency. At high velocities, the relativistic corrections may 
have a small visible influence. At low velocities and high charges, the important 
factor is electron capture, of which no full study has been made yet. 

Counting the delta rays when their density is more than about 60 per 100 u 
is very difficult and not very certain. It seems that some other method might 
be preferable, taking advantage of the statistical features of the delta ray 
distribution in space. Photometry is indicated then, or an equivalent thereof. 
We have tried for instance counting the grains in elements at different distances 
from the axis, with fairly reliable results. These matters will be taken up in 


another article. 


A 
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APPENDIX 


1. Introduction 

Mott (4) wrote down a relativistic expression for the linear density of delta 
rays, based on the Rutherford scattering formula. Bradt and Peters (2) pub- 
lished a revision of this expression, where the path length is written down 
explicitly in the laboratory coordinates. In a later paper (3), they thank 
J. Ashkin for supplying them with this revised expression, which is as follows. 
In it dn or d?N/dx is the number of delta rays found per unit length, for an 
energy interval dw of the delta rays. 
[1] a?N/dx = (24 A ets'*/mc?B") (dw/w?) X 


{1 —(1 —6?)w/2me?+ (x2' 8/137)[(1 —B?)w/2me? B}4[1 — (1 —B2)w/2mce? B?]} 
N = total number of delta rays. 
n = number per unit length dN/dx. 
x = length of path not in cm., but in units of 100 microns = 0.1 mm. 
V = ¥ (number of atoms per cc.); 2;, for all atoms i present = number of 
electrons per cc. of the emulsion used, taken here as 104. It is in fact 
nearer to 1.07.1074 in concentrated emulsions. 
e = 4.8.107"° e.s.u. ; 
= atomic number of the particle supposed to be completely ionized. 
Otherwise 2’.4; should be used. 

mc? = rest energy of the electron, 510.7 kev. or 0.818.10~° ergs. 
8 = velocity of the particle. 
w = energy of the delta ray in kev. or in ergs. 

All terms past the first one inside the brace are relativistic. The integrated 

form. with the kev. as a unit for w is: 

[2] n =dN/dx =| —2.5512 2/2/B?w —2.4977.1079(1 —B2)z"? log .w/B? {20m ax 


| —3.6612.10~9(1 —B?)4s'8/ B20? —3.5843.10~9(1 — 62) 4z’3q04 /B4}20 min 


~ 


a 


The value of Wmin is taken usually between 5 and 20 kev. according to the 
range of the shortest delta rays visible. The upper limit wmax is the maximum 
energy of a knock-on electron. Bhabha (1) has written down a general ex- 
pression for this: 

[3] Wmax = 2mc?(E? — M°c*)/(m*ct + M*ct + 2mc*E) . 
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An excellent approximation, good within 5% for a meson, 1% for a proton, 
and better still for heavier ions, is, as we have found, 
[4] Wmax = 2mc?B?/(1 — B?) B < 0.99. 


The relativistic correction on Wmax Makes little difference on the calculated 
value of n, for any value of 8; the uncorrected value of wax is 2mc?B?. 


2. Results 


Fig. Al contains the results for m derived from accurate numerical compu- 
tation according to the above, with wmin = 5 kev. (7 on the left scale). The 


1Op : R i g . 100m. 


Fic. Al. Absolute densities m in number per 100 yu, vs. range Rin emulsion, for _4/= 104 
electrons per cc., add 7% for concentrated emulsions containing about 1.07.10”! electrons per 
cc. For wmin = 5 kev., ” scale on the left; for wmin = 10 kev., scale on the right, and read 
only above 8 = 0.35; at lower 8 values, the other curves are parallel to the one drawn for 
a rays marked (10 kev.). Intersections of dotted lines with the curves mark the ranges for 
different B values, except for D, x, and uw. Charge of the ion z’ is assumed constant, neglecting 
electron capture. 


differences between such accurate va'ues of m and those obtained when relati- 
vistic corrections are neglected are greatest when 6 ~ 0.5 (see Fig. A2), but 
even then they amount to less than 5% when 2’ < 30, and they would be 
practically invisible in Fig. Al. The same curves for 8 > 0.35 may be used 
with the x scale on the left, to read off values of m when wain = 10 kev. The 
scale of ranges has been calculated from data of Rotblat (5) and of Smith (6). 
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Fic. A2. Relative values in percentage of the correction brought about by the relativistic 
terms in [1] to the value of , when wmin = 5 kev., for several 2’ and 8 values. 

No account has been taken of electron capture, which reduces the effective 
charge when B < Bait = 2/137. This would lower the maximum value of 
and visibly alter the shape of the curve up to a range passing somewhat that 
shown for 8 = Berit, for 2’ between 5 and 30. For much higher charges, nearly 
the whole curve would have to be revised, but this will not be attempted here, 
as no satisfactory theory of the details of electron capture exists. 

At high velocities, the value of ” tends to a low constant value and shows no 
true minimum, like ionizing power (7). The absolute values are 5 to 10 times 
those found in C2, NTB (2), and in G5, while those for Wain = 10 kev. approxi- 
mately agree at average velocities with those found in our fine grain emulsion 
formula 2. 

One influence of the relativistic terms might perhaps be put in evidence, if 
it becomes possible to count the most energetic delta rays having nearly the 
energy Wmax produced by a fast particle. If the complete expression for dn/dw 
is written down, for w = Wmax it is seen to be of the form (1/w*)(1 — B?), the 
second factor comprises a relativistic correction equal to —?, which means 
that for 8 = 0.3, there are 9% fewer rays than expected otherwise, for 8 = 0.7 
the correction is —49%, and for B = 0.9, it is —81%. This correction is very 
large; however, the presence of the term 1/w? shows that very few rays of the 
highest energies may be expected anyhow, which renders the experimental 
verification very difficult. 
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THEORY OF THE ELECTROMAGNETIC VACUUM! 
(Preliminary Report) 


By F. A. KAEMPFFER 


ABSTRACT 

It is shown that, if one assumes Dirac’s electrodynamics to be the correct 
description of the electromagnetic field at the absolute zero of temperature, the 
electromagnetic vacuum (‘‘the Dirac sea’’) can be considered as a nonviscous 
fluid, in which pressure waves (‘‘sound’’) travel with velocity c, and in which 
with rising temperature excitations appear as particles analogous to the exci- 
tations (‘“‘phonons” and “rotons”’) in ordinary nonviscous fluids at low tempera- 
tures. It is suggested that photons be considered as vortex-free excitations and 
charged particles as vortex excitations of the fluid representing the electro- 
magnetic vacuum. Some evidence which supports this suggestion is given. 


Dirac (1) has recently proposed a new formulation of electrodynamics, in 
which the well-known relations between electromagnetic fields and potentials 
are maintained: 


10A 


l E = — gr me ewes 8 = curl 
[1] grad sae H = curlA 
but in which the gauge of the potentials is fixed such that 
2 (aKa. 


The potentials appear then as a four-vector which has everywhere the same 
direction as the velocity four-vector of small test charges immersed in the 
electromagnetic field. 

We shall now take this idea seriously and adopt the point of view that 
Dirac’s theory is the correct description of the electromagnetic field at the 
absolute zero of temperature. If especially no electric charges are present, we 
expect then the state of the electromagnetic vacuum at the absolute zero of 
temperature to be described correctly by the conditions that no fields shall 


be present: 


10A 


[3] -—-+ grad d¢=0; curlA=0. 
c Ot 
We expand now 
~—-5------5 1 ° 
[4] @=V i+ meta t..., 


i.e. we intend to consider only fields which are so weak that test charges 

immersed in the fields will only obtain velocities v<<c. Then the vacuum 

equations [3] can be written: 

(5] 10A 

o paar * 
c Ot 


1 Manuscript received January 12, 1953. 
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The remarkable fact now is that these equations are identical with the Ber- 
nouilli equations for an incompressible nonviscous fluid in absence of vortex 
motions: 


6] cv + }grad (v’) = 0; curlv=0 


provided we identify 


which is just the relation proposed by Dirac. 

We may therefore safely adopt the following point of view: 

The electromagnetic vacuum at the absolute zero of temperature can be 
described as an incompressible nonviscous fluid, characterized by the classical 
equations [6]. Upon increase in temperature, motions of the vacuum liquid will 
be excited in complete analogy to the excitations observed in liquid Helium I]. 
We shall tentatively identify the longitudinal excitations of the vacuum fluid 
(phonons) with the photon gas of black-body radiation, and the vortex exci- 
tations of the vacuum fluid (rotons) with the appearance of electrons. It is 
readily seen that the phonons excited in the vacuum fluid fulfill indeed the 
requirements necessary to identify them with the photons of black-body 
radiation. As is well known (Landau (4), Kronig and Thellung (3)) the longi- 
tudinal excitations of a nonviscous fluid contribute in second approximation 
to the energy of the system the amount 


[8] E® = 4h>> ck(2Nu + 1) 
k 


where £) are the eigenvalues of the Hamiltonian 


9] 6° = J HV: H® = 4(vpv) : 


co is the velocity of sound in the fluid, and hk is the amount of momentum 
represented by a phonon of frequency w; = cok. It is seen that E® is identical 
with the energy of black-body radiation, provided we assume that the velocity 
of sound in the vacuum fluid is equal to the velocity of light. This high velocity 
of “sound” in the fluid is a further indication of the fact that the vacuum 
fluid is virtually incompressible. 

The excitation of vortex motions in the fluid presents a more difficult 
problem since a rigorous Hamiltonian formulation of vortex theory has not 
yet been found. However, from the analogy to the theory of vortex exci- 
tations in ordinary nonviscous fluids as established by Landau (4) we may 
draw already some rather far-reaching conclusions. 

The energy contributed by a vortex excitation of linear momentum P is, 
according to Landau, 


[10] e=e+ = P’ 
“<u 
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which is formally identical with the contribution to the energy by an electron 
appearing in the vacuum fluid, provided we can identify (Kramers (2)) 

[11] 6 = MS ie — 

Existence of vortex motion implies that 

[12] Si (v ds) #0. 

Because of 


é 


(7] v=—A 


mc 


this means that excitation of a vortex motion in the vacuum fluid means also 


[13] f(A ds) = Jf (curl A), dS = {fH, dS # 0 


which shows that vortex excitations in the vacuum fluid will become sources 
of a magnetic field. Now because of the relation 


DP 
[4] @=Kt5-A 


this magnetic field will give rise to an electric field as well. In the stationary 
case we shall have 


[14] E = — grad ¢ = — 5~ grad (A’) 

and 

[15] div B= — 5-y*(A’). 

This corresponds to a source of electric field of charge density 
(16) p= — gt-v*(A’). 


In other words: the vortex excitations of the vacuum fluid will be sources of 
a magnetic field and consequently of an electric field. Thus the rotons of the 
vacuum fluid will appear as particles which are carriers of electric charge and 
magnetic moment. The author believes that future investigations will show 
these rotons to be identical with electrons. 

In conclusion of this preliminary report, which is necessarily of a somewhat 
tentative nature, it might be worth noting that Landau and Khalatnikov (5) 
have calculated the very small viscosity of Helium II on the theory that it is 
caused by phonon-phonon interactions which appear in higher order terms 
of the Hamiltonian. If the analogy of the vacuum fluid to liquid Helium II is 
complete we should expect the vacuum fluid to have a small viscosity as well. 
This would allow then for the propagation of transverse pressure waves in the 
vacuum fluid. The author believes that these transverse phonons are identical 
with neutrinos and he hopes to report further on this matter in subsequent 
publications. 
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THE PHYSICAL MEANING OF AUXILIARY CONDITIONS 
IN THE THEORY OF GRAVITATIONAL WAVES! 


By F. A. KAEMPFFER 


ABSTRACT 


The conditions are examined which are necessary to reduce the gravitational 
field equations in first approximation to a set of ordinary wave equations. 
These conditions are evaluated for the case of the gravitational field produced 
by an accelerated particle, and it is shown that they restrict the consideration 
to observers whose radius vector towards the source of the field is perpendicular 
to the vector of acceleration of the particle at the retarded time. 


Einstein (2) has shown that it is possible to integrate his general field 
equations 
[1] Gi = — «(Mu — 3¢% M) 


in first approximation, if the right-hand side can be treated as a perturbation 

which will cause only small deviations y;, from the pseudo-euclidean metric 6;x, 

such that if one carries out the substitution 

Siu = Ox t+ Vx 5 Ou = b22 = 633 = — 1 sb = +1; kl k JO;i#k 
6,6 = 6; = ° 

[2] ilk ie ont 22 33 44 ul st=k 

g =6'°+y7 36 =6°=6 =-1;6 =-+1; 

on the left-hand side, and if all terms of higher than first order in y; are 

neglected, the resulting equations will describe in good approximation the 

metric neld g; produced by gravitating matter, which is characterized by the 

energy-momentum tensor M,,. Explicitly one obtains in this way 

° a0fdy% 1073 Ofdyi 1dr 

o| BS aa) + rw a at] = Oe (Ma — 4 5nM 

[3] Yat dx'\ax* 2 dx" dx"\ax* 2 ax' (Ma — 3 8aM) 

and since according to a theorem by Hilbert (3) it is always possible to find 

an infinitesimal transformation of the coordinates which will make 


dyi 1 ay: 


an? =2&" *’ 


[4] 


the field equations can be reduced to the well-known wave equations 
[5] DO vix - 2«( Mix bri Ok M) 


which, for given ./;,, can always be solved by retarded potentials. Equations 
of the type [5] will be called hereafter ‘‘ordinary’’ wave equations, and their 
solutions ‘‘ordinary”’ retarded potentials, in order to distinguish them from 
the more complicated type [3], which cannot be interpreted in terms of an 
analogy to the electromagnetic potentials produced by electric charges and 
currents. 
' Manuscript received December 22, 1952. 
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It was the purpose of the work reported in this paper to investigate what 
the state of motion of an observer relative to the source of the metric field 
must be, in order that he may be able to observe ordinary gravitational waves. 

It is seen by inspection of equations [3] that the necessary conditions im- 
posed on the coordinates of an observer, who wishes to observe ordinary 
gravitational waves, are 


. a(dv: 1 ort) a (2 1 or) 
( bares —_ ee =—_ owe ae “ae oe eae = . 
[6] afee 2 ax®) + dxtNaxt ~ 2 dx! 0 | 


These conditions are weaker than the conditions [4] which are sufficient but 
not necessary in order to reduce equations [3] to ordinary wave equations. 
It is convenient to introduce new field variables y; by | 
-_ es s 1 Tr 8 
[7] Ve = Ve — 2 Vr Ox 
which allow the conditions [6] to be written in the simpler form 


) a vi, a avi _ 4 


ax’ ax® * ax* ax*® 


















and which solve the equations 


[9] Oy: = 2M. 






Take as an example the metric field produced by a particle of mass m moving 
along a world-line described by the coordinates 24(s), where s is the proper 






time of the particle. The tensor M; has in this case the form 





[10] M dz" dex 


pe 
ds ds 







and the solutions of the wave equations [9] are ordinary retarded potentials, 
which read in a notation introduced by Dirac (1) 






, 


[11] ¥i(x") = = | Mi(s) 6{ (x" — 2") (Xp — 2)} ds 33 <5’ <5 


= 
=T e 





where s’ is a proper time between the retarded and the advanced proper times 
§ and 8, § and § being the two solutions of the equation 


[12] fx" — 2¥(s)} {x, — 2,(s)} = 0 













corresponding to x, — 34(5) > O and x4 — 24(8) < 0 respectively. The explicit 
evaluation of the conditions [8] can be carried out most conveniently by using 
the identity of Dirac 


a, : * d| Mis) (x — 2 | 
a RG Ca Nas ne Re So meee Noe 
[13] a J Mis) 61 (x z°) (xy — Zu)} ds fg a | 
a (Xu — Su) 
ds 








X bf (x* — 2") &x, — 2,)} ds 







which has to be applied twice for each of the two terms, and which yields by 
. o . . . ° s 
straightforward calculation using the expression [10] for W;(s): 








= 





essere 
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‘dz’ dk a ae "2 d's; 
ee — 2,)S A(x" — 2 )} | x, - 2) Ses — 8:) + 53'(ee — 2) 





ds ds ds* 
[14] _ daedz, _ d’zdae\ , fdo'ds, d's" _ Me's Lit 
ds’ ds ds* ds f + lds ds ds” (x, 2) f ds* (xs — 85) 


+ See = xt | = 0 


where all coordinates z, have to be taken at the retarded time 5. One may 
therefore multiply this condition by (x* — z') and (x* — z*) successively, use 
the definition [12], and reduce it thus after some relabelling of summation 
indices to the simple form 
[15] d Be — 2‘) =Oats =8. 
This then is the condition which the coordinates x* of the observer must fulfill 
with respect to the coordinates z* of the particle, in order that the effect of 
the particle on the metric field can be recorded as an ordinary gravitational 
wave. If the velocity of the particle is restricted to values v <c, and if the 
three-dimensional vectors a and r of the acceleration of the particle and of the 
distance between observer and particle respectively are introduced, then 
equation [15] may be written neglecting terms of higher than first order in v/c: 
[16] (acer) =0, 
which means that the gravitational effect of an accelerated particle is observed 
as an ordinary gravitational wave only if the acceleration at the retarded time 
is perpendicular to the radius vector from the observer to the particle at that 
time. Thus the gravitational field of.an oscillating mass will consist of ordinary 
(transverse) waves only in the plane perpendicular to the direction of its 
motion, while the (longitudinal) waves emitted in the direction of the motion, 
when recorded by an observer at rest with respect to the center of motion, 
are of the rather complicated type which solve the equations [3], and for which 
no simple solutions in terms of ordinary retarded potentials can be found. 

It is readily seen after a similar calculation that the stronger conditions [4], 
which read expressed in terms of the variables y; 


[17] c¥t _ 9, 


and which since Hilbert (3) are employed throughout the literature on this 
subject, imply 


[18] —s = Oats = 3. 


This means that only such observers are considered whose state of acceleration 
is the same as that of the source at the retarded time, and who will then be 
able to record ordinary gravitational waves. This is hardly the type of observer 
that could be realized in an actual experiment. 
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THE ABSORPTION DUE TO CARBON MONOXIDE 
IN THE INFRARED SOLAR SPECTRUM! 


By J. L. Locke anp L. HERZBERG 


ABSTRACT 


New tracings of the absorption bands due to carbon monoxide in the 4.74 and 
2.4u regions of the solar spectrum were obtained with a spectrometer of high 
resolving power. From the observed absorption intensity at 4.74 the abundance 
of carbon monoxide in the earth’s atmosphere over Ottawa was found, during 
spring and fall 1952, to vary between 0.1 and 0.2 cm-atm. Similar observations, 
made at other stations, were re-evaluated with the laboratory data used at 
Ottawa. The values for the carbon monoxide abundance in the earth’s atmos- 
phere at different geographical locations, determined in this way, were found to 
be within the limits of the values obtained at Ottawa. Absorption lines due to 
solar carbon monoxide in the 4.74 region of the spectrum were resolved. Their 
intensity relative to the intensity of the solar carbon monoxide absorption in the 
2.4u region of the spectrum was found to be in agreement with expectations 
based on the theoretical curves of growth for solar absorption lines. 


INTRODUCTION 

Absorption due to carbon monoxide occurs in the infrared solar spectrum 
at 4.74 and 2.4u. The absorption at 4.74 was discovered by Migeotte (6), 
working at Columbus, Ohio, and identified as the 1-0 (fundamental) vibration— 
rotation band of telluric carbon monoxide. The same band was also observed 
by Shaw, Chapman, Howard, and Oxholm (13) at the same station, and by 
Migeotte and Neven (7, 8) at the Jungfraujoch, Switzerland. The intensity 
of the absorption band, as observed by Shaw and his co-workers (13), did not 
vary during the time of observation, and was estimated by Goldberg, McMath, 
Mohler, and Pierce (3) from the published tracings to correspond to a 
concentration of carbon monoxide in the earth’s atmosphere of 0.5 cm-atm. 
Migeotte (6), and Migeotte and Neven (7) found that the intensity of the 
band varied by a factor 3 or 4 during the observations. The band has also 
been found by Adel (1) on old tracings taken by him at Flagstaff, Ariz., in 1940. 

The absorption at 2.4u was discovered by Goldberg, McMath, Mohler, 
and Pierce (3) in observations made at Lake Angelus and at Mount Wilson. 
The absorption lines were found to belong to the 2-0, 3-1, 4-2, and 5-3 (first 
overtone) rotation—vibration bands of carbon monoxide, and to be of solar 
origin. After re-examination of the tracings obtained by Shaw and his co- 
workers (13) in the 4.74 region, Goldberg and his co-workers (3) pointed out 
that the intensity of the absorption due to solar carbon monoxide in the region 
of the fundamental vibration was apparently much smaller than might have 
been expected from the intensity observed in the region of the overtone. Also, 
the intensity of the overtone band due to telluric carbon monoxide, as observed 
at Lake Angelus and Mount Wilson, seemed to suggest a much lower abun- 
dance of terrestrial carbon monoxide over these stations than the abundance 
estimated from the observations of the fundamental band at Columbus. 


1 Manuscript received January 5, 1953. 
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Goldberg and his co-workers (3) suggested the possibility that carbon mon- 
oxide was localized in certain regions over the earth’s* surface. 

It therefore seemed desirable to investigate the carbon monoxide absorption 
in the solar spectrum at another geographical location and, if possible, in both 
the fundamental and first overtone regions at approximately the same time. 
Such a program was initiated at the Dominion Observatory in the spring of 
1952 (5). 

A similar program of observations was undertaken by Shaw and Howard (14) 
at Columbus, Ohio. These authors investigated the absorption due to telluric 
carbon monoxide in the first overtone band as well as in the fundamental. 
The abundance was determined from the observations in both the funda- 
mental and first overtone bands and found to be 0.09 and 0.10 cm-atm. 
respectively. Further, new lines, attributed to solar carbon monoxide, were 
found in the region of the fundamental vibration. 

In the present paper a report is given of the observations in the 4.74 and 
2.4u regions of the solar spectrum obtained at Ottawa during spring and fall, 
1952. The carbon monoxide concentration over Ottawa is determined on the 
basis of new curves of growth obtained in the laboratory. The geographical 
distribution of this atmospheric constituent is discussed, taking into account 
all the published data, and an explanation is given for the apparent incon- 
sistencies in the relative intensities of the fundamental and first overtone bands. 


APPARATUS 

The observations were made with the recently constructed high dispersion 
spectrograph placed at the focus of the 80 ft. horizontal solar telescope of the 
Dominion Observatory at Ottawa. 

The spectrograph consists of a plane grating with collimator and camera 
mirrors of 20 ft. focal length. When the instrument is used in the infrared 
beyond the photographic region the spectrum is scanned by rotating the 
grating, and the light is chopped at 1080 cycles per second before entering 
the first slit. The detector output is fed into a Wilson type amplifier (4), and 
recorded by a Brown strip chart recorder. 

In the 4.74 region the spectra were obtained in the first order of a 5000 
line/inch grating, using a lead telluride detector refrigerated with liquid 
nitrogen. The wave length region of interest was isolated by a Poloroid C3 
infrared filter. The observations in the 2.44 region were made in the first 
order of a 14,400 line/inch grating with a lead sulphide detector, overlapping 
orders being eliminated by glass filters. 

In the case of the solar spectra, in both the 4.74 and the 2.4y regions, an 
equivalent slit width of less than 0.15 cm.~! was used. On the tracings taken 
at 4.7u, lines differing by 0.18 cm.~' were well separated. 

The necessary laboratory spectra were obtained with a Nernst filament as 
light source, and an absorption cell of length 10 cm. with rock salt windows. 
The laboratory tracings of the 4.74 region were taken with equivalent slit 
widths of 0.25 cm.~! and less, those in the 2.44 region with an equivalent slit 
width of'0.15 cm.—. 
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[Figure to be viewed broadside.] 

Fic. 1. Portions of the 4.74 region in the solar spectrum, containing P- and R-branches of 
the 1-0 band, and R-branches of the 2-1, 3-2, 4-3, and 5-4 bands of carbon monoxide. The 
computed positions of the lines expected in the region are indicated at the top; they are identi- 
fied by the values of the rotational quantum number J”. The lines of the 1-0 band are almost 
entirely of terrestrial origin; those of the other bands are due solely to absorption in the solar 
atmosphere. 
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For the wave length determination in the 4.74 region the overlapping 8th 
order of the Fraunhofer spectrum at 6000A was used as comparison spectrum. 
In the 2.44 region wave length standards were taken from the McMath- 
Hulbert Observatory Atlas (9). The accuracy of both methods employed was 
satisfactory for the purpose of identification of the observed lines. 








OBSERVATIONS 







The first tracings of the 4.74 region of the solar spectrum, obtained at 
Ottawa in June, 1952, are very similar in over-all appearance to those pub- 
lished by Shaw, Chapman, Howard, and Oxholm (13). They show the series 
of strong absorption lines identified by Migeotte (6) as lines of the P- and 
R-branches of the 1-0 band of the CO molecule. The intensity distribution 
(intensity maximum at about J = 7) is in agreement with the earlier observa- 
tions. It corresponds to a temperature of about 300° K., indicating that the 
absorption takes place in the terrestrial and not in the solar atmosphere. 

On later tracings, obtained on very clear days in the fall, a great number of 
additional weak and narrow lines appear which had been obscured on the 
earlier tracings by the then very strong absorption due to atmospheric water 
vapor. Portions of such tracings are reproduced in Fig. 1. Amongst these new 
lines a search was made for carbon monoxide lines of solar origin, the fre- 
quencies of which can be computed with the molecular constants of Plyler, 
Benedict, and Silverman (12). The positions of the computed lines are indi- 
cated in Fig. 1 above the reproductions of the recordings. Inspection of the 
figure shows that all the predicted lines of the 2-1, 3-2, 4-3, and 5-4 bands 
can be identified in the spectrum, except those which fall in regions of strong 
absorption of different origin. A sufficient number of good coincidences be- 
tween observed and computed frequencies is found to consider the presence 
of these bands as established. The 2-1, 3-2, 4-3, and 5-4 bands correspond 
to transitions between excited vibrational levels of the molecule, and can occur, 
in absorption, only at temperatures well above that of the terrestrial atmos- 
phere. They therefore must be of solar origin. However, unlike the solar lines 
observed in the 2.4y region, they do not appear enhanced in tracings of the 
solar limb spectrum. 

In the tracings of the 2.44 region of the solar spectrum obtained at Ottawa, 
a great number of lines of the 2-0, 3-1, 4-2, and 5-3 bands of carbon monoxide 
are readily observed. These are the bands discovered by Goldberg and his 
co-workers (3), and found by them to be of solar origin. The enhancement of 
these lines in the spectrum of the solar limb was confirmed. The same lines 
were found to appear with considerably higher intensity in tracings taken 
with the slit over the large sunspot of June 30, 1952 (Fig. 4). 

The tracings obtained at Ottawa of the spectral region of the first overtone 
band are very similar to those obtained at Mt. Wilson and reproduced in 
the Atlas (9). The absorption due to telluric carbon monoxide should contribute 
mainly to the intensities of the lines of the 2-0 band with low J values. Only 
a few of these lines, notably P(3), P(1), and R(3), are not obscured by strong 














































508 CANADIAN JOURNAL OF PHYSICS. VOL. 31 


lines of origin other than carbon monoxide. Since these lines are very weak, 
and, in fact, weaker than the solar carbon monoxide lines of high J values, 
the presence of telluric absorption in this region is not immediately apparent. 


THE ABUNDANCE OF CARBON MONOXIDE IN THE EARTH’S ATMOSPHERE 


All the lines of the fundamental rotation—vibration band of carbon monoxide 
appearing in the solar spectrum are to some extent overlapped by lines of 
different origin. The R(3) line appears to be the line most free of such blending, 
and its equivalent width therefore was chosen as a measure of the atmospheric 
carbon monoxide content. 

The equivalent width is defined as 


w~ SC qe 


where J) and J, are the intensities at frequency v before and after passage 
through the absorbing gas. The advantage of using the equivalent width as a 
measure of intensity, rather than, for instance, the integrated optical depth, 
lies in the fact that the equivalent width is independent of any distortion of 
the line profile due to insufficient resolution. 

The equivalent width W of the line R(3) was therefore determined on a 
number of tracings of the solar spectrum obtained on different days at different 
solar altitudes. The values for Wa, 3) measured on one day’s tracings were 
plotted, on a logarithmic scale, against the length of absorption path as 
computed from the sun’s altitude. The curve of growth so obtained can be 
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Fic. 2. Curves of growth for the R(3) line of the fundamental (1-0) rotation—-vibration 
band of telluric carbon monoxide observed in the solar spectrum. 
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represented by a straight line of slope one-half. W,,3) therefore is proportional 
to the square root of the length of absorption path. Examples of curves of 
growth obtained on two representative observing days are given in Fig. 2. 

In order to find the abundance of carbon monoxide in the earth’s atmosphere 
from observations of the equivalent width of the line R(3) of the fundamental 
vibration band in the solar spectrum, the curve of growth was determined 
under various known conditions in the laboratory. 

The equivalent width of a line depends (at constant total pressure) on the 
product of its absorption coefficient and the number of molecules in the 
absorption path. A curve of growth for any line can be obtained in the labora- 
tory by measuring its equivalent width for different numbers of absorbing 
molecules, i.e. for different path lengths / and, within limits, for different 
partial pressures p of the absorbing gas. In the case of a line belonging to a 
molecular band, like the one under consideration, it is also possible to vary 
the absorption coefficient by using different lines of the band, assuming that 
the line width is not dependent on the rotational quantum number. This can 
be done because the intensity distribution in a band depends only on the 
temperature and the molecular constants, and, in this case, can be computed 
theoretically, since for carbon monoxide the molecular constants are known 
with sufficient accuracy. Fig. 3 shows three curves of growth for the lines of 
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Fic. 3. Curves of growth for the lines of the fundamental (1-0) rotation—vibration band, 
determined in the laboratory. 
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the fundamental band, one obtained with pure carbon monoxide in the 
absorption cell, the two others with carbon monoxide and air at a total pressure 
P, equal to one-half and one atmosphere respectively. In this representation 
the equivalent widths of suitable lines are plotted against the values of 
pl(a/ao). Here the values (a@/ao) are the relative intensities of the lines within 
the band, and were taken from Penner'’s (10) computed tables of line intensities 
for carbon monoxide. The length / of the absorption path was always 10 cm. 
The pressure p of the carbon monoxide contained in the absorption cell was 
0.0676 atm. in the experiments with the pure gas, and varied from approxi- 
mately 0.006 to 0.07 atm. in the experiments with mixtures of carbon monoxide 
and air. 

The experimentally determined curves of growth have, for small equivalent 
widths, a linear portion which is given by 


(2] W = pi(*-) as 


(see for instance van de Hulst (16)). This portion of the curves of 
growth gives directly the integrated absorption coefficient of the whole band, 
ao = 245 cm.~ per cm-atm. at 300°K. This is in good agreement with the value 
ay = 237 cm.~' per cm-atm. at 300°K., which was obtained, with a different 
method, by Penner and Weber (11). 

For larger equivalent widths there is a transition of the curves of growth 
to the form given by 


(3] W = Ee nce 


where y is the collision damping constant. This is the ‘“‘square root portion” 
of the curve of growth where pressure broadening of the line is important. 

The constant y, accounting for the effects of both self-broadening and 
foreign gas broadening, determines directly the half-width Av of the line 
according to the relation 


[4] Av= =. 


From the curve of growth for absorption lines of pure carbon monoxide the 
half-width due to self-broadening alone is found to be Av = 0.21 cm.~' per 
atmosphere. 

The half-width due to broadening by air can be determined, using mixtures 
of carbon monoxide and air. However the partial pressures of carbon monoxide 
must be low enough that the number of collisions between carbon monoxide 
molecules, and consequently the self-broadening, is negligibly small. The 
curves given in Fig. 3, obtained with carbon monoxide and air at total pressures 
of one-half and one atmosphere respectively, fulfill this condition. This is 
borne out by the fact that the different groups of points, obtained with different 
partial pressures of carbon monoxide, lie all on the same smooth curve, and 
not on separate curves corresponding to different combinations of self-broaden- 
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ing and foreign-gas broadening. The half-width for carbon monoxide lines 
broadened by air, as determined from the curves of growth, is Av = 0.092 cm.~! 
per atmosphere total pressure. 

As discussed earlier the equivalent width of the line R(3) of the funda- 
mental vibration-rotation band of carbon monoxide, when observed in the 
solar spectrum, varies with the square root of the length of absorption path. 
The observed portion of the curve of growth thus corresponds to relation [3] 
above, which contains the pressure broadening constant y. In order to de- 
termine the abundance of carbon monoxide from the observed curve of growth 
for the line R(3) it is therefore necessary to know the effective total pressure 
at which the line is formed. If most of the atmospheric carbon monoxide were 
concentrated near ground level the effective total pressure would be approxi- 
mately the ground level pressure; if the concentration should fall off expo- 
nentially with height the effective total pressure for lines of low J value would 
be approximately half the ground level pressure (16). The case that most of 
the carbon monoxide is concentrated in a layer high up in the atmosphere is 
excluded simply by the observation that the equivalent width of the lines 
observed at the Jungfraujoch (3580 m.) is considerably smaller than that of 
the lines observed at Ottawa and at Columbus. A further argument to this 
effect, based on the observed relative intensities of the fundamental and first 
overtone bands, will be presented below. 

With sufficiently high resolution the effective total pressure can be found 
directly by comparing the half-widths of the lines observed in the solar 
spectrum with the half-widths of the lines obtained in the laboratory using 
carbon monoxide in air at different total pressures. Sufficiently narrow slits 
can be used with the Ottawa instrument to make this test quite sensitive. 
It was found that on Oct. 24, 1952, when such an investigation was made, the 
half-width of the lines in the solar spectrum approximated quite closely that 
of the lines obtained in the laboratory at one-half atmosphere total pressure. 
Thus it appears likely that the carbon monoxide, like the major constituents 
of the atmosphere, decreases exponentially with height. 

Therefore, the determinations of the carbon monoxide abundance in the 
atmosphere over Ottawa were based on the curve of growth obtained in the 
laboratory at one-half atmosphere total pressure. The results for different 
observing days are given in Table I. 


TABLE I 
ATMOSPHERIC CO CONTENT (OTTAWA) 


- 


Sept. 11 | 0.15 29 | 0.18 
20 | 0.09 30 | 0.13 
22 | 0.11 Oct. 4 | 0.12 
23 | 0.13 9 | 0.13 
25 | 0.14 20 | 0.14 
26 | 0.11 24 | 0.11 


1952, June 2 | 0.13 cm-atm. at 300°K. 1952, Sept. 27 | 0.09 cm-atm. at 300°K. 


Bates and Witherspoon (2), discussing the chemical processes affecting the 
balance of carbon monoxide in the earth’s atmosphere, have suggested that 
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combustion is the main source of this constituent. Thus, since Ottawa is 
situated close to the northern boundary of the densely populated part of the 
North American continent, the carbon monoxide abundance in the air might 
be affected by the prevailing wind directions. Indeed, the sharp drop in 
abundance which occurred between Sept.11 and Sept. 20 coincided with the 
movement of very substantial polar air masses in a southerly direction. But 
the attempt to correlate generally the observed variations of the atmospheric 
carbon monoxide content with meteorological data led to inconclusive results. 

It should be mentioned that day to day variations in the vertical distri- 
bution of a fixed quantity of carbon monoxide would appear as changes in the 
abundance if, as done here, all the abundance computations were based on 
the same laboratory curve of growth. It is not likely that such an effect, 
though it may be present, could completely account for the variations shown 
by the values given in Table I. 

The carbon monoxide abundances published for different observing stations 
have not all been made with the same assumptions concerning the distribution 
with height. Since presumably the distribution with height is everywhere the 
same, these values cannot be used for a discussion of the geographical variation 
of the atmospheric carbon monoxide content. The published data have there- 
fore been re-evaluated assuming an exponential variation with height, as was 
done in the evaluation of the Ottawa data. The computations were based on 
laboratory curves of growth for total pressures equal to half the ground level 
pressure at the station concerned. 

A value for the abundance of carbon monoxide in the atmosphere over 
Columbus, Ohio, was obtained from the curve of growth for the line R(2) of 
the fundamental vibration—-rotation band in the solar spectrum, published by 
Shaw and Howard (14). The carbon monoxide content of the atmosphere over 
Columbus, Ohio, was found to be 0.15 cm-atm. The difference between this 
value and the value 0.09 cm-atm. given by Shaw and Howard appears quite 
reasonable, since the latter was determined from a laboratory curve of growth 
obtained with a mixture of carbon monoxide and nitrogen at a total pressure 
of approximately one atmosphere. 

Similarly, from a spectrum published by Migeotte and Neven (8), the 
carbon monoxide abundance over the Jungfraujoch was found to be 0.08 cm- 
atm. The sea level value derived from this is 0.12 cm-atm. 

A new value also has been determined for Mt. Wilson on the basis of observa- 
tions made in the region of the fundamental rotation—vibration band. Pro- 
fessor Mohler (private communication) recently has determined the equiva- 
lent width of the R(3) line of the fundamental rotation—vibration band at 
Mt. Wilson (1450 m.) and found it to be W = 0.26 cm.~! for one air mass. 
The abundance of carbon monoxide over Mt. Wilson computed from this 
value is 0.11 cm-atm. This corresponds to a sea level value of 0.13 cm-atm. 

Shaw and Howard (14), in addition to their observations of the fundamental 
band, have made a close study also of the absorption due to terrestrial carbon 
monoxide in the spectral region of the first overtone vibration—rotation band. 
The absorption Jines in the latter spectral region are relatively weak (equivalent 
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width of P(6) approximately 0.015 cm.—'). They lie on the portion of the 
curve of growth (see Fig. 2) where pressure broadening is of no importance 
and where, therefore, the equivalent width is independent of the effective 
total pressure at which the absorption takes place. The carbon monoxide 
abundance determined from the observed equivalent width of the lines in the 
first overtone band will therefore have the same value regardless of the carbon 
monoxide distribution with height. This is quite different from the case of 
the much stronger lines of the fundamental band, the equivalent width of 
which varies linearly with the effective total pressure of the absorption column. 
From the lines in the first overtone band Shaw and Howard have determined 
the abundance of carbon monoxide in the earth’s atmosphere over Columbus, 
Ohio, to be 0.1 cm-atm. Within its accuracy this value is in good agreement 
with the value 0.15 cm-atm., obtained from observations in the region of the 
fundamental vibration, assuming exponential decrease with height, i.e. an 
effective total pressure of 0.5 atm. If the atmospheric carbon monoxide were 
concentrated at a height where the total pressure is much lower than 0.5 atm., 
the assumption of an effective total pressure of 0.5 atm. would have introduced 
a considerable error into the abundance determination from the absorption 
in the region of the fundamental:band. The good agreement of the values for 
the abundance obtained from observations in the two spectral regions there- 
fore serves as an additional argument to exclude the possibility that the car- 
bon monoxide might be concentrated in a layer in the upper atmosphere. 
The value 0.15 cm-atm. for the carbon monoxide abundance over Columbus, 
Ohio, and the sea level values 0.12 cm-atm. and 0.13 cm-atm. for the geo- 


graphical locations of the Jungfraujoch and Mt. Wilson respectively are all 
within the limits of the values obtained for Ottawa (Table I). It therefore can 
be stated that there is no evidence so far for a significant variation of the 
carbon monoxide abundance of the earth’s atmosphere with geographical 


location. 


INTERPRETATION OF THE RELATIVELY LOW INTENSITIES OF 

THE SOLAR CARBON MONOXIDE BANDS IN THE 4.74 REGION 
Goldberg and his co-workers (3), in their investigations of the carbon 
monoxide absorption in the 2.4u region of the solar spectrum, have found 
that the relative intensities of the whole bands as well as the intensity distri- 
butions within the single bands correspond to a temperature of the absorbing 
gas of about 4300° K. The observed lines are weak and if produced in a solar 
layer of this temperature should have profiles which are determined entirely 
by Doppler broadening. The curves of growth for Doppler btoadened lines 
differ considerably from curves of growth for the pressure broadened lines 
discussed in the preceding section. The main characteristic of curves of growth 
for Doppler broadened lines is that, after an initial linear rise, they bend off 
sharply and become practically horizontal. This means that after the equiva- 
lent width has reached a certain value an increase in the number of absorbing 
molecules or in the absorption coefficient has practically no effect on the 


equivalent width. 
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The following discussion is based on the theoretical curves of growth of 
Menzel and Unsdld (17). It is assumed that the Doppler velocity is entirely 
thermal and has the value of 1.6 km. per sec., corresponding to a temperature 
of 4300° K. The damping constant y is assumed to be small; for lines of the 
intensities to be considered the exact value is of no importance. 

The carbon monoxide absorption lines in the region of the overtone vibra- 
tion, as measured on the spectra of the center of the solar disk obtained at 
Ottawa, have equivalent widths W < 0.02 cm.-!. They lie on the initial, 
linear, portion of the curve of growth corresponding to.a Doppler velocity of 
1.6 km. per sec. The number N of carbon monoxide molecules per unit volume 
of the solar atmosphere can therefore be computed from the relation 


[5] W = Na. 


With the tabulated absorption coefficients a of Penner (10), the abundance 
of carbon monoxide above the photosphere at the center of the disk is found 


acm 


to be 4.0 & 10'® molecules per cm.? This value is somewhat higher than the 
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_Fic. 4. Comparison of the spectrum of a sunspot with that of an undisturbed region of the 
disk. The reproduced portions of the spectra contain the lines near the head of the 2-0 band 
of the CO molecule. The computed positions of the lines are indicated at the top of the figure. 
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value 1.1 X 10'* molecules per cm.” given by Goldberg and his co-workers (3). 
The difference may, at least in part, be due to a difference in the values of the 
absorption coefficients used. 

In the spectrum of the large sunspot of June 30, 1952, a portion of which 
is reproduced in Fig. 4, the lines of the 2-0 band are enhanced by about a 
factor 7 relative to the lines observed in the spectrum of an undisturbed region. 
This corresponds, on the basis of the adopted curve of growth, to an abundance 
ratio of the order of 100: 1, in satisfactory agreement with Russell’s (15) 
theoretical value of 160: 1. 

The solar carbon monoxide lines observed in the spectral region of the 
fundamental vibration have equivalent widths of the order of 0.03 cm.~', 
i.e. only about three times the equivalent widths of corresponding lines in the 
region of the first overtone vibration. This appears to be extremely low, con- 
sidering that the absorption coefficients of the lines in the region of the funda- 
mental vibration are about 40 times as large as those of the lines in the region 
of the first overtone. The explanation for the small difference in the observed 
intensities is to be found in the fact that, as explained above, the equivalent 
width for Doppler broadened lines, after reaching a certain value, increases 
only very slowly with increasing absorption coefficient. The equivalent width 
of the most intense lines in the region of the fundamental vibration, computed 
for the known carbon monoxide abundance on the basis of the curve of growth, 
is about 0.03 cm.—! This is in very good agreement with ‘the observations. 

The fact that the lines in the region of the fundamental vibration are not 
found enhanced, when observed in the spectrum of the solar limb, can be 


explained in a similar way. The lines lie on the portion of the curve of growth 
where the equivalent width has become insensitive to increases in the number 


of absorbing molecules. 
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THE MASS SPECTROMETER DETERMINATION OF THE 
HALF-LIFE OF Kr*! 


By R. K. WaANLEss? AND H. G. THODE 


ABSTRACT 


The half-life of Kr®* has been redetermined using the high precision mass 
spectrometer method. Several samples of krypton gas extracted from fission 
product material have been investigated over a period of seven years. The half- 
life of Kr® has been found to be 10.27 + 0.18 years. 


Prior to 1945 the only Kr** isomer known had a 4.5 hr. half-life, an activity 
first noted by Snell (3) in 1937 while studying the d, p reaction on Kr. In 
1945 Hoagland and Sugarman (2) found an activity with a minimum half-life 
of 10 years when investigating the gaseous activities in fission products. They 
were able to show that this was due to an isotope of krypton and assigned it 
either to Kr** or Kr*’. Thode and Graham (4) of the Canadian Atomic Energy 
Project independently discovered a long-lived isotope of krypton during 
investigation of gaseous fission products with a mass spectrometer. Their 
results showed the definite existence of a long-lived isotope of krypton at mass 
85 and hence an isomer of the known 4.5 hr. krypton of that mass. The mass 
spectrometer work also indicated that the fission vield of this isomer was 
about 25% of the total yield of the 85 mass chain. By following the decrease 
of this isotope over a period of a few months Thode and Graham were able 
to show that it decayed with a half-life of about 9.4 years. With this addi- 
tional information the uncertainty in the mass assignment of the activity 
reported by Hoagland and Sugarman was removed and the 10 year activity 
was attributed to Kr*®. 

The early mass spectrometer determinations were not too precise since 


measurements were made on samples that had only decayed a short time. 
However, with these samples almost seven years old it has been possible to 
redetermine the half-life of Kr*° with improved accuracy. The results obtained 


are reported below. 

Half-life measurements by the mass spectrometer method involve the 
determination of the concentration of the radioactive isotope relative to a 
stable isotope after various time intervals. These measurements are most 
accurate when the elapsed time between two isotope ratio determinations is 
of the order of the half-life of the isotope being investigated, which in the case 
of Kr* is approximately, ten years. In the work reported here the Kr** concen- 
tration was determined relative to both the stable isotope Kr* and the stable 
isotope Kr**, thus eliminating any mass discrimination that may be inherent 
in the mass spectrometer. The equation N = Noe, where JN is the concen- 
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Contribution from Departments of Physics and Chemistry, Hamilton College, McMaster 
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2 Holder of a National Research Council Studentship 1951-52 and of a National Cancer 
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tration at time ft, Ny» the concentration at zero time, and \ the disintegration 
constant, was used in the determination. By substituting the mass spectro- 
meter ratios Kr**/Kr* and Kr**/Kr*, obtained after different time intervals, 
for N/No, the half-life may be calculated from the relation 7, = 0.6931/). 
The ratios Kr®*/Kr** and Kr**/Kr®* obtained in 1946 were substituted for No 
in all the calculations. 

A few uranium disks irradiated in 1945 were available in this laboratory. 
Two of these were dissolved and the fission gases extracted using the techniques 
developed by Arrol, Chackett, and Epstein (1). Since there are indications 
that small variations in fission yields can and do occur depending on irradiation 
conditions it was felt that a more reliable result could be obtained if the same 
gas studied in 1946 were re-analyzed. A sample of the original gas was, there- 
fore, purified in a calcium furnace and the small amount (< 0.001 cc.) of gas 
remaining was analyzed in both the krypton and xenon mass ranges. The 
results of this determination are included in Table II as run No. 7. 

Table I gives the relative mass spectrometer abundance data for the krypton 
isotopes obtained for sample L in 1946 and 1952. The decrease in the Kr*® 
abundance over a period of nearly seven years is readily apparent. 


TABLE I 
ABUNDANCE DATA FOR ISOTOPES OF FISSION PRODUCT KRYPTON 
SAMPLE L DETERMINED WITH A 180 DEGREE 
MASS SPECTROMETER 


1946 1952 
Mass unit Atom % Atom % 
83 14.25 +0.04 14.55 + 0.01 
84 26.76 + 0.01 27.50 + 0.01 
85 7.43 + 0.01 4.85 + 0.01 
86 51.52 + 0.04 53.09 + 0.02 





The half-life results obtained from seven different mass spectrometer runs 
made on samples F, K, and L are given in Table IJ. Uranium samples F and K 
were irradiated at the same time (1945) and in adjacent positions to sample L, 


TABLE II 
Kr®> HALF-LIFE FROM MASS SPECTROMETER ABUNDANCE DATA 


Kr® 7} (in years) 
Calculated from: 





Run No. Sample | Elapsed time |- 3 ———— — Average 
(indays) | \er85/Kr84 Kr85/Kr86 

1 F 2027 9.95 10.11 10.03 

2 K 2167 10.53 10.38 10.46 

3 K 2168 10.64 | 10.39 10.52 

4 K 2176 10.44 10.42 10.43 

5 K 2176 10.34 10.09 10.22 

6 K 2176 10.20 | 9.98 10.09 

7 L 2439 10.19 10.13 10.16 
Average 10.27 + 0.18* yr. 
* Standard deviation. . 
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which was investigated first in 1946. It is, therefore, reasonable to assume 
similar irradiation conditions for the three uranium samples. The results of 
run 7, given in Table II, are, of course, not dependent on this assumption. 
The Kr* half-life determined from the average of these results was found to 
be 10.27 + 0.18 years. 

As mentioned above the purified gas from disk L was analyzed in both the 
krypton and xenon mass ranges. Tables III and IV compare the stable krypton 
and xenon isotope abundances determined in 1946 and 1952. The percentage 
differences shown indicate agreement within 1% which is indeed remarkable 


TABLE III 


COMPARISON OF ABUNDANCE DATA FOR STABLE ISOTOPES OF FISSION PRODUCT 
KRYPTON SAMPLE L DETERMINED WITH A 180 DEGREE MASS SPECTROMETER 


1946 a 1952 
Atom % Atom % “7, Difference 


15.40+0.04 | 15.29+0.01 | —0.71 
28.92+0.01 | 28.99+001 ~0.07 
55.68 + 0.04 55.80 + 0.02 +0.20 


TABLE IV 


COMPARISON OF ABUNDANCE DATA FOR ISOTOPES OF FISSION PRODUCT XENON 
SAMPLE L DETERMINED WITH A 180 DEGREE MASS SPECTROMETER 


a Sea i966: | ro a | Ai 
Mass unit Atom % Atom % |  % Difference 


131 13.38+0.04 | 13.39+0.01 +0.07 
132 20.09 +0.04 | 20.01 +0.01 —0.40 
134 | 35.76 + 0.04 36.00 +0.02 | +0.67 
136 30.77 +0.04 | 30.6340.02 | ~0.45 


in view of the fact that the mass spectrometer has been completely rebuilt in 
the interval. We can, therefore, have considerable confidence in the isotope 
ratios obtained in 1946 which are used together with the more recent values to 
determine the half-life of Kr**. The mass spectrometer is now equipped with 
a vibrating reed electrometer and automatic recording, hence more precise 
determinations are possible. 


We wish to thank the National Research Council and The Atomic Energy 
of Canada Limited for their financial assistance. 
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WAVE GUIDE ARRAYS WITH SYMMETRICAL 
CONDUCTANCE FUNCTIONS! 


By H. D. GRIFFITHS 


ABSTRACT 
Design formulae for nonresonant slotted wave guide arrays with a symmetrical 
conductance function are given. Methods are outlined for the calculation of the 
patterns from the asymmetrical near-field distributions produced by sym- 
metrical arrays. 

For some scanning applications it is required to switch a beam into one of 
two positions. This may be accomplished by the use of a nonresonant slotted 
wave guide array. Nonresonant arrays have a radiation pattern in which the 
main beam is at an angle to the array normal. This angle is generally called 
the squint angle. If an array with uniform slot spacing is fed alternately from 
either end, two beams that are symmetrically disposed with respect to the 
normal are produced. In order that the two beams be identical with respect 
to beam width and side-lobe levels, the slot conductances must be sym- 
metrical with respect to the center line of the array. The near field from this 
symmetrical array is not symmetrical, the maximum amplitude being nearer 
the input end. Formulae for the near field in terms of a given conductance 
distribution, and methods of evaluating the radiation pattern, are given in 
this paper. 

The tilting of the beam with respect to the normal in nonresonant arrays 
arises from the nonresonant slot spacing. The slots are usually spaced a little 
more than a half wave length apart, and alternate slots are given a phase 
reversal by mechanical means (4). The total phase change between slots is 


= ¥ ) 
—- 


where \, is the guide wave length, and d is the slot spacing. 


therefore 


The squint angle @ is then given by 


i se ae 
[1] sin 6 = aad 


where ) is the free-space wave length. 

Long nonresonant slotted arrays are usually designed on the assumption 
that the amount of power radiated by each slot is small compared to the 
power remaining in the guide. The power radiated by the slot is then given 
by the incident power times the normalized slot conductance. Since the array 
is usually terminated in a matched load, the guide remains substantially 
matched along its entire length. To a first approximation an array of discrete 
elements may be replaced by one which radiates continuously along its entire 
length. The power radiated per unit length is then given by: 

1 Manuscript received December 20, 1952. 
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[2] P(y) = g(y) Poly) 
where P(y) is the radiated power per unit length, g(y) is the normalized con- 
ductance per unit length, and Po(y) is the power in the guide at y. 

The power in the guide at any point, neglecting ohmic losses, must equal 
the input power less that which has been radiated, i.e., 


[3] Pix =1- Peo 


—a 


where —a and a are the boundaries of the array, and the input power is taken 
as unity. 
Substituting Equation [2] in Equation [3] and differentiating with respect 
to y, one obtains 
P'(y) _ &) 
Ply) gy) 
After integrating over the limits —a to y and noting that for unit power input 
P(—a) = g(-a), 


+ g(y) = 0. 


then 


[4] P(y) = g(y) exp ! — " (9) ay | ‘ 


The total power radiated determines the efficiency of the array, i.e., 


np Beit ni Xa NO hese | 
n=1-—-—P,(a) = 1 ee exp| J sora 5 


For switching purposes it is often convenient to substitute a short circuit for 
the matched load. This substitution has no noticeable effect on the far-field 
pattern other than to produce another lobe with a squint angle of the same 
magnitude but opposite in sign to that of the main beam. The ratio of the 
power in this lobe to that in the main beam is very nearly the same as the 
ratio of the power that would have been dissipated in the matched load to 
that at the input to the array. If the efficiency is high, the voltage standing 
wave ratio at the input to the array is not noticeably affected by the change. 
RADIATION PATTERNS FROM SYMMETRICAL ARRAYS 

The radiation pattern of a linear aperture —a < y < a with a near-field 

distribution f(y) is given by the Fourier transform of f(y), i.e., 


va 


6] IR@| = | ff) exp (i8y/2) dy| 


=—@ 
in which 6 = (2ma/)) sin 6. @ is the angle between line of sight and the normal 
to the array, and f(y) is proportional to [P(y)]?. 

The addition of a linear phase change along the aperture will tilt the beam 
with respect to the array normal, i.e., it will produce a squint angle but the 
pattern will be unchanged if the phase change is small. The near-field distri- 
bution f(y) produced by a symmetrical function g(y) will be asymmetrical, 
since the power incident on the slots near the load end is much less than that 
at the input. An asymmetrical function may always be expressed as the sum 
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of an even and an odd function. Even and odd symmetry is preserved under 
Fourier transformation; however, odd real functions lead to odd imaginary 
transforms (1). If G,(w) is the transform of feyen(y) and 7Go(u) is the transform 
of foaa(y), then the far-field pattern is given by 


\R(O)| = [G.2(u) + Go°(u)]}. 


The radiation pattern from a symmetrical g(y) is therefore symmetrical 
although the field distribution is asymmetrical. The pattern will have shoulders 
rather than discrete side lobes and will have no nulls. 

A direct integration of Equation [6] with values for f(y) calculated from 
Equation [4] is often very difficult if not impossible. Two approximate methods 
for evaluating the radiation pattern are available however. The first method 
is that of approximating the field by simple functions, whose transform can 
either be looked up in a table of transforms or can be calculated. A convenient 
function is an asymmetrical triangle. The radiation pattern from an asym- 
metrical triangle with apex at y = ¢ is given by 


= 9 9 ° ° h 
[7] |R(@)| = (i yet (y°'— 1) sin’B — 2 cos B cos By — 2y sin B sin By]’ 





on 
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Fic. I(a) and (6). Radiation pattern from an asymmetrical-triangle near-field distribution. 
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in which 6 = (2ma/X) sin 0, y = c/a, —a < y < a. For the symmetrical case, 
i.e., y = 0, Equation [7] reduces to 


[7a] |R(@)| = 4 (1 — cos 8) 


and for the extreme case, y = 1, 


7 aed sin 26 ny 

[7b] [R()| = 1 8 + a : 

The latter is obtained by a limiting process. Figs. 1(@) and 1(d) are plots of 
Equation [7] for different values of +. 

The second approximation to the pattern is given by the following pro- 
cedure. Consider that the field f(y) is produced by a number of isotropic 
sources evenly spaced along the aperture and with amplitudes given by the 
value of f(y) at the location of each of the sources. On each of the sources is 
superimposed a linear aperture with a uniform or symmetrical triangle near- 
field distribution and with a length equal to the spacing between the sources. 
The distant pattern is then given by the product of the pattern from the 
sources and the pattern from the subaperture. This method is discussed by 
Spencer (3). The larger the number of sources, of course, the more accurate 
is the approximation. 

The following are examples of the calculation of patterns arising from 
specific g(y). 

Example I 
The simplest choice for g(y) is g(y) = A, a constant. Then from Equations 
[4], [5], and [6], 
P(y) = Kexp[— K(y+a)], 
n = 1 — exp[ — 2aK], 
E ak — aay 


cosaK — 1 
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2. Radiation pattern from g(y) = K, a constant. 
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This pattern would not be satisfactory for most practical purposes owing to 
the large amplitude of the shoulders. 


Example II 

A better choice for g(y) would be g(y)} = K cos (ry/2a), since the amount of 
power radiated by the initial slots would be reduced and hence the shoulders 
on the pattern would be lower. From Equations [4] and [5] 


P(y) = K cos (ry/2a) exp[(—2aK/m) (1 + sin ry/2a)], 
n = 1 — exp(—4aK/nz) . 


The radiation pattern from f(y) can be found by substitution of f(y) = 
[P(y)]? in Equation [6]. However, this results in a difficult integration. Instead 
of this procedure, patterns were obtained by the asymmetrical triangle and 
the subaperture approximations. 

f(y) for » = 0.95, and the asymmetrical triangle approximation to it are 
shown in Fig. 3. The asymmetrical triangle has a maximum at a point corre- 
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Fic. 3. Near field from a symmetrical array with g(y) = K cos(ay/2a). 


sponding to y = 0.7. The radiation pattern from this near-field distribution 
is shown in Fig. 1(). Also, in Fig. 3 the aperture has been divided into 10 equal 
subapertures of width 2d. An isotropic source is considered to be located at 
the center of each subaperture, the first pair of sources being located at +d, 
the second +34d, etc. 

The pattern of the sources is given by 
| R(w) | = | (A_1 exp( —jw) + A_-2rexp( —j3w) .. +Arexp( jw) + As exp(j3w)+. )| 


where w = (27d/X) sin @ and A; is the amplitude of f(y) at each of the sources. 
Expanding into trigonometric functions, we have 


i 5 | 
IR(w)| = z=: (A; + A_;) cos (21 — 1)w + j(A; — A_;) sin (27 — l)w!}. 
i=1 ! 
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For an aperture of width 2d, a uniform field gives a radiation pattern pro- 
portional to (sin w)/w. Then the pattern from f(y) is given approximately by 


| 5 
\R(6)| = = a (A, + A_,) cos (2i — 1)(8/10) 
+ j(A; — A_,) sin (2i — 1)(8, 0)| 


since d = a/10, w = B/10, B = (2ma/X) sin 0. 
Fig. 4 is a plot of the radiation pattern obtained in this way. 
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Fic. 4. Experimental and theoretical radiation patterns from a symmetrical array with 
g(y) = cos(ry/2a). 


Example III 

From an examination of Figs. l(a) and 1(b), patterns with lower amplitude 
shoulders can be obtained by shifting the peak amplitude so as to make it 
more symmetrical. This could be accomplished by increasing the taper of the 
conductance distribution. Let 


g(y) = K cos*(ry/2a). 


Then from Equations [4] and [5] 
n = 1 — exp(—aKk), 


f(y) = cos (ry/2a) exp{(—K/4)[y + (a/2) sin (ry/a)]} 


leaving out irrelevant factors. Fig. 5 isa plot of f(y) for 7 = 0.95. The radiation 
pattern from the asymmetrical triangle approximation, y = 0.5, is given in 
Fig. 1(a). 

A very close approximation is the chord approximation shown dotted in 
Fig. 5. The aperture is divided into nine subapertures each with a sym- 
metrical triangle near-field distribution. The approximate pattern calculated 


as in Example II is given by 
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9 1 ° 
IR(@)| = |_2_ (1 — cos Va + >> (A: + A_;) cos “ 
| v;, e i=1 e 
48 II 
+ j(A;— A_,) sin a] 
in which A; is the amplitude of the field at the center of each subaperture, and 


8 = (2ma/d) sin 0. 
Fig. 6 is a plot of R(@). 





RELATIVE FIELD INTENSITY 















































by, 


Fic. 6. Radiation pattern from a symmetrical array with g(y) = K cos*(ary/2a). 


COMPARISON OF APPROXIMATE PATTERNS 

At this point the patterns obtained from the simple asymmetrical triangle 
approximation and the more elaborate subaperture method should be com- 
pared. It will be noted that the radiation patterns from both the cosine and 
the cosine squared symmetrical conductance arrays as obtained from the two 
approximations differ chiefly in the structure of the side lobes. It would 
appear that for practical purposes little is to be gained by using the more 
elaborate approximation. 
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VARIATION OF THE PATTERN WITH THE EFFICIENCY OF THE ARRAY 
Some idea of the variation of the radiation pattern from symmetrical 
arrays with the efficiency may be obtained from the change in the position 
of the maximum of the near-field as the efficiency is varied. Increasing the 
efficiency makes the pattern more asymmetrical since the slots near the input 
have to radiate more power. This is borne out by finding the maximum of f(y) 


in the usual way. 
For g(y) = K cos (ry/2a), the maximum field occurs when 


2- Baris (a) a) 


For g(y) = K cos? (ry/2a), the maximum field occurs when 


| 1 
2| os - 2 é/ 
= ——| co ~—*_ sinh © , 
7 | V/ 3ak 3 
in which sinh @ = 3+/3 aK/2r. 

An estimate of the effect of the asymmetry may be obtained by comparing 
the patterns in Figs. 1(a) and (0) for the different values of the maxima as 
given in Table ]. 

TABLE I 
_ Position « OF NEAR-FIELD MAXIMUM 


K | y/a for maximum field 





3x 
4a 


0.99 —— | —0.596 


| 
0.95 


00 | | 


EXPERIMENTAL WORK 

Two experimental arrays made at the National Research Council show what 
happens to the patterns when arrays are designed on the basis of the simple 
theory outlined but the wave guide is not matched throughout its length. If 
the efficiency of an array is made high and the number of slots small, the 
normalized conductance of the slots is not small compared to unity. In addi- 
tion, if the squint angle desired is small, the slots are near resonant spacing so 
that the slot admittances tend to add up in phase. The experimental arrays 
were designed with approximately thirty slots, the center slots having con- 
ductances as high as 0.2. The squint angles were 1.75 degrees and 5.25 degrees. 
The symmetrical conductance function chosen was g(y) = K cos (ry/2a) with 
K adjusted to give an efficiency of 95%. 

The experimental patterns from the two arrays are shown in Fig. 4. The 
measured beam widths agree very closely with that obtained from the approxi- 
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mate patterns but the squint angle was larger than that predicted by Equation 
[1]. For the 5.25 degree array the measured value was 5.7 degrees and for the 
1.75 degree array, 2 degrees. This can be explained by noting that the phase 
change between two points on a mismatched line is different from the phase 
change on a matched line. It was found that by making the slot length 
greater than the resonant length, the negative susceptance added at the slot 
tends to reduce the squint angle. Care must be taken not to increase the slot 
length too much or the conductance will decrease considerably. This can be 
seen from published curves of conductance and susceptance of slots in the 
broad face of the rectangular wave guide (4). 

The mismatch that arises at any point along the guide may be obtained 
from a plot on the Smith admittance chart (2). Such a plot gives the input 
admittance to the array very closely. A design procedure for short arrays 
with symmetrical conductance functions, taking into account the mismatch 
has not been worked out up to the present. 
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FERROMAGNETISM AND ORDER IN NICKEL MANGANESE 
ALLOYS! 


By G. R. Prercy? anp E. R. MorGan? 


ABSTRACT 


An investigation of ferromagnetism in nickel manganese alloys containing 
up to 40 atomic per cent manganese has been carried out. Twenty alloys within 
this composition range were subjected to heat treatments such that the atomic 
arrangement within the alloys varied from disorder to a high degree of long range 
order. 

The degree of order of Ni;Mn calculated from measured saturation magnetiza- 
tion using the atomic model of ferromagnetism was consistent with the value 
calculated from the ratio of measured integrated intensity of the (110) X-ray 
diffraction superlattice line to that of line (111). 

The relationship between saturation magnetization and concentration for the 
disordered alloys can be explained adequately by the existence of short range 
order. A value of 3.4 Bohr magnetons for the effective magnetic moment of 
manganese atoms in a nickel lattice was deduced. 


A. INTRODUCTION 

The atomic model (6) of ferromagnetism has been used by many investiga- 
tors to explain ferromagnetism and antiferromagnetism in ferrites and metallic 
alloys. This model is based on the work of Heisenberg (5), employing a Heitler— 
London treatment in which the electrons are near their respective atoms, 
with the further simplification of limiting the orientation of the magnetic 
moments of the atoms to either of two parallel directions. It is particularly 
adaptable to the case of ordered alloys. 

An interesting application of the atomic model to an ordered alloy is the 
interpretation of the change of saturation magnetization with increasing 
manganese content in nickel manganese alloys. It was found by Kaya and 
Kussmann (7) that the saturation magnetization increases with manganese 
concentration up to 8%* manganese and then decreases again. The results of 
Kaya and Kussmann for the values of saturation magnetization extrapolated 
to 0°K. are shown in Fig. 1. At low manganese concentrations there are few 
Mn-Mn interactions and therefore it may be concluded from the initial slope 
of the curve that the Mn—Ni interaction must be positive. This interaction 
results in the magnetic moments of the manganese atoms being oriented in 
the same direction as those of the nickel atoms. With perfect order in the 
lattice, there will be no Mn-Mn interactions up to 25% manganese. One 
would therefore expect that for an ordered lattice below 25% manganese, the 
saturation magnetization would lie on the tangent shown as a dotted line in 

1 Manuscript received December 9, 1952. 
Contribution from University of British Columbia, Vancouver, B.C. 
2 Formerly N.R.C. Bursary holder at University of British Columbia, Vancouver, B.C. 
Now Athlone Fellow at Department of Metallurgy, University of Birmingham, England. 
3 Formerly Research Associate at University of British Columbia, Vancouver, B.C. Now 


Research Engineer, Metallurgical Department, Scientific Laboratory, Ford Motor Company, 


Dearborn, Michigan. 
*All percentages referred to in this paper are in terms of atom per cent. 
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Fic. 1. Values of saturation magnetization (Kaya and Kussmann (7)), extrapolated to 
0°K., versus atom per cent manganese. 


Fig. 1. From the curve for the ordered alloys in Fig. 1, it is seen that long 
range order begins at approximately twenty per cent manganese. The value 
of saturation magnetization for the ordered alloy of 25% manganese is not as 
high as the theoretical value, which, for a fully ordered alloy, would corre- 
spond to a point on the dotted tangent. Other investigators have obtained 
higher values than Kaya and Kussmann for saturation magnetization of 
NisMn, but their heat treatments differed considerably and no values were as 
high as the theoretical value. The existence of long range order in Ni3Mn has 
been demonstrated by resistivity measurements, and by the observation of 
X-ray diffraction superlattice lines using monochromatic iron radiation in 
an evacuated camera (1). The superlattice lines have also been seen by neutron 
diffraction (9). 

Using the atomic model of ferromagnetism, it should be possible to calculate 
the degree of order of NisMn from measurements of the difference between 
the experimental value of saturation magnetization and the theoretical value 
on the dotted tangent of Fig. 1. The value of the effective magnetic moment 
of a manganese atom in a nickel lattice can be found from the slope of the 
tangent. 

B. EXPERIMENTAL DETAILS 

Twenty alloys were made covering the range 0 to 40% manganese. Fisher 
nickel powder, the chief impurities of which were 0.1% Fe and less than 0.1% 
Co, and electrolytic manganese (99.9% Mn), donated by the Electromanganese 
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Corporation, were used as base materials. The oxide on the surface of the 
metal was reduced by heating the metals for 10 min. at 600°C. under a hydro- 
gen atmosphere before melting. All alloys were melted in alundum crucibles 
by high frequency induction and chill cast into a cold brass mold under a 
purified argon atmosphere. Each ingot was homogenized at 1000°C. for five 
days under argon. X-ray powder and magnetic balance samples were heat 
treated in evacuated Pyrex or Vycor tubes containing pure manganese in 
order to reduce the sublimation of manganese from the alloy. It was shown by 
subsequent chemical analysis that none of the heat treatments changed 
the composition of the magnetic balance samples. The magnetic balance, 
which utilized a field of 3000 + 100 oersteds, was of the Fereday type (4) 
based upon null point reading and a restoring force supplied by a torsion head 
twisting the suspension. 

Two preliminary heat treatments were given. Alloys with 15.3, 19.9, 23.7, 
and 32.1% manganese were annealed at 380, 400, 420, and 450°C. to find the 
annealing temperature which produced maximum magnetization within a 
reasonable time. The work of Thompson (11), and Sykes and Jones (10), had 
shown that large order domains are produced by annealing the sample just 
below the critical ordering temperature of 520°C. To find the length of anneal- 
ing time necessary to produce large order domains, samp'es of an alloy with 
23.7% manganese were annealed for different periods at 490°C., followed by 
400 hr. at 420°C. The saturation magnetization was measured at the end of 
the heat treatment. 

From the results of the preliminary experiments, the following heat treat- 
ments were selected for the final investigation: 

A. Two hours at 800°C. followed by a water quench. This treatment resulted 
in a well annealed disordered alloy. 

B. Two weeks at 420°C. plus one week at 400°C. This treatment resulted 
in an alloy having a high degree of order at 400°C., but a small domain size. 

C. Sixteen hours at 555°C., plus 250 hr. at 490°C., plus 260 hr. at 420°C., 

followed by 260 hr. at 400°C. Annealing at 490°C. increased the size of the 
order domains; annealing at 420°C. and finally at 400°C. produced a high 
degree of order within the domains. 
The saturation magnetization was measured on all samples at 293, 200, and 
90°K. X-ray diffraction patterns were obtained using a Straumanis type 
camera. The integrated intensities of the (110) and (111) lines were measured 
for the alloy containing 25°% manganese after this alloy had been subjected 
to heat treatment C. A Philips goniometer with the Geiger counter oscillating 
across the line was used for these intensity measurements. 


C. EXPERIMENTAL RESULTS 


Graphs depicting the results of the preliminary heat treatments are shown 
in Figs. 2 and 3. It is seen from Fig. 2 that the saturation magnetization 
increases with annealing time at 420°C. up to a period of two weeks, and 
from Fig. 3 that 200 hr. at 490°C. is sufficient to produce large order domains. 

Results for the values of saturation magnetization extrapolated to 0°K. 
are shown in Fig. 4. From the slope of the dotted tangent to this curve after, 
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Fic. 2. Change in saturation magnetization of 23.7% Mn alloy with annealing time. All 
measurements made at room temperature. 
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Fic. 3. Change in saturation magnetization of 23.7% Mn alloy with annealing time at 
490°C. and a subsequent anneal of 400 hr. at 420°C. All measurements made at room 
temperature. 
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Fic. 4. Values of saturation magnetization extrapolated to O°K. for heat treatments 
A, B, and C. 


correction to give saturation magnetization per atom, it was found that the 
effective magnetic moment of the manganese atoms in a nickel lattice was 
3.4 Bohr magnetons. This value is in agreement with the values of the magnetic 


moment of manganese in other alloys (2). 

The tail above 25% manganese in the curve of saturation magnetization 
against concentration for the quenched alloys is probably due to the slow 
quenching rate since the Vycor tubes were not broken when they were quenched 
in water. The curve according to Kaya and Kussmann, shown in Fig. 1, has 
no tail. 

D. DISCUSSION OF RESULTS 

To explain the drop in saturation magnetization to zero at 25% manganese 
for the quenched alloys, it is necessary to assume that the manganese atoms 
retain five of their 3d electrons and give the rest to the 3d shell of the nickel 
atoms. From the value obtained for the effective magnetic moment of the 
manganese atom, it is apparent that each manganese atom will give 1.6 
electrons to the 3d shell of the nickel atoms. The 3d shell of the nickel atoms 
will therefore become filled at approximately twenty-seven per cent manganese. 

Carr (3), in a recent paper, gives the following explanation for the curve 
of saturation magnetization against composition for the quenched alloy: 
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“For a disordered alloy with an appreciable percentage of manganese atoms, 
the Mn—Mn interaction begins to outweigh the weaker Mn-Ni interaction, 
and one eventually finds that the manganese spins start to cancel one another. 
The bending over of the curve should occur for a relatively small fraction of 
manganese. Beyond this point, the magnetic moment is derived principally 
from the nickel ions and diminishes with increasing manganese content because 
of the replacement of nickel and the filling up of the nickel 3d shell’’. 

In his theory Carr assumes that the magnetization in the range just below 
25% manganese is produced by the nickel atoms alone. If this is true, then, 
in order for the magnetization to fall to zero at 25% manganese, the curve of 
saturation magnetization versus per cent manganese should approach zero 
with a slope equal to — 6400/25 = — 256, using the units on Fig. 4. The actual 
slope is — 960. This discrepancy can be eliminated by assuming that the 
manganese atoms contribute to the magnetism up to 25% manganese, and that 
above this concentration all the magnetic moments of the manganese atoms 
have orientations such that they are paired and cancel each other. These 
conditions can arise in either of two ways, by assuming that the strength of 
the Mn—Mn interaction is such that it finally overpowers the Mn-—Ni inter- 
action at 25% manganese, or by assuming that local order exists and tends to 
keep the manganese atoms from becoming nearest neighbors in the quenched 
alloys. The degree of order will then be such that below 25% manganese there 
are insufficient Mn—Mn interactions to make the contribution of the manganese 
atoms to the magnetic moment of the alloy equal to zero. Of these two 
assumptions, the latter is preferable for the following reasons: 

1. If it is assumed that the manganese atoms keep five of their 3d electrons 
and give the rest to the 3d shell of the nickel atoms, it can be shown (8), 
using the atomic model of ferromagnetism, that the first explanation will give 
a value for the slope of the curve at 25% manganese that is only one half of 
the experimental value. 

2. The Mn—Mn interaction should outweigh the Mn-—Ni interaction at a 
manganese concentration lower than 25% because the strength of the Mn-Ni 
interaction becomes weaker as the 3d shell of the nickel atoms becomes filled. 

3. Some degree of short range order is present in all allovs. 

4. The saturation is the same for quenched and annealed alloys up to 9% 
manganese. The Curie temperature is the same for quenched and annealed 
alloys up to 17% manganese (7). Because the annealed alloys will be ordered, 
then the quenched alloys will also be ordered if their magnetization and Curie 
temperature are the same. 

The maximum in saturation magnetization for the ordered alloys occurs 
at a concentration of less than 25% manganese because the alloy is not 
completely ordered. An incompletely ordered alloy at 25% manganese must 
have some of its manganese atoms in face center sites with resultant anti- 
parallel orientation of their magnetic moments. However, an incompletely 
ordered alloy containing less than 25% manganese may be disordered only 
to the extent of having nickel atoms in manganese sites, and therefore no 
manganese atoms with antiparallel spin moments. 
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The drop in magnetization of NisMn from the ordered value of 13400 to 
the value of 8380 after.heat treatment B can be explained by assuming that 
the magnetic moment of a manganese atom of one orientation will cancel 
the moment of a manganese atom of antiparallel orientation. To account for 
the magnetic moment found experimentally in heat treatment B using this 
assumption, it is necessary to have 4(13400—8380)/13400 of the manganese 
atoms with moments of antiparallel orientation. Therefore, these atoms must 
occupy face center positions, which leads to an order parameter of S = 0.81 
from the Bragg and Williams long range order theory. The parameter obtained 
after heat treatment C, calculated in a similar manner, was S = 0.88. 

The ratio of the intensities of the (110) and (111) X-ray diffraction lines 
for the 25% manganese alloy after heat treatment C was: 


EE a 
4280 +23 75 + 0.0016. 


If it is assumed that the domain size is very large, then the theoretical ratio 
of intensities of the (110) and (111) planes will be [(4S — 1)/3]? (0.0123) 
where the first term is the structure amplitude factor calculated in terms 
of S, and the second term includes factors for the multiplicity of planes, 
polarization, temperature, absorption, and the Lorenz factor. Equating these 
two values of intensity ratio leads to the solution S = 0.84 + 0.07. This value 
for S compares favorably with that found from the magnetization of Ni;Mn 


after treatment C. 
E. SUMMARY 


The results of this magnetic and X-ray investigation of nickel manganese 
alloys show that the relationship between saturation magnetization and 
concentration can be explained for the ordered alloys by using the atomic 
model of ferromagnetism. Application of this model produces a value for the 
order parameter of Ni;Mn that is in agreement with the order parameter 
calculated from the intensity of the superlattice lines. To explain the change 
in saturation magnetization with concentration for the quenched alloys it is 
necessary to assume that some of the 3d electrons from the manganese atoms 
go into the 3d shells of the nickel atoms. Once this assumption has been made, 
the relationship between saturation magnetization and composition can be 
most satisfactorily explained by the existence of short range order. The 
value of the effective magnetic moment of a manganese atom in a nickel lattice 
was found to be 3.4 Bohr magnetons. 
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THE MEASUREMENT OF ENERGIES AND INTENSITIES 
OF y-RAYS WITH A PAIR SPECTROMETER! 


By B. B. KINSEY AND G. A. BARTHOLOMEW 


ABSTRACT 


The performance of a pair spectrometer of the Walker and McDaniel type is 
discussed from both a theoretical and an experiinental point of view. It is shown 
that the energy of the y-ray may be measured to a first approximation by the 
product of the distance between the inner edges of the slits which define the 
coincidence counters and the highest value of the magnetic field at which 
coincidences are found. A more accurate value of the energy of the y-ray may be 
obtained by adding a small correction, called the ‘‘toe’’ correction, to the result so 
obtained. The magnitude of this correction is dependent on the y-ray energy and 
on the width of the slits and is obtained from calculations of the shape of the 
coincidence peak based on the Bethe—Heitler formula. The correction depends 
very little on the length of the slits or on the thickness of the radiator. The 
relation between the calculated correction and the slit width has been examined 
experimentally. It is shown that the ultimate accuracy in energy measurement 
depends on the homogeneity of the magnetic field and on the error involved 
in the calculated toe correction. The latter error can be minimized by using very 
narrow slits and may be eliminated by plotting the value of magnetic field at the 
upper limit of the coincidence spectrum against the slit width and extrapolating 
the curve so obtained to zero slit width. The uncertainty in the magnetic field of 
the present instrument introduces a possible systematic error of about 0.05%. 
Measured values of the energies of a number of neutron capture y-rays are 
compared with the values derived from the energy balance in (d, p) reactions. 
The results are in good agreement (within 0.1%). 

The relative counting efficiency 2 function of energy is calculated theoreti- 
cally and found to be in good agreement with experiment from 2.75 to 7.4 Mev. 
Above 7.4 Mev. no good method of checking the theoretical efficiency has been 
found. The absolute value of the counting efficiency at 2.75 and 7.38 Mev. has 
been measured by an ionization chamber method and is found to be in rough 
agreement with theoretical estimates. 


1. INTRODUCTION 
Walker and McDaniel have shown that their pair spectrometer (22) is a very 
suitable instrument for the study of y-radiation of energy of a few million 
electron-volts. In this spectrometer, pairs are produced in a foil of high atomic 
number placed with its plane parallel to the direction of a magnetic field and 
perpendicular to that of the incident y-radiation. Walker and McDaniel have 
shown that, in a magnetic field of suitable strength, when the energy is sufficiently 
high, a large area of the foil will contribute to the coincidence counting rate 
recorded by counters placed in the plane of the radiator. A homogeneous y-ray 
appears as a peak in the curve obtained when the coincidence counting rate is 
plotted as a function of the strength of the magnetic field. The product of the 
value of the magnetic field at the coincidence peak and the mean distance 
between the centers of the counters determines approximately the energy of 
the y-ray. The counting efficiency of the pair spectrometer decreases very 
rapidly with decreasing y-ray energy and consequently this instrument is 
unsuitable for the study of y-rays with energies between 3 Mev. and the threshold 

at 1 Mev., unless they are exceptionally strong. 

1 Manuscript received December 31, 1952. 
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Compared with spectrometers using the Compton or the photoelectric process, 
the pair spectrometer is a very insensitive instrument and good use can be 
made of it only when strong sources of y-radiation are available. To increase the 
sensitivity, Walker and McDaniel employed several counters mounted side by 
side and connected in an elaborate coincidence circuit. 

In the apparatus described in this paper, only two counters have been 
employed mainly for the sake of simplicity, but the accuracy has been greatly 
increased by the use of precision slits in front of the counters. A detailed theoreti- 
cal and experimental analysis of the behavior of this pair spectrometer is given 
and it is shown how it can be applied to the accurate measurement of y-ray 
energies. 

2. THEORETICAL 
2.1 Measurement of y-Ray Energy 

In the method of Walker and McDaniel, the y-ray energies are computed 
from the product of the mean distance between the counters and the value of 
the magnetic field, and, therefore, the accuracy of their spectrometer as an 
absolute instrument is limited by the ratio of the widths of the apertures of the 
counters to the distance separating them. 

It will be shown below that a much more accurate measurement of the energy 
of a y-ray can be obtained by using the product of the upper limit of the magnetic 
field required to produce coincidences and the distance separating the inner 
edges of the two slits used to define the effective areas of the counters. 

The shape of the coincidence peak obtained experimentally for a single 
homogeneous y-ray is shown diagrammatically in Fig. 1. The curve exhibits a 
sharp and approximately linear cutoff PQ which passes into a tail QR towards 
higher magnetic fields. The counting rate in the tail decreases linearly* with 


COINCIDENCE COUNTING RATE 


Q, 
MAGNETIC FIELD > 


Fic. 1, Shape of coincidence peak (diagrammatic). Q; is the end point of the peak obtained 
by extrapolation; E is the position of the true end point. 


*In practice with the present apparatus a small ghost peak also appears superposed on this tail. 
The peak is produced by scattering from the frame supporting the slits. See Ref. (12). 
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increasing field strength and the end point occurs at a field which is much higher 
than that of the peak of the spectrum. We have found that the greater part 
of this tail is due to the scattering of electrons from the walls of the vacuum 
chamber. It will be shown below that, in the absence of scattering, one would 
expect nevertheless to find a genuine tail, QE. The value of the magnetic field 
above which no coincidence should occur, therefore, lies above the observed 
upper limit Q of the linear cutoff and is hidden by the tail due to scattering. 
The position of the true upper limit, , therefore, cannot be determined by 
direct measurement. 

The geometry of the apparatus is shown diagrammatically in Fig. 2 in 
which the radiator and the slits, S,, S_, defining the effective area of the counters, 


Fic. 2. 


are in the X Y plane, the magnetic field is directed along the (negative) X-axis, 
and the y-ray beam is parallel to the Z-axis. Consider an electron pair produced 
at the origin. Let the momentum vectors p,, p— for the positron and the electron 
have polar angles 6, and @_, and azimuthal angles ¢; and ¢_, and let the angle 
between the planes containing the y-ray and the vectors p, and p_be ¢@ = ¢, + ¢_, 
the positive Y-axis lying to the right for the positron and to the left for the 


electron. 
It may be shown that the co-ordinates of the end point of the trajectory of 

the positron in the X Y plane are given by the (relativistic) equations: 
a 2pic 


+ al 


cos 64., 


apse sin 0, cos ¢, cot’ (tan 64 sin ;) 
ell . + . 2 < +* + 


where e is the electronic charge in electrostatic units, H is the strength of the 
magnetic field in gauss, and c is the velocity of light. Similar equations apply 


C= 


for the electron. 

The energy relation which holds at the upper limit Z may be obtained from 
Equation 1. 
We have: y, + y_ = (2c/elHZ). (py cos 0, + p_ cos 6_). 
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From this equation it is clear that: 


eH J 2c (p+ +p) : 


ta i 


For coincidences to occur, the trajectories must pass through the slits, and 
the minimum value of y, + y_ is then the distance 2d, the distance between 
the inner edges of the slits. Therefore, there is a maximum value of the field 
strength, Hy, above which no coincidences will be observed, where: 


c(p+ + p—)max 


Hy = de 


To find the condition for (p, + p_) to be a maximum, we use the expression 
for the total momentum of the components of a pair: 


c(p4 + p_) = (Ey? -— my2c4)? + (E_? — my?c'*) 


where my is the rest mass of the electron, £, and #_ are the total electron 
energies, and their sum, £, + E_ = k, is the y-ray energy.* The expression for 
the sum of the momenta is a maximum when: 

BE, = E_ = k/2 


and therefore when: 


Hence the maximum value of the field strength, 1), for which coincidences can 
be recorded, is given by: 


[3] Hy = 2 poc/de 


where Po is the momentum corresponding to a symmetrical division of the 
y-ray energy. Consequently when // is near /7,, coincidences are produced only 
by pairs of which both components are emitted nearly normally from the 
center of the radiator. 

Since the electric vector of the y-radiation has no component in the direction 
of incidence, the number of pair components produced near this direction is 
vanishingly small. It is to be expected, therefore, that the coincidence counting 
rate should increase first very slowly and then more rapidly as the magnetic 
field is decreased below the critical value Hp. It follows that the linear portion 
of the upper edge of the peak (Fig. 1), when extrapolated, cuts the axis of 
abscissae at a point below fH». There must, therefore, be a genuine tail to the 
coincidence peak, which, in practice, is not observed because of the scattered 
electrons previously mentioned. 

Now the energy of the y-ray is given by: 


k = 2(porc? + myrct)}. 


Hence, using Equation [3], k may be expressed in terms of H/o and d: 
[4] k = eHodS(x) 


*These expressions take no account of the energy imparted to the nucleus in recoil. Since the 
momentum communicated is of the order of mec (5), this energy is negligible even in the lightest 
elements. 
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where S(x) = [1 — (2x)*F* = 1 + 2x? + 6x4 + 2x5 +... 
[5] and x = myc?/k, 


and where mp is the rest mass of the electron. Equation [4] is the required 
expression giving the y-ray energy in terms of the quantities d and Hp. 

As already pointed out, the field Ho, corresponding to the end point, £, of 
the coincidence spectrum, cannot be determined directly. A reliable quantity, 
which can be obtained by direct measurement, is the field strength 77, at the 
point Q; (Fig. 1), obtained by extrapolating the linear slope of the coincidence 
peak. The true y-ray energy can then be obtained by adding the small correction, 
Ak: 

[6] k = ell\dS(x) + Ak. 


Hereafter, Ak will be called the ‘toe correction’. 

Experimentally the value of the field H, is determined from a measurement 
of the corresponding frequency, /;, of the proton magnetic resonance in an 
aqueous solution of manganese sulphate. This quantity is given by the equation: 


Qnf, = gil; 


where g is the gyromagnetic ratio of the proton. Equation [6] then becomes: 


k = 2mefidS(x)/g + Ak. 


Expressing k in Mev. and /; in megacycles per second, 
(7] k = 2n.107''. ficd S(x)/g + Ak. 


For g we use the value* obtained by Thomas, Driscoll, and Hipple (20), viz. 
2.67523 + 0.00006 X 104 per sec. per gauss. For c we use (2) the value 2.99790 
+ 0.00001 * 10!°cm. per sec. Equation [7] then becomes: 

[8] k = (0.0704103 + 0.0000016) f; d S(x) + Ak 


where, as before, k is in Mev., /; in Mc. per sec., and d in cm. 

The toe correction Ak was obtained (§2.4) from a calculation (§2.2) of the 
shape of the coincidence peak; it is a function of the y-ray energy and of the 
ratio of the widths of the slits to the distance separating them. If the latter 
ratio is 1.0%, Ak is about 0.38% of the y-ray energy. Theoretical curves for Ak 
are given in Fig. 9. The experimental verification of these curves will be discussed 


in §3.3. 


2.2 Calculation of the Peak Shape 
A calculation of the shape of a coincidence peak at different y-ray energies 
is necessary in order to obtain the toe correction and the energy variation of the 
counting efficiency, which is defined as the ratio of the peak coincidence counting 
rate to the y-ray intensity. The energy variation could be obtained by actual 
*A paramagnetic salt is used to decrease the relaxation time of the protons in the magnetic reso- 
nance and the paramagnetic ions must increase the strength of the magnetic field applied to the 
protons above that existing outside the water solution. In the conditions which apply in our 
measurements we have not been able to detect this effect and we conclude that it cannot be much 
greater than the limits of error given in the above value of g. No correction for diamagnetic effects 


(19) has been applied since this value of g was obtained by measurements in water, and the uncorrec- 
ted result is the dne required for the measurement of an external magnetic field. 
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measurements of the counting rate for a number of homogeneous y-rays of 
known energy and intensity, but there are very few y-rays with energies above 
3 Mev. suitable for this purpose. The counting efficiency as a function of energy 
was therefore obtained theoretically by calculating the peak shape at a number 
of energies and the result was subsequently checked where possible by compari- 
son with experiment. The calculation of the peak shape also gives the resolution 
of the spectrometer. 

The basis of the peak shape calculation is the Bethe—Heitler formula (8) for 
the differential cross section for pair production: 


9 


a. e psp cdE, sind, sin6_ dé, d0_d@ 


137 Qn kg’ 


do = 


pc’ sin’@_(4E_* — q°) 


ps °°" sin’6, (4E. a q’) 
a | ¥ (E_ — p_c cos6_)° 


(Ey — pyc cos)” 


2p,p_c’sind, sind_cos@ | as _— 

2 (HE, — pic cosb,)(E_ — p_c cosé_) x GEE +¢ 2h’) 

2k*(p,"c’sin’O, + p_‘c'sin’6_ ) | 
(E;, — pyc cos6,)(E_ — p_c cosé_) 


gq =k’ + (pyc)? + (p_c)? + 2p, p_c’ sind, sind_ cos 
[9] + 2p, p_c’ cos6, cosd_ — 2k(p,c cosby. + p_c cos6_) 


in which p,, p_, 04, @-, and @ are defined in Fig. 2, £, and E_ are the energies 
of the positron and electron, k is the y-ray energy, and the other symbols have 
their usual meanings. 

The formula is valid provided that (2/137) «< 1 and provided that the y-ray 
energy is not so high that screening (which has been neglected) becomes impor- 
tant. For reasons of intensity, it has been necessary to use gold and lead radiators 
for which the first condition does not hold. Although it is known that in heavy 
elements the total pair cross section does not differ much from that given by 
this formula, experiment has shown that both the variation of the differential 
cross section with the energy of one of the pair components and the angular 
distribution do differ appreciably. For example, it follows from Equation [9] 
that the energy distribution of the positron reaches a maximum at half the 
y-ray energy, but experiment shows that in heavy elements this distribution 
rises with the positron energy, reaching a maximum just short of the y-ray 
energy less 2myc*. The angular distribution at low energies has been studied 
experimentally by Simons and Zuber (17), by Groshev and Franck (5,6), 
and by Groshev (4). The most thorough investigation seems to have been 
made by the latter, who found that while the mean angles @ agree for light 
elements with those predicted from Equation [9], in the heavier elements they 
increase linearly with atomic number, the average value of 6, increasing more 
rapidly than that of @_. This result appears to be in agreement with the theoreti- 
cal work of Jaeger and Hulme (9). 
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A more exact expression for the differential cross section at high energies, 
but one that is less amenable to computation, has been given recently by 
Maximon and Bethe (14). 

The calculation of the peak shape involves an integration of Equation [9] 
between limits which are determined by the magnetic field and the geometry 
of the instrument. Approximations must be made since an exact calculation 
would be extremely difficult and laborious even by modern computing methods. 
The basic calculation of the peak shape is outlined below in §2.2.1, corrections 
for slit geometry are described in §2.2.2, and in §2.2.3 the validity of the 
approximations made in the calculation are discussed. 

2.2.1 Basic Calculation 

It follows from Equations [1] and [2] that the conditions for both components 
of a pair to pass through the slits are: 


2pic 


eH cosé, <d+a 


[10] d< 


where, to anticipate an assumption made below, the radiator is assumed to be 


a point midway between the slits, and: 


[11] 0O< “Pst siné, cos¢, cot ‘(tand, sing,) <b, 
and similar expressions for the electron. Here a is the width, and 2) the length 
of a slit; all other symbols have already been defined. Expression [10] is strictly 
true for infinitely thin slits and it will be shown below that when the thickness 
is taken into account, the upper limit in [10] is a function of ¢,. Therefore, 
expressions [10] and [11] define the limits of integration for slits of zero 
thickness. 

Even with this simplification an exact integration of Equation [9] is very diffi- 
cult. One complication arises from the fact that the variable ¢ of Equation [9] 
must be replaced by $4 and ¢_ and a second difficulty is that the limit of inte- 
gration for 6, is a function of the angle ¢,. Both these difficulties are removed 
by assuming that the slit length, 20, is infinite, for then expression [11] ceases to 
be a condition for obtaining coincidences. This means that coincidences will be 
obtained regardless of the angles ¢, and ¢_ and therefore also regardless of the 
angle ¢. In these conditions the limits of integration of @ are simply 0 and 27. 

In the first approximation, then, we make the following assumptions: 

(1) the slits are infinitely long; 

(2) the jaws of the slits are infinitely thin; 
and in addition: 

(3) the radiator is confined to a point midway between the slits; 

(4) the radiator is thin enough for the pairs produced in it to traverse it 
without scattering or retardation. 

With these assumptions it is not difficult to calculate the peak shape with 
sufficient accuracy to give the relative counting efficiency and the resolution 
of the spectrometer at high energies and the magnitude of the toe correction 
at all energies. At low y-ray energies the error introduced by the first two assump- 
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tions becomes important and the finite length and thickness of the slits must be 
taken into account in order to obtain a sufficiently accurate estimate of the 
relative counting efficiency. However, these, and other assumptions introduced 
later, permit us to make only a rough estimate of the absolute counting efficiency. 

For a point radiator midway between the slits, (assumption (3)), only those 
pairs are of interest for which the energy is shared equally or nearly equally. 
Then py = p_ = po, and k = 2 poc S(x), and Equation [9] may be written in 
the simplified form: 


do -- “ dE, d0, do_ do (0, 0_, %, k), 


a = 9/2) , sin’e_(S* — Q/2) 


(S — cos6, )” (S — cos6_) 


on 
2 sind, sin6_ cos@ (S* — Q/2) _ 28° (sina, + sin’6_) | 
(.S — cos6,.)(.S — cosé_) (S — cos0,)(S — cosé_)}’ 


C = Ze! /(2x. 137), 
Q 1 + sin@, siné_ cos¢@ + 2(.S — cos6,)(S — cosé_) — cos@, cos6_. 


The integration of the function f, Equation [12], between the limits ¢ = 0 
and @ = 2m is possible analytically. However, if this procedure is adopted it 
is not possible to make the correction for finite slit length (§2.2.2 below) which 
is required for the calculation of the counting efficiency for low energy y-ravys. 
For the present purpose, a crude, but nevertheless sufficiently accurate, integra- 
tion with respect to @ was made by first carrying out the integration of the 
function f with respect to the remaining variables, 6,,0_, and F,, for the two 
cases ¢ = 0 and ¢ = 7, averaging the results, and.multiplying by 27. In other 
words, it was assumed that a sufficient approximation* to the exact integration 
over ¢ is given by: 

[13] Qe X 3 (10) + I(x)] 
where I(o) = Sffs d6, d6_dE,. 


The restriction of the angle ¢ to the values 0 and z introduces a simplification 
to the function f, Equation [12], which may now be written: 
0 sind, sin@ 


t(04, 0 6 Cs) = nw” = - Q 


2,3 sind, sind, VV? 2.S°(sin°@, + sin*6_) | 
. y/2- Ss) - =F - nm 
[14] K ) | S — cos0, s S — cosd S (S — cos6,)(S — cosé_) 


Q = 1 — cos(@, + 6_) + 2(S — cos6,)(S — cos6_). 


*This approximation would certainly not lead to correct results if the function I, Equation [13], 
did not vary monotonically between ¢ = Oand = wm. This was tested by plotting the function f, 
Equation {12\, as a function of @ for a number of fixed values of 0, and 6_. It was found to increase 
monotonically from @ = 0 to ¢ = x for all values of 0, and 6_, excepl in the region where 0, was 
equal to or almost equal to 6_. Since this region is small, it is safe to assume that the function I, 
Equation [13], increases monotonically between @ = O and = rz. 
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This function is symmetrical between 6, and 6_ and for the purposes of graphical 
integration may be plotted as a contour map with these variables as rectangular 
co-ordinates. Fig. 3 shows the distribution of f for 10.8 Mev. and for 2.75 Mev. 
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It will be seen that the probability of pair emission is much greater when the 
components are emitted on opposite sides of the incident direction, a conclusion 
which has been demonstrated experimentally by Groshev (6). It has been found 
by numerical computation that the position of these contours is independent 
of small changes in the division of the energy. One such contour map can be used 
therefore for calculations involving small departures from symmetrical division. 
It has been shown that, for a given y-ray energy, k, there is a maximum 
field, #7), for which coincidences can be recorded (Equation [3]). Under these 
conditions both components of the pair must have the momentum pp». When the 
field strength is fixed at some value, H, less than Ho, there is a limited range 
of values for the momenta for which coincidences are possible. For electrons of 
very high energy the momentum is proportional to the energy, and, therefore, 
to the extent to which this relativistic relation is true, the momenta of the 
components of a pair may be represented by the expressions: 
b+ = pol +2); p-=poUl +2) 


where z is the fraction which measures the deviation from equal division of the 
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energy of the y-ray. For the present purpose, where only small deviations from 
symmetrical division are required, these expressions are sufficiently accurate. 
The maximum deviation from symmetrical division for which coincidences are 
possible occurs when the diameter of the orbit of the component with lower 
momentum, f» (1 — 2), is just equal to d, half the distance between the inner 
edges of the slits. Such an electron is projected normally from the radiator and 
just touches the inner edge of a slit. Its momentum is proportional to Hd, and 
since pp» is proportional to Hod, it follows that for a field strength H, the maximum 
deviation from symmetrical division of the y-ray energy is given by: 
1—z= H/Ny 


or z = w, where w = (Hy — H)/Ad. 


Therefore, coincidences can only occur for values of z in the range 0 < z < w. 

We must now consider the range of angles, 6, and 6_, available to the com- 
ponents of a pair which are projected from a central point-radiator and whose 
momenta, p; and p_, lie within the range limited by a given field displacement, 
w. From expression [10] the ranges of the angles 0, and @_ are: 


eH > a. 

2p, y+, Cosé_ = he v_, 

when y, and y_ take the limiting values d and d + a. The upper and lower 
limits of these angles will be called a: and a; respectively, for the orbit with 
higher momentum; and 8:2 and (; for the orbit with the lower momentum. The 
values of these limiting angles are calculated and listed in the Appendix ($5.1); 
they are functions of w, z, and 6 = a/d. 

The probability of the two components of a pair being produced within a 
given angular element d6, and d6_ is given by the differential cross section 
formula, Equation [12]. For a given momentum division, the probability of 
recording a coincidence will be proportional to the volume contained beneath 
the surface of the function, f, between the two pairs of limiting angles. The 


cos 6, = 


quantity 


ra, Bs 
[15] I(w,8,k,z,¢= 7) = 2 f [1 01 & = 3) dO, dd, 

ay 1 
therefore, is proportional to the probability of producing a coincidence at a 
given field strength, defined by w, for an azimuthal angle ¢ = z, and for a given 
ratio of the momenta specified by z, which must, however, lie in the range 
0 <z<.w. The factor of 2 takes into account the fact that either the one or 
the other component of the pair can have the lower momentum. A similar 
expression applies for the function J(w, 5, k, z,@ = 0). Using the approximation 
of Equation [13], the total number of coincidences, for given w, is proportional 


to: 


o aU BQ Bs 
[16] I(w,6,k) =4X24r>> | By t f (04, 0_, R, ) dx. ao_| as 
70 a, By 


where the summation over the angle ¢ means that the integrals for ¢ = 0 and 
for @ = m are added together. 
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To a sufficient approximation the differential relation between the energy 
of a component of a pair and its momentum is given by: 
dE = $k/S* dz 


and from Equation [12] the cross section for the production of a coincidence is 
proportional to: 


Cc 


2S I (w, 6, k) . 


Hence, when one photon is incident on a radiator of unit area and thickness 
W gm. per sq. cm., the probability of producing a coincidence is: 
rnT 2 2 2 
[17] P(w, 5,k) = ae : is ° = - I(w, 6, Rk). 
In this expression, No is Avogadro’s number; A is the atomic weight of the 
radiator; 79 is the electronic radius, e?/moc?; and x is moc?/k as before. 

To the degree that the approximations used above are true, the factor 
I(w, 6, k) determines the shape of the coincidence peak, and the maximum 
value of this quantity, when multiplied by x?/S?, determines the energy depen- 
dence of the counting efficiency. 

The numerical values of the integrals J(w, 6, k, 2) with respect to d@, and 
d@_ in Equation [15] were obtained by a graphical method with 6 = 0.018 and 
for a considerable number of fixed values of w and gz differing by 0.002. The 
integration with respect to z in Equation [16] was then performed by making 


the appropriate summations of the terms with constant w. These calculations 
were carried out for the four y-ray energies 2.75, 5.0, 8.0, and 10.8 Mev. 


2.2.2 Corrections for Slit Thickness and Slit Length 

If the thickness* of the slits is of the same order as the width, a little considera- 
tion will show that the angular range, into which the electrons must be projected 
to pass into the slits, is reduced. The angular limits of Equation [15], therefore, 
require modification, and these modifications are discussed in the Appendix (§5.2). 

Fig. 4 shows examples of the theoretical curves for the shape of the coincidence 
peaks at 2.75 and 10.8 Mev., calculated for the nominal resolution (a/d) = 0.018. 
The curves for the two values of ¢ are plotted separately; the dotted lines are 
the uncorrected curves; the full lines are the curves obtained with the slit thick- 
ness correction. The heavy full line represents the sum of the corrected curves 
for ¢ = 0 and ¢@ =f. It will be noted that the slit thickness correction is 
important at 2.75 Mev. and quite small at 10.8 Mev. Fig. 4 also shows that the 
contribution to the coincidence counting rate, due to pairs for which ¢ = 0, is 
very small for the higher y-ray energy. 

The finite length of the slits restricts the range of the azimuthal angle into 
which a positron or electron, with a given polar angle, must be emitted in order 
that it may subsequently enter the slit. (The following discussion which is 

*The jaws of the slits must be thick enough to stop all electrons incident on them. In practice the 


thickness must be equivalent to the range of the electrons with about three quarters of the maximum 
y-ray energy. In the present instrument we employ gold slits with a thickness of 1.5 mm. 
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10.8 Mev. 


T(w,6,k)x2/S?2 








6 8x10" 2 3x10" 
w—> wo 


Fic. 4. Theoretical shape of coincidence curve for 6 = 0.018 at 2.75 Mev. and at 10.8 
Mev. showing effect of slit thickness. Dotted lines: uncorrected. Full lines: corrected for slit 
thickness. The heavy lines represent the sum of the contributions for @¢ = 0 and ¢ = rz. 


given for positrons applies equally well to electrons.) For a slit separation 2d 
and a slit length 2b the minimum angle ¢, permitted for a given angle 6, is 
given by the relation: 

[18] tané, cosd, cot~!(tané, sing,) = b/d 


which is derived from Equations [1] and [2]. A plot of this function applicable 
to the case of the present spectrometer (d = 11.34 cm., 26 = 7.62 cm.) is given 
in Fig. 5. It can be seen that positrons which are ejected with 6, < 0.21 radian 
will enter the slits for all values of ¢. Therefore, when computing the angular 
integrations of Equation [12], no error is introduced by the assumption that the 


-T1/2 -T1/4 1/4 1/2 
1) + radians 


Fic. 5. Relation between'@, and the minimum value of ¢, (Equation [18]). 
1 
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slits are infinitely long in that part of the graphical integration of the contours 
of Fig. 3 which extends over the range 0 < @ < 0.21 radian. At high energies 
(above 5 Mev.) the integral of the differential cross section over this range of 
6 includes the greater part of the total cross section for pair formation and only 
an insignificant contribution is made to the maximum of the coincidence peak 
by pairs with 6, > 0.21 radian. At 2.75 Mev., however, important contributions 
to the peak of the curve are made by components of pairs projected with angles 
above the critical angle. It follows that the correction for finite slit length, 
like that for slit thickness, is important at low energies and becomes less impor- 
tant as the energy increases. 

The problem of estimating the correction for slit length is simplified by the fact 
that the integrations were carried out at only the two values ¢ = 0 and ¢ = fz. 
Under these conditions the momentum vectors p, and p_ and the incident y-ray 
lie in a plane. Only one of the azimuthal angles, say ¢,, is required to describe 
the orientation of this plane with respect to the direction of the magnetic field. 
As pointed out above, when 6, and @_ are both less than 0.21 radian, coincidences 
can be recorded for all orientations of the plane, i.e., for any value of $4 in the 
range 0 < $, < 2x. When one or both of the polar angles exceeds 0.21, the range 
of $4 is reduced and the probability of obtaining a coincidence is decreased. The 
magnitude of the decrease is roughly proportional to the range of $, excluded, 
and is different for each increment of area of the contour diagram (Fig. 3) 
employed in the graphical integration. 

The effect of the slit length correction on the peak shape at 2.75 Mev. is shown 
in Fig. 6. The full line is the uncorrected curve and is identical with the curve 


1-54x1075 
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Fic. 6. Effect of slit length correction on the peak shape for 2.75 Mey. Full line: corrected 
for slit thickness. Dotted line: corrected for slit thickness and slit length. 


marked ‘‘total”’ in Fig. 4. The dotted line is the corrected curve. It will be seen 
that the correction reduces the peak height by about 25% and makes the peak 
much sharper. It has no appreciable effect on the slope of the linear edge of the 
peak. The correction was calculated in detail only at 2.75 Mev.; a rough estimate 
-of the correction for 5 Mev. is 6% at the peak maximum. The correction becomes 


negligible at higher energies. 

2.2.3. Validity of the Calculations 

The approximation represented by Expression [13] requires discussion. Though 
their heights may differ for the limiting cases ¢ = 0 and ¢ = 7, the theoretical 
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curves of Fig. 4 have similar shapes. It follows that any combination of these 
curves will have similar properties and, in particular, the curve obtained by 
averaging these two cases will not be a poor approximation for that obtained 
from the exact integration with respect to ¢. It follows that the peak shape 
calculated using the approximation [13] will give good values for the resolution 
and for the toe correction. It does not follow, however, that the peak heights 
obtained by the approximate method are the same at all y-ray energies as those 
which might be obtained from an exact integration, or that the ratio of these 
quantities is independent of energy. This latter assumption, however, is necessary 
for the calculation of the counting efficiency as a function of y-ray energy. 

These calculations moreover were made on the assumptions (1) that the 
radiator was confined to an infinitesimal area midway between the slits, and 
(2) that the radiator was thin enough that scattering and retardation of the 
electron pairs in it could be ignored. The validity of these assumptions must 
now be considered in their application to an experimental arrangement. 


(1) Finite Area of the Radiator 

Let us first consider the influence of an extension of the radiator in the 
equatorial plane of the magnetic field on the counting rate measured at the 
peak of the coincidence curve. In their original communication, Walker and 
McDaniel showed that for relativistic electrons all parts of such a radiator 
should contribute to the peak coincidence counting rate. This property arises 
from the proportionality which exists between the momenta and the energy 
of relativistic electrons. However, the momenta of electrons, in the energy 


range of interest here, are not exactly proportional to their energy, and this 
limits the length of radiator which can be effective in producing coincidences. 
Two factors have to be considered: the length of radiator which is effective, and 
the extent to which the counting rate calculations can be applied to this length 
in view of the fact that they are strictly applicable only to the case where pairs 


are emitted from the center of the radiator. 

The length of the radiator which is effective in producing coincidences depends 
on the y-ray energy and onw = (Hy — H)/H), the displacement of the magnetic 
field relative to the end point. It may be shown that the maximum length, 


L, is given by the expression: 


[19] L= 24 fs 4 2x) (l= ny" 
Ww 


1 — w(2 — w) 


As w tends to zero, i.e., as the field H approaches the maximum value JZ», the 
effective length of the radiator is reduced and only the central portion contributes 
to the coincidence counting rate. In our present instrument, the length of the 
radiator illuminated by y-radiation is equal to about one-third of the distance 
between the slits. From Equation [19] it follows that the whole length is effective 
at all y-ray energies above 2.75 Mev. provided w is greater than 1%. Now, as 
may be seen by re-examination of Fig. 4 (where 6 = a/d = 0.018), the position 
of the coincidence peak is given approximately by w = 6. It follows, therefore, 
that the minimum width of slit, a, for the whole length of radiator to be effective 
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at the peak, for y-ray energies equal to or greater than 2.75 Mev., is determined 
by a/d = 1%. 

As already pointed out, the permissible range in the division of the y-ray 
energy between the components of a pair is determined by the relative field 
strength w. For a small radiator, centrally placed between the slits, the pairs 
which contribute to the coincidence counting rate at the peak (and therefore 
at small values of w) must always divide the y-ray energy approximately 
equally. However, at the edge of a radiator with a length equal to one third of 
the distance between the slits, the energy ratio will be approximately two to 
one. The contours of the differential cross section of Fig. 3 are not applicable 
under these conditions. Numerical calculations, based on Equation [9], show that, 
although the height of the contours is not changed appreciably, the valley 
between them is shifted from the 45° angle to another for which the tangent is 
approximately equal to the ratio of the energy division. We have not attempted 
to calculate the peak shape contributed by pairs ejected from the ends of a long 
radiator, but we have found experimentally, for slits for which 6 = 0.018, that 
equal areas from different parts of the radiator contribute approximately equally 
to the peak height and that both the position and the shape of the peak are very 
little affected by the origin of thé source of the pairs. 

It follows that Equation [17], in regard to the height of the peak, is applicable 
to an extended radiator, provided that the width of the slits is great enough that 
the effective length of the radiator at the lowest y-ray energy is not less than 
the length actually illuminated. 

(2) Thickness of the Radiator 

In deriving Equation [17] it was assumed that: (i) there was no retardation 
of the pair particles in traversing the radiator, and (ii), multiple scattering had 
little effect on their angular distribution as they were! projected from the 
radiator. If these two assumptions hold, the peak height must be proportional 
to the thickness of the radiator. It may be shown that, if the thickness of the 
radiator is small enough to satisfy (ii), the effect of (i) is negligible. 


COINCIDENCE RATE 








iS 20 mg.cm-? 
RADIATOR THICKNESS 


10 


Fic. 7. Variation of peak coincidence counting rate with the thickness of the radiator. 
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Multiple scattering has the effect of broadening the natural angular distribution 
of pair formation; it will be important only when the average angle of scattering 
is of the order of the angle corresponding to the high points in the contour map 
of Fig. 3. Both angles vary inversely with the energy and therefore the radiator 
thickness at which multiple scattering becomes important is independent of the 
energy. This is demonstrated in Fig. 7 in which the peak coincidence counting 
rate for two y-rays of different energies is plotted against the thickness of the 
gold radiator. The peak counting rate at first increases linearly with the thick- 
ness and finally approaches a saturation value. Subsequent increase in the thick- 
ness results in impaired resolution caused by a broadening of the.coincidence 
peak without change in height. 

Fig. 7 shows that saturation is reached at a thickness near 20 mgm. per sq. 
cm. Most of our measurements have been made with a gold radiator with a 
thickness of 5 mgm. per sq. cm. for which Equation [17], therefore, should be 
applicable. It follows that the retardation can be neglected, for the mean 
retardation in the radiator is then only about 5 kev., which is very small com- 
pared with the width of a coincidence peak. 

2.3 Resolution 

The resolution of the spectrometer was not studied in detail theoretically 
since it is a quantity which can be easily investigated by experiment. 

The shape of the coincidence peak was calculated for a number of different 
slit widths at an energy of 8 Mev. In these calculations the corrections for slit 
thickness and slit length were not applied because, at this energy, their effect 
would be small. The results are shown in Fig. 8, the ordinates being normalized 
to give the same maximum coincidence rate at the peak. Fig. 8 shows that, as 
the width of the slits is reduced, the linear upper edge of the peak moves towards 
the limiting field HZ) and its slope becomes steeper. The resolving power of the 
instrument, i.e., the width of the peak at half maximum, does not decrease 
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Fic. 8. Theoretical peak shapes for 8 Mev. 
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indefinitely with the slit width as in other kinds of spectrometers. For wide 
slits, the peak width is proportional to the width of the slits. However, as the 
width of the slits is reduced, the peak width tends to a finite value. At 8 Mev., 
this minimum width is 70 kev. 

The calculations (with 6 = 0.018), previously discussed, show that the peak 
width is essentially independent of the y-ray energy. 

2.4 Toe Correction 

The toe correction is obtained directly from the calculated curve of the 
coincidence peak; its value is equal to the difference between the field at the end 
point and the point where the linear upper edge of the peak, when extrapolated, 
meets the axis of abscissae. 

The value of the toe correction is determined entirely by those electron 
pairs which contribute to the steep linear edge of the coincidence peak. In a 
practical design of spectrometer in which the radiator is of large area, these pairs 
are ejected from the region of the radiator midway between the slits and follow 
trajectories for which 6, and @_ are near zero. Electrons which follow other orbits 
or which are affected by retardation in the radiator can only produce coincidences 
at lower values of the magnetic field. Therefore, the value of the toe correction 
will be largely independent of the area and thickness of the radiator, and of the 
slit length and thickness, and will be a function only of the y-ray energy and the 
slit width. That the toe correction is practically independent of slit thickness 
and length is apparent from Figs. 4 and 6. The theoretical value of the toe 
correction should, therefore, be reliable and not subject to errors introduced by 


the simplifying assumptions involved in the calculation of Equation [17]. It 
follows also that accurate energy measurements can be made using thick 
radiators when the maximum counting rate is required at the sacrifice of resolving 


power. 
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Fic. 9. Theoretical toe corrections. 
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The value of Ak was obtained from calculated curves of the peak shape in 
which the effect of the length and thickness of the slits was neglected. The 
results for a number of different energies are given in Fig. 9 in which Ak, expressed 
as a fraction of the y-ray energy, is plotted against 6. This figure shows that 
initially the toe correction increases linearly with 6 and that the point at which 
the linearity fails depends on the energy. In the range 0 < 6 < 0.005, the curves 
are linear for all energies up to 10 Mev. In this range of 6, the pairs responsible 
for the linear upper edge of the coincidence peak are produced at angles which 
are always less than those corresponding to the maxima in the contours of Fig. 3. 
The deviations from linearity in the toe correction curves occur when pairs, 
which are emitted in the directions of the high points of Fig. 3, contribute to the 
observed coincidence counting rate. 

The slope (0.3) of the linear portion of the toe correction curve seems to depend 
very little on the shape of the angular distribution of pair formation. Calculations 
of the toe correction to be expected for an artificial angular distribution, which 
had a maximum in the forward direction and was gaussian with respect to the 
angles #, and 6_, produced curves very similar to those of Fig. 9. The angular 
distribution was adjusted to give a maximum differential cross section in the 
direction of the incident y-ray and normalized so that the total cross section 
and the mean angle of emission varied with the energy in the same way as the 
pair formation cross section. For small angles this differential cross section 
varies very little with 6. and the fact that the slope of the linear toe correction 
in this case is so similar to that of our original calculations, in which the cross 
section is zero in the forward direction, indicates that the slope is nearly inde- 
pendent of the angular distribution which is chosen.* 


2.5 Relative Counting Efficiency 
The peak counting efficiency is proportional to the maximum value of 
P(w, 6,k) with respect to w (Equation 17). The energy dependence of the 


counting efficiency is contained in the factor 


I(w, 5, Rk) . (x?/S?) 


RELATIVE COUNTING EFFICIENCY 


6 7 8 o. 12 —- 
ENERGY, Mev. 


Fic. 10. Theoretical efficiency curves: (a) uncorrected, (6) corrected for slit thickness, 
(c) corrected for both slit thickness and length. 


*We are much indebted to Dr. J. D. Jackson for making this calculation, and for discussion of 
the results. 
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of Equation [17]. Maximum values of this factor, with and without the correction 
for slit thickness and slit length, for an apparatus with slits 2 mm. thick and 
2 mm. wide (6 = 0.018), are listed in Table I. It is evident that the counting 
efficiency rises extremely rapidly with energy—nearly as the fifth power at 3 
Mev. This effect is the result of the rapid increase of the heights of the contours 
of Fig. 3 and the shift in the position of the maxima toward the origin as the 
energy increases. The results of Table I are plotted in Fig. 10 after normalization 
to unit efficiency at 10.8 Mev. This figure shows the effect of the corrections for 
slit geometry. 
TABLE I 
RELATIVE COUNTING EFFICIENCY FOR 6 = 0.018 


Maximum value of J(w, 6, R).( x2/S*) 
k (Mev.) -- ~ a ey FH 
| Corrected for Corrected for 
Uncorrected slit thickness slit length and 
only thickness 


0.00255 001! 0.00111 
0.0216 O01: 0.0148 
0.092 0.076 
0.176 | 156 0.156 


3. EXPERIMENTAL 
3.1 Experimental Arrangement 
The experimental arrangement of the spectrometer is shown diagrammatically 
in Fig. 11. A more detailed drawing is shown in Fig. 12. The horizontal pole faces 
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Fic. 11. Diagrammatic sketch cf the pair spectrometer. 
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Fic. 12. Detailed drawing of the pair spectrometer. 


of the electromagnet are 12 in. in diameter and 5 in. apart. An evacuated rec- 
tangular chamber is mounted between the pole faces. The y-ray beam passes 


into and out of the chamber through thin beryllium—copper windows. The 
radiator is placed centrally in the vacuum chamber with its plane vertical. 
It is mounted on an aluminum frame (shown in Fig. 12) to which are attached 
the fixed inner jaws of the slits which define the entrance to the counters. In the 
final model of the spectrometer, the jaws were made of gold 3 in. long, } in. 
wide, and 1.5 mm. thick. The adjustable outer jaws of the slits move in slots and 
are separately controlled by micrometer adjustments outside the vacuum sys- 
tem. The inside surfaces of the walls of the compartment in which the electron 
pairs move are lined with slotted sheets of polystyrene, shown in Fig. 12, to 
reduce the effects of scattering. The compartment of the vacuum chamber 
nearest the source of y-rays is lined with thick lead blocks to shield the crystal 
counters. The spectrometer is evacuated with a mechanical pump. 

The pair components are detected by two stilbene crystals, 33 in. X } in. X 
} in., each of which is cemented to a light guide, terminating in a 60° prism 
which is viewed by two [P21 photomultiplier tubes connected in parallel. 
The photomultiplier tubes, which are situated outside the vacuum chamber, 
are enclosed in thick steel containers which reduce the strength of the magnetic 
field within them to a few gauss, a field which has no detectable influence on the 
counting rate. The pulses produced by the two multipliers are fed to cathode 
followers and fast amplifiers (cutoff at 200 Mc. per sec.), and thence to a mixing 
circuit, operating at a coincidence resolving time of 2.5 & 107 sec. 

In the earlier model of the pair spectrometer, the magnetic field was stabilized 
by control of the magnet current and the value of the magnetic field was 
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measured from the frequency of the proton resonance, using a super-regenerative 
circuit. Automatic operation was obtained by altering the magnetic field step 
by step according to a pre-arranged program. The values of the magnetic field 
at each step were not measured automatically. They depended to some extent 
on the magnetic history and were determined over the same cycle of operations, 
before and after each run. 

The apparatus has since been much improved by allowing the proton reso- 
nance to control the magnetic field. In the present instrument, the useful range 
of frequency of the proton resonance is 2.8 to 16 Mc. per sec. In the range 2 to 
4 Mc. per sec., the proton resonance frequency is the fundamental frequency of 
an oscillator of high stability, adjustable over this frequency range by tuning 
a motor-driven variable condenser. From 4 to 8 Me. per sec., and from 8 to 16 
Mc. per sec., the proton resonance frequency is the second or the fourth harmonic 
of this oscillator. 

For automatic operation, the coincidences are counted at values of the 
magnetic field corresponding to a predetermined set of proton resonance 
frequencies. These frequencies are the harmonics of the pulses produced when the 
oscillations of a 100 ke. crystal-controlled oscillator are squared off, sharpened, 
and reduced in frequency by ascale-of-two circuit. By successive divisions of two, 
any submultiple of the original frequency of 100 ke. per sec. can be obtained, 
the lowest frequency used being 1.5625 or 100/2° kc. per sec. 

As the proton resonance frequency is changed, the magnetic field changes 
correspondingly. The proton resonance frequency is allowed to heterodyne 
with the harmonics of the reduced crystal-controlled frequency; the heterodyne 
frequency is detected in a mixing circuit connected to an audio-frequency 
amplifier tuned to 390 cycles per sec., which, after rectification, provides current 
to operate a relay. As the proton resonance oscillator frequency is shifted, the 
relay is operated twice at each tuning point, i.e., when the proton frequency 
passes 390 cycles per sec. above or below the frequency of a harmonic of the 
crystal oscillator. Every second operation of the relay is made to stop the motor 
shifting the proton resonance and to start coincidence counting. At the end 
of the counting interval, the result is printed automatically, power is supplied 
to the tuning motor, and another cycle of events is started. By adjustment 
of the degree of the subdivision of the frequency of the crystal oscillator, the 
frequency interval between the coincidence counting positions can be adjusted, 
in factors of two, to any of seven values between 1.5625 and 100 kc. per sec. 
Since the magnetic field follows any change in the frequency of the proton 
resonance which controls and stabilizes it, the value of the magnetic field, at the 
position for coincidence counting, is quite independent of magnetic hysteresis, 
and is fixed in terms of a harmonic or subharmonic of the frequency of the 
crystal oscillator. 

3.2 Accuracy of Energy Measurement 

From Equation [8] it is clear that the accuracy of measurement of the y-ray 
energy k depends on: the distance, d, between the slits; the frequency, /;, 
corresponding to the extrapolated end point of a coincidence peak; and the toe 
correction, Ak. 
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3.2.1 The Distance d 

The error in the measurement of the distance d is very small. In our improved 
apparatus, the mean value of 2d is 22.674 + 0.001 cm. and the slits are parallel 
to each other such that the distances between corresponding ends are equal to 
within 0.0007 in. Changes in the ambient temperature of the room produce 
a negligible uncertainty in this quantity. Two possible sources of error need to 
be considered which are connected with the dimension d: 

(1) An error will arise if the edges of the slits are not parallel to the direction 
of the magnetic field. In the present apparatus this angle, ¢, is certainly less than 
one-quarter of one degree; the error in the energy measurement is }¢? and is 
therefore not greater than 0.001%. 

(2) An error will occur if the radiator is not coplanar with the slits, Equation 
[8] having been calculated on the assumption that the two are coplanar. There 
are two difficulties in the realization of this condition. (i) The slits are of finite 
thickness and this makes the effective position of the slits relative to the radiator 
uncertain. (ii) It is difficult to construct an accurately plane radiator from a thin 
metallic foil over an area of about 10 sq. in. These difficulties, however, are not 
serious for, as pointed out above, the energy measurement involves only pair 
components emitted near the center of the radiator and if the latter is displaced 
in a direction normal to its surface by an amount h, the distance d is changed 
effectively only by an amount h?/d. Even if # is 1 mm., this error is less than 
0.01°%. Therefore the accurate location of the radiator is not important and also 
the effect of the thickness of the slits can be neglected. 

3.2.2 The Frequency f 

The errors in the determination of the frequency /; required in Equation [8] 
fall into two groups: (1) those associated with the determination of the extra- 
polated end point of the peak and (2) those associated with the measurement of 


frequency. 


There is a statistical error associated with the experimental points on the 
linear upper edge of the coincidence peak. This error depends on the counting 
rate produced by the y-ray and the time allowed for counting; when these 
quantities are fixed, the amount of the error is independent of the y-ray energy, 
and for exceptionally strong y-rays, the energy equivalent of this error may be 


as low as 2 or 3 kev. 

The level of the counting rate to which the linear upper edge is to be extra- 
polated may be uncertain. If no other y-rays with similar energy exist in the 
spectrum being examined, the correct result is obtained by extrapolation of the 
linear upper edge of the peak to zero counting rate. However, if the coincidence 
peak is superposed on a continuous background or on the tail of a neighboring 
peak, the extrapolation must be made to a level below the background by the 
amount of the scattering tail of the peak being studied. This is about 5% of 
the peak height. The error committed in omitting this procedure varies directly 
with the slope of the upper edge and may be appreciable for large slit widths. 
In fact, since the frequency displacement between the upper limit and the peak 
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is roughly given by 6, the error involved in ignoring this effect, in our present 
instrument, is roughly 0.05 6. For 3 mm. slits, this error may amount to 0.1%. 


3.2.2.2 The Frequency Measurement 

The coincidence counting rate is plotted against the frequency of the proton 
oscillator. This is determined from a simple function of the natural frequency 
of the crystal calibrating oscillator, viz., m/2", where m and n are integers. 
It is necessary to apply three corrections to this frequency. (a) In deriving 
Equation [8] it was assumed that the magnetic field is uniform. Consequently, 
a correction must be applied to allow for lack of uniformity. (b) A correction 
must be applied to the nominal frequency of the crystal-controlled oscillator. 
(c) A small correction arises from the heterodyne method of field control. 

(a) Since all parts of the radiator contribute to the coincidence counting rate, 
the pairs produced may follow a number of widely different trajectories. However, 
to determine the energy of a y-ray using Equation [8], it is only necessary to 
know the average value of the field over the orbits of pairs which produce 
coincidences contributing to the linear upper edge of the coincidence peak. 
As pointed out in §2.4, these pairs are emitted from the central region of the 
radiator with small polar angles 6. Their trajectories, therefore, are parallel or 
nearly parallel to the equatorial plane.* 

In the present apparatus the reduction in the field strength which normally 
occurs near the edges of the pole faces has been purposely overcorrected. In the 
equatorial plane, the maximum positive deviation of the field from the value 
measured at the center was about 0.24%. Near the pole faces and near the 
periphery the deviation was nearly 1%. 

Using a relation due to Hartree (7), the difference (47, — H,), between the 
average field (#7,) over a trajectory and that at the axis of the magnet (J/7,) 
was obtained for a representative number of semicircular orbits lying parallel to 
the equatorial plane. The average of these values of (47, — H,) is the required 
correction to be made for field inhomogeneity, when referred to the value of the 
field at the center (J7,). This average value was found to be 0.12% of H, at the 
field corresponding to 9 Mev., and 0.19% at the field corresponding to 3 Mev. 
A value of (H, — H,) suitable for all energy measurements is 0.15 + 0.04%. 

The location of the search coil in its standard position in the well (Fig. 11) 
corresponds to the maximum of the magnetic field in the radial direction, and 
for this reason, the field (#7,) measured by the search coil is independent of 
small displacements of the coil in the well. The difference (47, — H,) was 
measured accurately and found to be 0.24 + 0.02%. The variation of this 
number with field strength was found to be negligible. The difference (H, — H,) 
= — 0.09 + 0.05% refers the averaged value of the field to that measured at 
the search coil, and is the correction required. 

In the foregoing, we have assumed that the value of the magnetic field at the 
search coil is given exactly by the proton resonance frequency. However, when 
the proton frequency is used to stabilize the magnetic field through an electronic 
regulator, the magnetic field at the search coil may not correspond exactly 


*This can be seen by solving Equations {1\ and [2] for x,. 





560 CANADIAN JOURNAL OF PHYSICS. VOL. 31 


to the proton resonance. Exact adjustment is easily made by the usual method 
of centering the proton signal on a cathode-ray tube. In the present apparatus 
we have examined the’ accuracy of this adjustment by a simultaneous measure- 
ment of the field strength at the center of the magnet with a subsidiary proton 
resonance magnetometer. It was found that the accuracy of this adjustment was 
always within 0.01%. 

(6) The frequency of the crystal oscillator was nominally 100 kc. per sec. 
The actual frequency was determined by comparison with the frequency of 
the radio station WWYV, using a heterodyne method. It was found to be greater 
than the nominal frequency by 0.245 + 0.002%. 

(c) It has been pointed out in §3.1 that the automatic operation of this 
apparatus is designed so that the tuning motor is stopped at the second of the 
two tuning points obtained when an harmonic of the reduced frequency of the 
crystal oscillator and of the proton oscillator differ by that of the tuned amplifier. 
It is therefore necessary to add or to subtract a small correction depending on 
the frequency of this amplifier, according to whether the proton resonance is 
increasing or decreasing between the intervals of coincidence counting. In the 
range of 2 to 4 Mc. per sec., the proton resonance frequency is equal to that of 
the oscillator, and the frequency correction, therefore, is the frequency of the 
tuned amplifier, viz., 390 cycles per sec. At higher frequencies, the proton 
frequency is the second or fourth harmonic of the oscillator, and the frequency 
correction, therefore, is two or four times that of the audio amplifier. The 
tuning of the latter is sharp, and the uncertainty in the proton oscillator fre- 


quency caused by the relay circuits stopping the tuning near, but not exactly at, 


the heterodyne points can be neglected. 


€ 


3.2.3 The Toe Correction 

The error possibly involved in the toe correction is important because the 
magnitude of this correction is usually much greater than the errors associated 
with the frequency measurements. As will be shown below, the theoretical 
curves given in Fig. 9 are well corroborated by experiment, at least over the 
linear portion of that figure. If a toe correction lies on this linear portion, its 
magnitude is certainly correct to 10%. Beyond the linear portion, the possible 
error in the toe correction is equal to the accuracy with which the theoretical 
toe corrections can be verified by experiment. It will be shown below that this 
lies between 2 and 10 kev. 
3.3 Measurement of the Toe Correction 

The toe correction, Ak, can be determined experimentally by plotting the 
upper limit of the coincidence peak as a function of the slit width. As the slit 
width approaches zero, the value of 7; approaches the limiting value, /Z). 
In practice, however, owing to the fact that the peak counting rates decrease 
rapidly with decreasing slit widths and with decreasing y-ray energy, such upper 
limit measurements can be made only for exceptionally strong high-energy 
y-rays. 

The upper limits were measured for different values of the slit width for the 
strong magnesium (10) y-ray at 3.95 Mev. and for several strong y-rays be- 





KINSEY AND BARTHOLOMEW: MEASUREMENTS WITH A PAIR SPECTROMETER 561 


Ti 675 Mev. 


{ t 


944- 
. LO 2.0 


ai N 10.8 Mev. 
1348 } 


EXTRAPOLATED END POINT, Mcs/sec 


i 
| 


4 amanencl 


0 10 
§ = a/d PERCENT 





Fic. 13. Experimental values of the extrapolated end point plotted against the slit width. 
The full lines are theoretical curves interpolated from Fig. 9. 


tween 6.75 and 10.8 Mev. Some of the results are shown in Fig. 13, in which the 
upper limits are plotted as ordinates and the slit widths (in terms of 45) as 
abscissae. The full lines, which were obtained from the calculated toe correction 
curves of Fig. 9, have been adjusted on the ordinate scale to give the best fit 
for low values of 6. For every y-ray examined, there is an initial linear decrease 
in the measured upper limit, the slope being in agreement with that expected 
theoretically (0.3). The value of the frequency corresponding to the true end 
point, Z,, of the coincidence spectrum, is determined by the intercepts of these 
curves with the axis of ordinates, and the toe correction by the difference between 
any other ordinate and this value. By plotting the upper limit for low values of 
6 and extrapolating linearly the results obtained to zero 6, the true end point can 
be obtained without using the toe correction. 

From Fig. 13, we estimate that the linear portions of the theoretical curves of 
Fig. 9 give the value of the toe correction to within 10%. This error is usually 
less than the statistical error of measurement of the upper limit. For 6 > 0.5% 
the maximum error in the calculated toe correction may vary from 2 kev. at 
6 = 0.5% to about 10 kev. at 6 = 3%. In a rough way we have been able to 
check that the error in the toe correction is not greater than these values by 
measuring the energies of the cascaded y-rays produced when a neutron is 
captured in Si** (11). The majority of the captures in that isotope produce a 
y-ray (1) leading to the excited state at 4.93 Mev.; this is followed by the 
emission of a second y-ray (K) leading directly from that state to the ground 
state. The sum of the transition energies of these two y-rays must be equal to 
that of the direct transition to the ground state, a much weaker y-ray (B), but 
one that can be measured with some precision. If there were no errors in the 
toe corrections and if there were no nonlinear errors in the magnetic field 
measurements, these two quantities would be equal within the statistical error 
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of measurement. The results obtained with 6 = 0.018 are shown in Table II 
in which the transition energy is equal to the y-ray energy plus the recoil energy 
of the nucleus emitting the y-ray. 


TABLE II 


ENERGIES OF CASCADED y-RAYS IN Si??. 
THE ERRORS IN THE LAST COLUMN ARE STATISTICAL ERRORS ONLY 


Nuclear Transition 
ki (kev.) | Ak (kev.) cev.) | recoil energy | energy 
(kev.) (kev.) 


| 


4908 +3 | | 4933 +3 | 0 | 4933 +3 
3519 +6 | 354046 | 0 3540 + 6 


| eee . 
8473 + 7 
8467 + 2 $468 + 2 


It will be seen that the sum of the transition energies corresponding to the 
y-rays K and M is equal to that of B to within a relatively large statistical 
error, arising mainly from the difficulty of measuring the upper limit of the 
y-ray M in the presence of a background of unresolved radiations. This agree- 
ment shows that no serious error is committed in using the calculated toe 
corrections. 

The conclusion of §2.4, that the upper limit should be sensibly independent 
of the thickness of the radiator, was verified using the 7.6 Mev. y-ray from iron. 
The upper limits obtained with the usual radiator, 5 mgm. per sq. cm., were 
the same within the statistical error of measurement, about 0.04%, as those 
obtained with another, about 50 mgm. per sq. cm. With this y-ray we also 
found that the toe correction, as expected, was independent of the slit length. 


3.4 Comparison with Other Energy Measurements 


In Table III we list the results of some careful measurements of neutron 
capture y-rays made recently with the improved apparatus. These new results 
supersede similar measurements already published (10, 11). The first column 
gives the nucleus responsible for the y-radiation; the second, the value of 4; 
the third, the toe correction obtained from the curves of Fig. 9. The fourth 
column lists the y-ray energy; the error in this column is made up of the items 
listed in the next column: (1), the error due to the uncertainty in the inhomo- 
geneity of the magnetic field, viz., 0.05%; (2), the statistical error of the deter- 
mination of the upper limit; and (3), an estimate of the probable error in the 
toe correction. The figures in the sixth column are the transition energies, 
i.e. the y-ray energy plus the energy of the nuclear recoil, and with the exception 
of the first figure, the seventh column contains the transition energy deduced 
from the addition of the binding energy of the deuteron, obtained by Mobley 
and Laubenstein (15) (2.226 + 0.003 Mev.), to the highest Q-value obtained 
in the (d, p) reaction (18, 21). The first figure in Column 7 is a y-ray measure- 
ment made with a magnetic lens spectrometer. The results are generally in 
good agreement. 
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TABLE III 
OF SOME ENERGY MEASUREMENTS 


COMPARISON 


Error in kev. Transition energy in kev. 


Present From 
work reaction Ref. 
energies 


2751 
2756 


2753 + 5 755 & 5 
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7722 
7724 
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Fic. 14. Widths of coincidence peaks at half maximum plotted as a function of the slit 
width. The full line is obtained from the widths of the curves calculated at 8 Mev. (Fig. 8). 
Open points, slit length 7.6 cm.; full points, slit length 2.8 cm. 


3.5 Experimental Width and Shape of the Coincidence Peak 

Experimental values of the width of coincidence peaks are plotted in Fig. 14 
for different values of the slit width. In this figure, the full points are those 
obtained with a slit length of 2b = 2.8 cm., the others being obtained with 
2b = 7.6 cm. The smooth curve is the width of the coincidence peak calculated 
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Fic. 15. Comparison of theoretical and experimental coincidence peaks for 10.8 Mev. 


and 6 = 0.018 (nitrogen y-rav). The abscissae give the strength of the magnetic field, in 
units of the proton resonance frequency; the broken line is the calculated curve. 
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Fic. 16. Comparison of theoretical and experimental coincidence peaks for 2.75 Mev. 
and 6 = 0.018 (Na* y-ray). The abscissae give the strength of the magnetic field, in units of 
the proton resonance frequency; the broken line is the calculated curve, corrected for slit 
thickness and length. 
at 8 Mev. It will be seen that the experimental results agree well with the 
theoretical curve and verify the conclusion reached in §2.3 that the width is 
independent of energy. There is an indication that the peak widths tend to 
decrease as the slits are shortened. A similar small decrease in width is found if 
the area of the radiator is contracted. 

Fig. 15 shows the theoretical curve for the shape of a coincidence peak fitted 
at the peak and at the upper limit to the early experimental results obtained for 
the 10.83 Mev. capture y-ray emitted by nitrogen. There is remarkably good 
agreement. In Fig. 16 we have plotted the recent experimental points for the 
2.75 Mev. y-ray from Na*4 and compared it with the theoretical curve, which, 
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again, is fitted at the peak and at the upper limit. The agreement here is less 
satisfactory; the discrepancy at low frequencies is probably caused by the 
approximations used in making the corrections for slit thickness and slit length. 


3.6 Experimental Determination of the Counting Efficiency 

An experimental test of the counting efficiency curve of Fig. 10 is difficult to 
make with precision for no radioactive materials exist which produce y-rays of 
known intensity with energies above that of the 2.75 Mev. y-ray of Na”. 
Neutron capture y-rays have therefore been used, and we have attempted to 
determine the relative counting efficiencies of those few capture y-rays for 
which the necessary absolute intensities are approximately known. The method 
consists in comparing the peak counting rates of these y-rays using samples 
in which weighed amounts of the materials have been mixed together. If, then, 
the neutron capture cross sections are known, the ratio of the counting efficien- 
cies of the spectrometer can be deduced from the ratio of the peak coincidence 
counting rates. 

In making such measurements, we have to consider the possible effect of 
counting losses in the photomultipliers. It is not possible to use so high a voltage 
on the photomultipliers that even 90% of the pairs are counted without intro- 
ducing a large random coincidence rate due to noise. Instead, it is convenient 
to record only 80 to 90% of the total coincidence rate. It is found that this 
fraction is independent of the y-ray energy, the characteristic counting rate 
curve (counting rate plotted against photomultiplier voltage) for the sodium 
2.75 Mev. y-ray being very similar to that due to the nickel 9.0 Mev. y-ray. 

Let o and N be respectively the thermal neutron capture cross section and 
the number of atoms of the sample material exposed to the field of view of the 
spectrometer. Let ¢ be the counting efficiency, i.e., the number of coincidences 
produced per photon incident on the radiator, 7, the mean transmission coeffi- 
cient in the sample material, 7 the transmission coefficient in the neutron 
filters and other materials between the sample and the spectrometer, and P 
the absolute intensity of the y-ray in photons per capture. Then the ratio of the 
peak counting rates, g: and gz, of two y-rays to be compared, is given by: 
ee os _Nenel TPs 

q2 Noore2T ,, T oP 2 

The transmission, 7, is easily calculated and in our present arrangement lies 
between 0.85 and 0.92 throughout the range between 2.75 and 11 Mev. The self- 
absorption, 7,, is also readily calculated, and except for the heavy elements, 
does not change much with energy.* Thus the ratio of the efficiencies may be 
determined, knowing the products, No, and the approximate values for the 
intensities, P. 

It is convenient to determine the efficiency relative to that at 2.75 Mev., at 
the lower end of the energy scale, by making use of the y-ray emitted in the 
radioactive decay of Na* for it is well known that one photon of this energy is 


*Strictly, the variation of the neutron flux along the length of the sample should be taken into 
account in calculating the ratio of the coefficients, Ts, but calculation shows that it has a negligible 


effect. 
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emitted in every disintegration of Na*‘. If the material which emits the y-ray 
to be studied is mixed with a sodium salt, a comparison of the peak counting 
rate of this y-ray with that of the sodium y-ray will give the efficiency relative 
to 2.75 Mev., provided that the mixture has been irradiated in a constant 
neutron flux for a sufficient time for the Na*‘ activity to attain radioactive 
equilibrium with the neutrons producing it. 

In the derivation of Equation [20] we have assumed that thermal neutrons 
only are responsible for the production of the y-radiation and that the capture 
cross sections refer to neutrons of these energies. In sodium, and in all the 
elements used for comparison measurements, resonance activation is negligible, 
and so the intensities of the capture radiations will certainly be proportional to 
the thermal neutron capture cross sections. 

Direct comparisons of the intensity of neutron capture radiations with that 
of Na* are difficult to make because the low energy of the latter entails a low 
peak counting rate, even when kilogram quantities of a sodium compound are 
used. We have therefore compared only the 9.0 Mev. nickel capture y-ray 
directly with sodium. The other elements were compared with nickel, for nickel 
has a high cross section (4.8 barns), produces a strong coincidence peak near 
9 Mev., and relatively few coincidences below this energy (12). 

For some comparisons, we mixed the sample material with nickel sesquioxide, 
NioO;. In others, involving weakly absorbing materials, we found it more 
convenient to use nickel sheets, either with one sheet stuck to the front of the 
sample and one behind it, or with sheets of nickel sandwiched between slabs 
of the material to be examined. We made a direct test of the reliability of this 
method in the case of silicon. When nickel oxide was mixed with silicic acid, 
and when sheets of nickel were stuck to the front and back ends of the container, 
the ratios of the quantities (Pe) for selected y-rays from silicon and nickel were 
found to be identical within the limits of experimental error. 

The nickel-sodium ratio was determined from a comparison of the coincidence 
peaks of the 2.75 Mev. y-ray with that of the 9.0 Mev. nickel y-ray using an 
intimate mixture of a few grams of nickel sesquioxide with a kilogram of sodium 
fluoride. The prompt y-radiation due to capture in the vicinity of 2.75 Mev. 
was studied immediately after installation of the sample and before an appreci- 
able amount of Na*‘ activity had developed. No coincidence peaks above a 
continuous unresolved background due to capture radiation could be detected 
in the immediate vicinity of 2.75 Mev. After allowing 24 hr. to elapse for the 
Na*‘ activity to approach equilibrium with the neutron flux, the 2.75 Mev. 
peak was plotted. After subtraction of the continuous background, the results 
at each point in the curve were corrected to infinite irradiation time. As a 
check, the sodium peak was also plotted immediately after the pile was shut 
down. The capture cross sections of nickel and of sodium were taken to be 4.8 
and 0.54 barns.* Using Equation [20], the results of these measurements gave: 
[21] «(9.0) . P/e(2.75) = 24.4 + 1.0 

*L. Yaffe, private communication. This cross section, which is higher than usually quoted, was 


obtained recently by an activation method. It is based on a gold cross section of 93 barns and is 
probably more accurate than those obtained by pile oscillator methods; cf. Pomerance (16). 
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where P refers to the absolute intensity of the 9.0 Mev. nickel y-ray. This result 
does not give directly the efficiency at 9.0 Mev., for the quantity P, in the case 
of nickel, is not accurately known. 

The y-ray spectra emitted by most elements on neutron capture are too 
complicated to allow an estimate of P for individual y-rays and that quantity 
can only be established when one y-ray is emitted per capture, or when one 
strong y-ray is associated with a few weak ones. The two lead isotopes Pb?°* 
and Pb?°? emit homogeneous y-rays with energies at 6.73 Mev. and 7.38 Mev. 
respectively, but only the capture cross section of Pb? is known with sufficient 
accuracy. Beryllium and carbon produce strong y-rays with energies of 6.8 
Mev. and 4.9 Mev., respectively, and the intensities of these radiations are 
known to be respectively about 0.75 and 0.70 photon per capture. Furthermore, 
upper limits for the intensities of the 6.75 Mev. y-ray from titanium, the 9.0 
Mev. y-ray from nickel, and the 9.3 Mev. y-ray from iron can be deduced from 
the capture y-ray spectra. The efficiencies were measured relatively to the value of 
eP for the nickel y-ray, and the efficiencies relative to that of the sodium y-ray 
were then obtained by multiplying the result by 24.4, Equation [21]. These 
efficiencies are independent of both P (for nickel) and the value chosen for the 
nickel cross section. The results are listed in Table IV and plotted in Fig. 17, 
in which the smooth curve is the fully corrected theoretical curve of Fig. 10, 

TABLE IV 
MEASURED COUNTING EFFICIENCIES RELATIVE TO THAT AT 2.75 MEV. 


| 


larget | Energy kof | Thermal neutroa| 


| 
element | y-ray (Mev.) capture cross 
section 


.5 mb. 
5.6 b. 

0 mb. 

mb. 
5D: 


3 b. 


RELATIVE COUNTING EFFICIENCY 
3 


+ & S&S @ -t 
ENERGY. Mev. 


Fic. 17. Experimental counting efficiencies relative to that at 2.75 Mev. The smooth curve 
is the fully corrected theoretical curve of Fig. 10. 
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adjusted to unit efficiency at 2.75 Mev. To make these results comparable with 
the calculated curve, they have all been obtained with 6 = 0.018. 

The carbon result was obtained by sandwiching nickel sheets (8 mgm. per 
sq. cm.) between thin disks of graphite, one sheet at either end and two between 
each disk. The beryllium measurement was made in a similar way, using slabs 
of exceptionally pure sintered beryllium oxide. Of these two results, that due to 
carbon is the least satisfactory because of the uncertainty in the value of its 
capture cross section. 

The titanium measurement was made using a mixture of titanium dioxide 
and nickel sesquioxide. The titanium spectrum consists essentially of two 
strong y-rays of comparable intensity and with energies of 6.41 Mev. and 6.76 
Mev. and very little other high energy radiation. Since the greater part of the 
titanium capture cross section (95%) is due to capture of neutrons in Ti*’, 
and assuming that there is no cascade of low energy y-rays which have escaped 
detection by the pair spectrometer, it follows that the sum of the values of P 
for these two y-rays must be nearly unity. Assuming that this sum is 90% of the 
neutron capture rate in natural titanium, the value of P for the 6.76 Mev. 
y-ray is found to be 0.53. It will be seen that the titanium and beryllium results 
are in good agreement. 

The result for the lead radiation given in Table 1V was obtained using a 
mixture of Pb;O,4 and nickel sesquioxide. The capture cross section given in 
the table is the contribution (1) of Pb?*’ to the total capture cross section of 
natural lead, and, in the absence of any other y-ray known to be emitted when 
neutrons are captured by that isotope, the absolute intensity is assumed to be 
unity. 

The counting efficiency for lead radiation has also been measured by a direct 
method, in which the intensity of the beam of lead radiation was obtained from 
the ionization current produced in a thick walled ionization chamber. The 
ionization chamber was calibrated with a radium source, using the figures 
published by Laurence (13). The intensity of the y-ray beam, in photons per 
sq. cm. per sec., was deduced from the ionization current using the figures 
given by Fowler, Lauritsen, and Lauritsen (3). The absolute counting efficiency 
of the spectrometer at 7.38 Mev. was deduced from these results after correcting 
for the presence of the capture radiation produced by Pb?°*. A similar measure- 
ment was made with a source of about 1000 curies of Na®4, the ionization current 
observed being corrected for the effect of the 1.38 Mev. y-ray. The ratio of the 
efficiency at 7.38 Mev. relative to that at 2.75 Mev. was 42, in good agreement 
with the previous result. 

Above 8 Mev. we have found no satisfactory way to measure the counting 
efficiency of the spectrometer. We have determined a minimum value for the 
efficiency at 9.3 Mev., assuming that the three capture y-rays ascribed to Fe*® 
(12) are the only y-rays emitted by that nucleus, and knowing the contribution 
of Fe®! to the total capture cross section of iron. A similar method has been 
employed to obtain the minimum efficiency at 9 Mev., using the capture y-rays 
from Nid. 

We estimate that the probable error in the measured efficiencies near 7 Mev. 
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relative to that at 2.75 Mev. is about 10%. The efficiency near 5 Mev. is less 
certain; it may be in error by some 20%. In view of the agreement between the 
experimental results and the theoretical curve in this energy range, we use 
that curve as the basis of intensity measurement at all energies. 
3.7 Consistency of Intensity Measurements 

Some information on the validity of the empirical counting efficiency curve 
can be obtained by a study of the total energy emitted in neutron capture. 
If there is no production of long lived isomers, and if internal conversion is 
negligible, the total energy radiated in neutron capture must be equal to the 
neutron binding energy of the product nucleus. Let k, be the energy of a y-ray, 
r, and let P, be its intensity, in photons per capture. Then>.,k,P, = B, where 
B is the neutron binding energy of the product nucleus. Remembering that the 
pair spectrometer will not detect y-rays with energies much below 2.5 Mev., 
it follows that the sums of the products of the energies and intensities of the 
observed y-rays must be less than the binding energy B, or 
[22 S= D (k,P,)/B <1. 

7 

This equation can be applied only to y-rays which can be separately resolved. 
The spectrum produced by neutron capture in most of the lighter elements, 
however, consists of a series of discrete y-rays superposed on a continuous 
background* of unresolved radiation. Equation [22] may be modified to take 
account of the latter. Let v(k) be the number of photons emitted per capture 
per unit energy range. Then Equation [22] becomes 


[23] S'= | v()k/Bak <1 
Km 


where k,, is the lower limit of the energy range of the measurements. 

Let g(k) be the coincidence counting rate corresponding to an energy k. 
Evidently, q(k) is derived from only those y-rays for which the energy k’ is 
greater than k. By definition of the counting efficiency ¢, the peak coincidence 
counting rate produced by y-rays of energy k’ is proportional to v(k’) €(k’). 
The contribution to the counting rate, at energy k, therefore, is given by: 


q(k) = const. | v(k’) €(k’) f(k’ — k, k) dk’ 
Ji 


where the function, /(k’ — k, k), traces the shape of the coincidence curve for a 
homogeneous y-ray of energy k’, and has the value unity at the peak. To a 
sufficient approximation, ¢(k’) = e(k); if, then, v(R) does not vary appreciably 
over a range of k of the order of the width of a coincidence peak, we can write 
v(k’) = v(k), and: 
q(k) = const. v(k) €(k)A 

*The continuous background is certainly due to unresolved y-rays, very little of which generally 
comes from sources other than the sample. This can be demonstrated by withdrawing the sample. 
An elementary calculation shows that Compton degraded radiation from the sample is negligible. 
An additional contribution to this background is produced by unwanted coincidences between an 
electron or positron entering one counter and annihilation radiation or bremsstrahlung produced 
in the slit facing the other counter. The effect is difficult to measure; at 8 Mev. it seems to pro- 
duce a broad peak, about 1 Mev. wide with a maximum at the position of the genuine coincidence 
peak and about 1% of its height. 
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where A, the area under a coincidence peak of unit height, is known to be nearly 
independent of the energy (cf. Fig. 14). The constant in this equation contains 
the transmission coefficients which appear in Equation [20]. If q(Ro) is the 
counting rate produced by a homogeneous y-ray ko in the same spectrum, for 
which the absolute intensity Po has been measured by the nickel comparison 
method, 

go = const. e(Ro) Po, 


where the constant has the same numerical value. Thus, v(R) can be found from 
the ratio: 


T's(k) T(k) 


q(k) _ e(k) v(k)A 


[24] 


q(Ro) = €(Ro) T (Ro) T (Ro) Po 


After calculating, from this equation, the corrected y-ray spectrum, v(k), we 
determined the fraction S’ (Equation [23]) for the capture y-ray spectra emitted 
by a number of different elements. Some early results, already published (10, 
11), were recalculated on the basis of the efficiency curve of Fig. 17 and these 
results together with those obtained from some new measurements are listed 
in Table V. 
TABLE V 

OBSERVED FRACTION OF THE TOTAL ENERGY RADIATED IN NEUTRON CAPTURE RADIATION. 
‘THE NEUTRON BINDING ENERGIES MARKED BY ASTERISKS ARE MEAN VALUES CALCULATED WITH 
THE AID OF RECENT CROSS SECTION MEASUREMENTS OBTAINED BY POMERANCE (16) 


A, B, 
Mev. Mev. 


Element ¢, 6, 
barns 


eC 
a 


Mg 0.059 
Al 0.212 
Si 0.13 
P 0.19 
S 0.49 
Ci | 22.7 
K 1.89 
Ca 0.40 
Ti 5.6 
V me i 
Cr .90 
Mn | 6 
Fe 2.43 
Co 34.8 
Ni .80 
Cu 3.59 
Zn 06 
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Apart from the error introduced by the counting efficiency curve, the greatest 
source of error in the determination of the fraction S’ is the value of the area A, 
which has been assumed to be independent of the y-ray energy. Owing to the 
complexity of neutron capture radiation we have not been able to measure the 
area under coincidence peaks at intermediate energies and we have been obliged 
therefore to use the area under the 9 Mev. nickel coincidence peak. The quantity 
taken for A may be too small by as much as 20% since we were not able to 
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estimate the contribution from the unwanted coincidences due to the annihil- 
ation and bremsstrahlung effect previously mentioned. 

Except for silicon and chlorine the values of S’ listed in Table V are those to 
be expected. The chlorine discrepancy has been discussed elsewhere (11); the 
high value for silicon was obtained after making a large correction for the 
measured background radiation generated in the bismuth block and in the 
collimators and it is possible that the discrepancy for this element is due partly 
to the difficulty of making a satisfactory correction for this effect. The low value 
obtained for potassium is to be expected in view of the large amount of low 
energy radiation emitted by that element. 


3.8 Counting Efficiency Curves for Other Slit Widths 

The peak coincidence counting rate, for small slit widths, increases very 
rapidly with increasing width, at first nearly as the cube and then less rapidly. 
This is shown in Fig. 18 in which the experimental points follow the general 
trend of the broken line, obtained from the peak shape calculation at 8 Mev. 

The ratio of the peak coincidence counting rates to that for 2 mm. is plotted 
as a function of the energy in Fig. 19. The results for 2.75 Mev., which have 
been carefully made under very good conditions, show a significant departure 
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Fic. 18. Full line: experimental ratios of the peak coincidence counting rate to that 
obtained with 2 mm. slits as a function of the slit width. Broken line: from calculations made 


at 8 Mev. 
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Fic. 19. Ratio of the peak coincidence counting rate to that obtained with 2 mm. slits 
(6 = 0.018) as a function of the y-ray energy. 


from the constant values obtained at higher energy. Therefore, the use of the 
efficiency curve at any slit width other than that appropriate to Fig. 17 will lead 
to errors at low energies. 


3.9 Absolute Counting Efficiency 

As already described, the absolute counting efficiency of the spectrometer has 
been measured at 2.75 and at 7.38 Mev., the strength of the y-ray beam near 
the radiator being measured with a thick-walled ionization chamber. In Table 
VI the measured peak counting rate per photon incident on unit area of the 


TABLE VI 


ABSOLUTE PEAK COUNTING EFFICIENCY IN COINCIDENCES PER PHOTON INCIDENT ON THE 
RADIATOR 


Energy, | Calculated from Measured 
Mev. Equation [13] 


Lt 4.6 X 10-° .6 X 107 
38 2,4 5 1 x 10 


radiator is compared with an interpolation of the results of Table I. In these 
measurements, the slits were 2.86 cm. long, the slit width was defined by 
6 = 0.018, and the gold radiator thickness was 4.7 mgm. per sq. cm. It will be 
seen that the calculated efficiencies are rather higher than those determined 
experimentally. This is to be expected from the crude method of integration 
employed (Equation [13]). It is evident that the absolute efficiency of the 
spectrometer is indeed very low and it is obvious from Table VI that this 
instrument can be used successfully only when exceptionally strong sources of 
y-radiation are available. 
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5. APPENDIX 
5.1 Limiting Angles for Slits of Zero Thickness 
It has been shown that the range of polar angles available to the components 
of a pair which can produce a coincidence from a point radiator midway between 
the slits is given by: 


ell 
2pc > 


[1] cos 6 = 


in which y can take any value between d and d + a and the momentum p is 
restricted by the relation 0 < z < w, where z = | (p — po)/po| is the fractional 
momentum displacement and w = (JJ) — H)/Hb is the fractional displacement 
of the magnetic field. At the upper limit of the field for which coincidences 
can be obtained, 


ell 


2c 


[3] Po = d. 
Combining these equations: 


iT poy > Ct w) = 
Fy p d a (I + 3)d 


cos @ = 


in which the plus sign refers to the pair component with higher momentum 
and the minus sign to the component with lower momentum. By substituting 
the limits of y we obtain the limiting values of cos 6 for the two components. 
Let a; and a: be the lower and upper limits of 6 for the high momentum compo- 
nent and #,; and £8: those for the low momentum component. Then ignoring 
terms of second order: 

COS a; = 
25] COS a w— 

cos 8B; = w+: 

cos Bo = w+ 


Values of the cosine which are greater than unity have no meaning and therefore, 
in Table VII the angular limits are classified according to the range of w per- 
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TABLE VII 
L IMITS OF INTEGRATION 


< (8 + 


~< (6 
)<w 
)<w 


+3 





mitted by fixed values of z and 6. For the sake of brevity we use the notation: 
A =cos"! (l1—w—2z+65), B=cos!(1—w-— =a), 
C=cos'!(1l-—-w+2+5) Dz=cos'!(l—w+a). 
5.2 Limiting Angles for Slits of Finite Thickness 
Consider the projection on the Y-Z plane of a trajectory with $; < 1/2 
(Fig. 20). It is clear that while the lower limit for y remains equal to d as before, 


the upper limit now becomes (d + a — dyr) approximately, where 7 is the angle 
between the Z-axis and the component of momentum in the Y-Z plane for the 
trajectory which just grazes the outer edge of the slit and 7 is the angle subtended 
by the thickness of the slit at the origin. For the high momentum component, 
the equations corresponding to Equation [25] in §5.1 then become: 

cosa’; =1—w—2z+6-—77, 


° 
2 


cosa’> = 1—w— 
where the primes indicate the new limiting angles. The angle 7 is given by the 
relation: 

tan 7 = sin ¢, tana’, 
where ¢$, is the azimuthal angle referred to in Fig. 2. Since we are concerned 
only with particles projected at small angles to the y-ray direction, we can 
write: 

T=a';sin g,. 
The presence of ¢ in this equation presents serious difficulties, which may be 
removed only by considering the special case in which ¢,; = + 2/2. For 


o, = 7/2, 
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/ 
r=a'1, 
cosa’; =1—w—2s+6-— 70), 


cosa’5 = 1—w-—s, etc. 


whence new limits are given approximately by the equations: 
, / 
e, =atn, Pi=hBit+n, 
/ 


a’, = a2, B 2 Be ’ 


in which the lower limits have been increased by the angle , the upper limits 
remaining unchanged. If the positron is emitted when ¢, = — 7/2, a little 
consideration will show that the lower limits now remain unchanged, while the 
upper limits are increased by the angle 7. It follows that the integral of Equation 
[15] for slits of finite thickness should be replaced by: 


1 a, 8, was—n =@Ba—n 

? : a f f f d0, d0. + J J f d0, d6_ |, 
-_ a.+n VY Bi+n a, 1 
1 Qs Bs—n wa4—9 B, 

d 2g f f f d0,. d0_ + J f do, d6_ |}, 
a.t+n 3 a, Bs+n 


where the a’s and #’s are given in Table VII, and where it is understood that 
the lower limits of integration are zero when the corresponding limits are zero 
in Table VII. 

The error introduced in the correction term n7, by setting r = a’, is largest 
at small values of w, for in this region of field strength, the main contribution 
to the coincidence counting rate comes from pairs projected with polar angles 
less than the critical angle 0.21 radian. At larger values of w the important 
contribution to the counting rate is made by pairs projected into angles greater 
than 0.21 radian, and, in this case, the assumption that ¢; = + 2/2 is a better 
approximation. The error in the calculated peak shape due to this approximation 
will therefore be small at low values of w (because the correction ya’ is small), 
greatest at intermediate values, and small again at large values of w. Since the 
peak coincidence counting rate appears at rather low values of w for all y-ray 
energies, this approximation does not lead to a large error in the calculated 


[26] 


counting efficiency curve. 
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AN ISOLATING POTENTIAL COMPARATOR! 
By T. M. DAUPHINEE 


ABSTRACT 

A circuit is described by which electromotive forces can be compared accu- 
rately without making any direct electrical connection between them. A double- 
pole, double-throw chopper, having a condenser connected between the vibrating 
contacts, is used with a galvanometer or electronic amplifier to indicate any 
inequality between the e.m.f.’s without allowing any net flow of current between 
the circuits. Polystyrene condensers and mechanically driven choppers are used 
to minimize leakage and pickup problems. 

Potentiometric measurements may be made through this ‘‘isolating potential 
comparator” to + 0.1 wv. The error due to potential difference between the 
circuits is about 10~¢ of the difference for 100 ohm circuits. An analysis of the 
method is given and optimum condenser and galvanometer characteristics de- 
termined. Magnitude and elimination of errors are discussed. 

The comparator is suitable for measurement or control of e.m.f. differences 
between thermocouples which are electrically connected through the tips. It 
also has many applications in resistance measurement and resistance ther- 
mometry. 


INTRODUCTION 


There are many occasions in Physics when one wishes to make an accurate 
comparison of two e.m.f.’s or potential differences but is unable to do so 
because the sources cannot be connected directly into the same measuring 
circuit. This problem occurs whenever the two e.m.f.’s arise at different parts 
of the same electrical network and some known or unknown potential dif- 


ference is maintained between them by other circuit connections. For instance, 
we cannot, by present techniques, make a direct measurement of the dif- 
ference in e.m.f. of two thermocouples which are connected at the tips to the 
same piece of metal or to one another, even when this difference is relatively 
small and constant or slowly varying. Nor can we make a direct comparison 
of the voltage drops across two potential lead resistors when they are con- 
nected in series, although this would greatly simplify resistance measurements 
where lead resistance is a significant factor as in resistance thermometry (2). 

We can, however, compare our two e.m.f.’s or potential differences in- 
directly by the use of some intermediate e.m.f. which can be compared directly 
with either one. In practice, the intermediate e.m.f. usually has the form of 
some manually adjusted measuring instrument such as a potentiometer, but 
anything that can be made to take on exactly the same voltage as the first 
of the e.m.f.’s to be compared and hold it long enough for comparison to be 
made with the other will do equally well. Moreover, we only require a null 
indicator for equality between the two circuits because it is always possible 
to insert in one potential lead a known e.m.f. which may be adjusted until the 
indicator reads zero. 

Present methods of meeting this problem are slow and frequently require 
considerable voltage or current stability (3). They are, therefore, funda- 


1 Manuscript received January 2, 1958. 
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mentally unsuited for any measurement where the two e.m.f.’s are varying 
quantities, since the errors introduced are essentially proportional to the 
length of time required to make the measurement and the rate of change of 
the e.m.f.’s being compared. 

In the following pages a new method is described by which the effective 
period of comparison may be reduced to a few hundredths of a second. Com- 
parison of two e.m.f.’s at an appreciable potential difference from one another 
may then be made with almost the same facility and accuracy as if they were 
connected together into the same potentiometer circuit. 

METHOD 

Reduction of the time constants of the apparatus has been accomplished 
by making two basic changes. The manually adjusted intermediate e.m.f. is 
replaced by the voltage across a large condenser, and the usual manual 
switching mechanism is replaced by a mechanically driven double-pole, double- 
throw chopper (vibrator converter). The condenser is connected between the 
vibrating contacts which are of the break-before-make type. The basic circuit 


is shown in Fig. 1. The process is as follows. 


Fic. 1. The isolating potential comparator circuit. 


Operation of the chopper connects the condenser first to e.m.f. 1, causing 
it to charge to voltage e;. The chopper contacts now open, and then close on 
the other side, connecting the condenser with the same polarity to e.m.f. 2 
through the galvanometer G. If e; is equal to e: the total e.m.f. around the 
loop is zero and no current flows. However, if e: is not equal to e2 the condenser 
charges or discharges through the galvanometer until it has the value es. The 
condenser is then transferred back to e.m.f. 1, and the whole process is re- 
peated many times a second. The net result of the inequality between e; and e2 
is that a series of current pulses always in the same direction passes through the 
galvanometer which thus behaves as a null indicator. Since there is no time 
during the cycle when a direct connection exists between the two circuits, it 
is possible to maintain appreciable potential differences between them without 
affecting the balance. At balance, there is no current flowing in any of the 
potential leads and the resistance of these leads is completely eliminated from 
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the result as in all true potentiometric comparisons. We have called the elec- 
trical loop through the choppers, the galvanometer, and the two e.m.f.’s an 
“isolating potential comparator.”’ 

In an actual circuit, conditions will be slightly different from the ideal con- 
ditions of the foregoing discussion. The sources of e.m.f., the galvanometer, 
and the chopper will have some resistance and charging and discharging of 
the condenser will have associated time constants. However, the basic concepts 
of the discussion are not affected, while at balance there is no net current 
flow and resistance is not a factor. 

DISCUSSION 

Let us consider the characteristics of operation we might expect from an 
‘isolating potential comparator” with a view to determining the optimum 
operating conditions. * 

The Change in Condenser Voltage 

When the chopper contacts are closed on the side of és, 

[1] tg = C de/dt = — (€ — &:)/Re. 


Integrating and using conditions e = ¢, att = 0,€ = e att = fo(e, constant), 
] €2 — €2 = (€: — @2) exp(—fe/R2C). 

Similarly, 

[3] = (€ — e,) exp(—t)/R,C). 

Therefore, 


sie eat ace i Ae(1 — exp ( — 4:/RiC))(1 — exp ( — t2/R:C)) 
™ 7+ 1 — exp (— t:/RiC — te RC) ; 


Equation [4] may also be put in the more useful form 


e= 2A¢ / (. othe G + coth - OR, a). 


Galvanometer Current 
The current 7, being transferred through the galvanometer is 


[6] I, = fCAe = 2ycae / (coth 5! OR, C + coth; OR, i.) 


If R,; and Rs are fixed and ¢; and fz are variable (but ¢; + fe constant), the 
sensitivity has a maximum when 


I Js = (Rs 
sinh 5p C/ sin oe es R,’ 


* The following symbols have been used throughout the discussion: e;, e2, the e.m.f.'s totbe 
compared; Ae = e: — e2; f, the chopper frequency; ti, te, the length of time the condenser is con- 
nected to e, or e2; T = t; + te, total closed time of the chopper (per cycle); a = T X 1/f = pro- 
portion of time that chopper contacts are closed; C, capacity of the condensers; €, voltage across the 
condenser; €,, voltage across the condenser after connection to e, but before connection to e2; &, 
voltage across the condenser after connection to e2 but before ernnee re to e;; Ae = €: — €, voltage 
swing of the condenser; 1, i2, current while connected to e,, ¢2; Ri, R2, resistance of the circuit 
(including galuanometer and chopper) when connected to e, or es. 
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If t; and f2 are fixed and R, and R, variable (R constant), the maximum occurs 
when 


sil Ne A cc ll a/ . 
[8] sinh sta / sinh ORC RoV ti/ Riv te. 


If both resistance and time can be varied, the greatest sensitivity occurs for 
greatest unbalance between the two sides. (See Fig. 2 (a, 5, c).) 
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Fic. 2. The effect of resistance, time distribution, and capacity on galvanometer sensitivity 
as calculated from equation [6]: 
(a) R2/R, = r¢ (db) R2/R, = 9, (c) R2/R, = 99. 
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The ratio, S, of sensitivity through the chopper circuit to sensitivity through 
a direct connection is 


(9] Sea 2Ric/ (cost act coth tz) 


if we assume the chopper circuit resistance may be neglected. In the case 
where R; = R2 and ft; = fz. = a/2f equation [9] becomes 


[10-a] S = RC tanh 5 


and approximately 75% of maximum response is given by the condition 


[10-0] 2 RIC = 


with 
[10-c] S = 3a/8. 


For a 100 ohm circuit with a = 3 and f = 40 c.p.s. the required value of C as 
given by equation [10-)] is 83 uf. In this case the sensitivity is approximately 
one quarter of that obtained with a direct connection. Actually, a galvano- 
meter with different damping characteristics is now required since the effective 
resistance of the circuit is increased to about 4R. 

For convenience in studying the effect of resistance, time distribution, and 
condenser size, the sensitivity is plotted as a function of resistance, time, and 
capacity in Figs. 2 (a, 0, c). ® 
The Effect of Rate of Change of e.m.f.’s 

If e; and e: are varying at the same rate, namely de/df, the discharge current 
Tq through the galvanometer will be approximately 
[11] Ia = } C.de/dt 


while the current arising from a given minimum unbalance, Ae», is given by 


[12] I, = 3ahem/8R = 3 fCAem 


(for the case where 2RfC = a, Ri = Re, and ft; = tz). The maximum per- 
missible value for de/dt if the error does not exceed Ae,» is 


3 
bhi - 5J Lem ° 


[13] 


For C > a/2Rf the permissible rate of variation is less while for C < a/2Rf 
it is slightly increased. 

Equation [13] indicates that in a balance requiring 10 sec. to complete 
(f = 40 c.p.s.) the values of e; and e: may vary by about 600 times the per- 
missible error of the difference measurement during the measuring period. 
In terms of thermocouple thermometry, it would in principle be possible to 
measure a constant difference in temperature between two points on a piece 
of metal to 0.1° C. while the temperature of the piece was changing by 360° C. 
per min. 
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The Effect of Circuit Imperfections 

The preceding discussion assumes that the condenser is a perfect one and 
this is, of course, not the case. It may let appreciable current leak through, or 
fail to discharge completely and immediately. About half of any leakage 
current passes through the galvanometer and this must be less than the current 
flowing for the smallest significant unbalance Ae». This will be true if 


[14] Reo >2X10"°R, 


that is, if 
[15] Ke C > 10" .a/f, 


where Re is the leak resistance of the condenser and n is the number of signifi- 
cant figures required for e,; and e. At 40 c.p.s. the condenser leak resistance 
must be at least 20,000 megohm-microfarads to get six significant figures. 
Paper condensers have a nominal resistance around 8000 megohm-micro- 
farads, enough for about five figure accuracy, but 10 or 25 D.C.W.V. poly- 
styrene condensers are now available with leak resistances greater than 
250,000 megohm-microfarads, sufficient for seven figures without correction. 

The most serious objection to paper condensers arises from their inability 
to charge or discharge completely as soon as a new voltage is applied. Charge 
which has built up within the dielectric material leaks off slowly after the 
initial pulse of current, and greatly hampers precision readings. Polystyrene 
condensers do not suffer from this disability and are highly desirable wherever 
five figures or more are required. ; 

An effect which must not be overlooked is caused by stray capacity to 
ground (C,) of the condensers, their lead wires, and the vibrating contacts of 
the chopper. With each transit the potential of this part of the circuit is 
changed by any potential difference (V) which exists between corresponding 
contacts on the two sides. Stray capacity causes leakage from one side of the 
chopper to the other, introducing an error which could be as much as 


[16] Ae = 8 R[C,V/3. 

For a 100 ohm circuit with f = 40 c.p.s. and C, = 100 pf. 
[17] Ae = 10°° V 

but a first order correction can easily be made. 


The Effect of a-c. Pickup 


In almost all practical circuits there will be a few microvolts (often considera- 
bly more) of a-c. mains frequency pickup. A chopper driven synchronously 
with the mains may rectify this pickup, while a nonsynchronous chopper gives 
beats with mains frequency or its harmonics. However, it should not be difficult 
to find frequencies giving beats too rapid for the galvanometer to follow (about 


five per second, or more). 
Variations of the Circuit 

When the potential difference between the circuits is constant but larger 
than the e.m.f.’s to be compared, the effect of capacity to ground can be re- 
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Variations of the isolating potential comparator circuit: 

(a) Circuit for V large but constant. 

(6) Circuit utilizing two chopper units in parallel for doubled sensitivity. 
(c) Circuit for use when large resistances can be grouped on one side. 


duced by use of the circuit of Fig. (3-a). The condenser is connected between 
corresponding points on the two circuits, which must be joined by some other 


connection of reasonably low resistance. 

The available sensitivity of the circuit may be doubled by the use of two 
condenser and two chopper units operating synchronously and 180° out of 
phase (Fig. 3-b). One condenser charges on one side while the other discharges 
on the other and then the two exchange positions. Since the effective open 
circuit time of the galvanometer is halved by this connection, somewhat less 
difficulty with a-c. pickup would be expected. 

If high resistance elements occur in the circuits there is a definite advantage 
in grouping them all on one side of the chopper. Sensitivity practically equal 
to that for direct connection may then be obtained if condensers matched to 
the low resistance side of the circuit are used, as in Fig. 3-c, (C, being on the 
high resistance side). The effect of capacity to ground and condenser leakage 
is then comparable to that for a balanced circuit with the resistance on each 
side equal to that of e. 

EXPERIMENTAL 

A wiring diagram of the circuit used to test the characteristics of the isolating 
potential comparator is shown in Fig. 4. Two potentiometers P; and P» 
(Rubicon Type B) represented the sources of e.m.f. e; and e2 while a third 
potentiometer P; (also Type B) maintained any desired potential difference (V) 
between the two circuits. The contacts of chopper A were adjusted to give a 
short period in each transit when both moving contacts were open circuited. 
A polystyrene dielectric condenser C was connected between the moving 
contacts and indication was provided by a high sensitivity galvanometer, C. 
Switches S;, S2., and S3 were copper knife switches while switch S was an all 
copper, push button type switch with lockdown and release mechanism. 

The condenser C used for these tests consisted of from two to ten 10 uf., 
10 D.C.W.V., polystyrene dielectric condensers in metal cans. Each 10uzf. 
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Fic. 4. 


3. 5. The chopper. 
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condenser was roughly 3} in. X 2} in. X 42 in.* in size and was mounted on 
2 in. bakelite feet to reduce capacity to ground. 

Construction details of the chopper are shown in Fig. 5. Two double throw 
sections of the type shown were driven by the same cam and a second chopper, 
driven from the same shaft, could be used as a demodulator for an electronic 
amplifier. The chopper circuit was all copper with the exception of gold con- . 
tacts (a). Flexible copper braid (6) gave electrical connection with the moving 
contacts. Drive was provided by cam, follower (f), and pushrod (g). The 
contacts were set (to give t; = fa) by means of screws (c). The whole 
contact unit was covered by a soft iron magnetic shield (d) which also helped 
to maintain thermal equilibrium. 

Galvanometer Sensitivity 

Comparisons of galvanometer sensitivity with direct connection and with 
the chopper circuit are shown in Fig. 6 and the effect of variation of capacity 
is shown in Fig. 7. It will be noted from Fig. 6 that careful setting of the chop- 


Sensitivity Ratio 


mun 


ow 


Sensitivity 


ro 
Sensitivity Ratio 


E 
> 
= 
> 
= 
a 
Cc 
ov 
” 


f=37.5 cps. 
C=100 uf. 


100 200 300 
Total Circuit Resistance 


Fic. 6. The effect of total circuit resistance on galvanometer sensitivity. The circles repre- 
sent galvanometer sensitivitv when used with the isolating potential circuit. The dots represent 
the ratio of sensitivity through this circuit to sensitivity in direct connection. 


pers has achieved a sensitivity ratio of 0.45 which corresponds to 10% transit 
time. 
A good check of the reliability of the sensitivity equation 
ae: 
2RIC 
is shown in Fig. 7 by the excellent agreement between the actual measured 
values and the solid line which represents an equivalent equation. 
Galvanometer sensitivity was doubled when two choppers and two con- 
densers were used (Fig. 3-b) provided that sufficient condensers were available 
to satisfy the equation 


[10-a] S = RfC tanh 


* Somewhat smaller polystyrene condensers are now available commercially at approxi- 
mately one dollar per microfarad. 
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Fic. 7. The effect of capacity on galvanometer sensitivity. The circles represent measured 
values for 37.5 c.p.s. on a 252 ohm circuit with 32 ohm unbalance between the two sides. The 
solid line is an equation in the form of [10-a] with constants determined from the measurements. 


[10-0] 2RfC =a 


for both choppers. Considerably smoother operation and less pickup resulted 
from this connection. However, no great benefit resulted from splitting the 
capacitance when the capacity available was already too small to satisfy [10-5]. 


Accuracy with Small Potential Difference 

The accuracy for small potential difference between the circuits was de- 
termined by making a balance with direct connection and then transferring 
the connections to the chopper circuit. A new balance was then made or the 
unbalance determined by galvanometer deflection. 

Once thermal equilibrium was reached in the chopper, settings were accurate 
without correction to at least 2 parts in 10’ or 0.1 wv., whichever was greater. 
Ground connections which did not create a potential difference between the 
two sides had a barely detectable effect on the balance (about 0.01 yuv.). 

The Effect of a Potential Difference Between the Circuits 

The effect of potential difference was determined by making a balance and 
then applying a voltage (P3) between various points on the two circuits and 
observing, either by rebalancing or by deflection, the discrepancy created. 

Two representative sets of readings illustrating the variation of P.D. error 
and current transferred under different conditions are shown in Fig. 8. The 
P.D. error does not approach zero for R = 0 because of the sensitivity limi- 
tation arising from the finite value of C, but may be kept below 10~* of the 
P.D. for circuit resistances below 100 ohms. Calculation of the effective 
capacity to ground from the current transferred gives a value around 100 pf. 
This is quite reasonable since no great pains were taken to reduce capacitive 
effects in the chopper. Grounding the condenser cans resulted in a great 
increase in error current while a 30% increase resulted from grounding the 
base of the chopper. For large circuit resistance the error is roughly pro- 
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Fic. 8. The error caused by a difference in potential (V) between the two sides of the 
circuit. In the second set of measurements the base of the chopper was grounded and slightly 


less care was taken to reduce capacitive effects. 


portional to frequency. Changing the points at which the P.D. was applied 


had negligible effect. 
The Effect of a-c. Pickup 

A-c. pickup caused large regular galvanometer swings whenever the beat 
with the mains frequency (60 c.p.s. and some subharmonics and. harmonics) 
had a period greater than about one second. However, no difficulty was en- 
countered in locating frequencies where the beat was too fast for the galvano- 
meter to follow. Most of the measurements described here were carried out 
at or near 38 c.p.s. Somewhat more care in frequency selection was required 
for electronic amplifiers. However, an amplifier built in this laboratory has 
been used with the input circuit of Fig. 9 for null detection down to 0.05 uv., 
and some commercial amplifiers and recording potentiometers can be used in 
place of the galvanometer although special input filtering or the circuit of 


Fig. (3-c) may be needed. 


at 


r- 


Fic. 9. An input circuit used with an electronic amplifier. 
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Approximate Limits of Less Refined Equipment 

Several preliminary sets of equipment were tried. Some limits of performance 
are given as a guide where maximum precision is not required. 
Case 1. Paper condensers and two Leeds and Northrup type 3338-10 con- 

verters (magnetic drive) used as chopper. 
When the converters were driven at mains frequency the balance agreed with 
direct measurements to about + 50 uv. The error was quite strongly a function 
of the size of loops in the lead wires and of nearby transformers, etc. If the 
converters were driven at about 70 c.p.s. with the driving transformer at a 
distance the balance could usually be made to + 2 uv. on a 200 ohm circuit. 
Error from potential difference was 2 X 107° of the P.D. 
Case 2. Paper condensers and a mechanically driven 38 c.p.s. chopper of the 
vibrating reed type—gold contacts. 

If the paper condensers were never given more than a few millivolts charge, 
balances could be taken to + 0.2 uv. If the condensers were subjected to higher 
voltages minutes or even hours were required before they stabilized once more. 
The effect of potential difference was roughly the same as in the final apparatus. 
Condenser leakage and delayed discharging limited balances to five figures 
at best, but four figure balances were in most cases quite satisfactory above a 
few microvolts minimum balance. Cooling the condensers to increase leak 
resistance only aggravated slow discharge and charge problems while heating 
to accelerate discharge reduced the leak resistance seriously. 
Summary of Results 

The results of these measurements are summarized below. Accuracies listed 
are minimum ones which should ultimately be exceeded and apply to chopper 
frequencies around 40 c.p.s. 
1. Galvanometer sensitivity is approximately one third of sensitivity for 
direct connection where 2RfC = a, and in general is consistent with equation 
[10-a] 

S = RfC tanh (a/2R/C) . 


This sensitivity may be doubled by using two choppers and two condensers 
with 180° phase difference. 

2. When the P.D. is small, comparisons may be made to + 0.1 uv., or 
2 X 1077 of the reading, whichever is greater. 

3. A potential difference between the circuits creates a leakage current 
through the chopper and the error is roughly proportional to frequency and 
circuit resistance. The error may be held below 107° & P.D. (without cor- 
rection) for circuit resistances less than 100 ohms. 

4. The effect of a-c. pickup can be practically eliminated for galvanometer 
detectors by using mechanically driven choppers at the proper frequency. 

5. A-c. amplification is feasible but not all commercial amplifiers are suitable. 

6. Leak resistance and delayed discharge are insignificant if polystyrene 
condensers are used. Paper condensers are sufficient for four to five figure 
accuracy. 
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APPLICATIONS 

The “isolating potential comparator” has several applications in research 

and other fields. It appears particularly suitable for the comparison of thermo- 


couples (3) and for the measurement and control of temperature differences in 
metallic bodies. By using the circuit of Fig. 10 the difference in e.m.f. of two 


Fic. 10. A circuit for comparing thermocouples of the same type. 


couples can be measured directly with one potentiometer while the whole 
e.m.f. is read with another. In many cases the potentiometers need only be 
read to the number of significant figures required of the difference and con- 


d 
& 


Fic. 11. A circuit for comparing standard resistors, 
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siderable heating rates will be permissible provided that the difference is 
constant or varying slowly. Thermocouples may be welded to the metal to 
ensure thermal contact. 

The circuit of Fig. 11 has been used in this laboratory to make direct 
measurements of the difference in resistance between standard resistors of 
the same nominal value (1 ohm or 10 ohm). A current is passed through the 
two resistors (R;, Re) which are connected in series and the current through R; 
is then adjusted until the galvanometer gives no deflection or reversal. The 
difference in resistance may then be calculated (to about 1%) from the meter 
readings and the value of R3. The results of a set of measurements on 1 ohm 
standards are shown in Fig. 12. All deviations shown in this figure are within 
the uncertainty of temperature measurement alone. 


70 


Me 


TS 





24 25 
T ---- Degrees C 
Fic. 12. The results of a series of difference measurements on a pair of | ohm standard 
resistors. AR is the difference in resistance of the two resistors as measured using the circuit of 
Fig. 11. 


Fic. 13. <A circuit suitable for resistance thermometry. 


The simpler circuit of Fig. 13 may be used to compare a variable (calibrated) 
potential lead resistor (R) with an unknown resistor (X), say a four-lead 
resistance thermometer. A null is obtained in this case when the resistances 
between the potential leads are exactly equal. It will be noted that in this 
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example, as well as the preceding one, the desired result is obtained by a single 
balance, is completely independent of lead resistances, and does not require 
either high resistance ratio arms or a commutator (1, 4). 


CONCLUSION 


A circuit has been described and tested with which it is possible to make a 
precise comparison of two e.m.f.’s even when an appreciable potential dif- 
ference is maintained between them by other circuit connections. The accuracy 
of comparison is in many cases comparable to what can be achieved by direct 


connection. 

The circuit has distinct advantages over conventional procedures in several 
quite important aspects of experimental physics. In particular it presents the 
possibility of a combined potentiometric and bridge approach to the problem 
of measurement and comparison of resistances, by avoiding the stability 
requirements of the potentiometric method without at the same time requiring 
the ratio arms or potential lead current of a bridge. 

Further work on the applications of this circuit to physical measurements 
is proceeding and will be reported later. 
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COMPTON ELECTRON SUPPRESSION IN THE GAMMA-RAY 
SPECTRA OF Ra (B+ C), Co”, AND Ta!®! 


By R. M. PEARCE? AND K. C. MANN 


ABSTRACT 


A method of suppression of the Compton electron background present in 
photoelectron spectra is described. The method employs an anticoincidence 
element which eliminates Compton electron pulses in the spectrometer detector 
counter and leaves photoelectron pulses unaffected. The technique has been 
applied to the photoelectron spectra of Co®, Ta!**, and Ra (B + C). Evidence is 
presented for a previously unreported 1.01 Mev. gamma-ray transition in Ta!*. 
The spectrum of Ra (B + C) is compared with the spectra reported by Ellis 
and by Latyshev. Some of the new transitions found by Latyshev are confirmed. 
Other gamma-rays not reported by other workers are presented here. 


INTRODUCTION 
The assignment of energy levels to radioactive nuclei depends primarily 
upon the detection and measurement of gamma-ray transitions. Where the 
gamma-ray spectrum is complex, the determination of the level sequence is 
very difficult. In such cases, coincidence measurements are not easy to in- 
terpret, and one must rely to a large extent upon accurate energy and intensity 
determinations in postulating a decay scheme. Thus the detection of relatively 


” 


weak transitions of the “cross-over” or “‘linking’’ type can provide additional 


supporting evidence for the proposed scheme. 
Gamma-ray energies are usually measured by measuring the energies of 


‘ 


photoelectrons ejected from a thin “‘radiator’’ or ‘‘converter’’ of some high Z 
material. In the majority of cases, the gamma-rays are accompanied by 
primary beta particles and conversion electrons which have intensities greater 
by several orders of magnitude than the intensity of the desired photo- 
electrons. To avoid such an excessive background, it is customary to remove 
all primary electrons by placing between the source and the radiator an 
“‘absorber’’ of some low Z material the thickness of which is determined by 
the energy of the primaries. The thin radiator is still for all practical purposes 
the only source of photoelectrons because of the strong dependence of photo- 
electric cross-section upon Z. 

Unfortunately, this practice replaces one background by another. Compton 
electrons, originating in the thick absorber and to a much lesser extent in the 
radiator, provide a continuous background upon which the photoelectrons 
are superimposed. The shape and magnitude of this background depends upon 
the distribution of the gamma-rays present, upon the baffling used, and upon 
the size and shape of the source holder. This background is always much less 
intense than the primary electron background would be and it has no dis- 
tractions such as conversion lines. Yet it can be very troublesome whenever 
the experimenter is looking for low intensity photoelectron peaks in the region 

1 Manuscript received December 26, 1952. 
Contribution from the Department of Physics, The University of British Columbia, 
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of the maximum of the Compton electron continuum. It may easily require 
prohibitively long counting times to reduce the standard deviation of the 
background count to values less than the photoelectron line height, particu- 
larly where the latter is small. 

This paper describes a method whereby a considerable suppression of the 
Compton electron background has been achieved with essentially no loss of 
photoelectron intensity. In the arrangement used, most of the Compton 
electrons produce coincident pulses in two counters, one at the source end 
and one at the detector end of a thin-lens beta-ray spectrometer. Photo- 
electrons produce counts at the detector counter only. An anticoincidence 
element blanks the Compton pulses and leaves the photoelectron pulses un- 
disturbed. With some sources, it has been found possible to suppress as much 
as 90% of the Compton electron counts in the most troublesome part of the 
spectrum. The details of the method are given in the following sections to- 
gether with the results of this method when applied to the gamma-ray spectra 
of Ra (B + C), Co®, and Ta!®. 

EXPERIMENTAL 

The spectrometer used was of the thin-lens type, described elsewhere (2), 
with the difference that type 5819 photomultipliers were used in place of 
G.M. counters. The photomultipliers were shielded from the spectrometer 
focusing field by mild steel cylinders of } in. wall thickness. Mild steel end 
plates were attached with light-tight gaskets. Suitable window openings were 
provided in the end plates nearest the spectrometer, while the other end plates 
carried the cable connections and preamplifiers matched to the impedance of 
the output cable. Anthracene crystal phosphors were used as scintillators. 
The spectrometer was arranged so that the width at half intensity of an un- 
distorted photoelectron peak was 4% in momentum. 


COMPTON 
IDENTIFYING PULSE 
TO SOURCE 
PHOTOMULTIPLIER 


Tl 
source [= ine 
7 RADIATOR 


CRYSTAL PHOSPHOR 


LUCITE 
(absorber & light pipe) 


Fic. 1. Schematic diagram of source holder. 


Fig. 1 shows a schematic diagram of the source holder. The radioactive 
source, in the form of a thin wire or cvlinder approximately 1 mm. in diameter 
and | cm. long, was mounted in a lucite rod about 1 in. in length in the spectro- 
meter source position, the lucite providing optical coupling to the cathode of 
the photomultiplier which will be referred to as the source counter. The lucite 
as well performs the function of the absorber in the conventional arrangement. 
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The crystal phosphor was a flake of anthracene 1 mm. thick attached to the 
lucite with Canada balsam. The sloping shoulders of the lucite were designed 
to give the best optical coupling between the phosphor and the photocathode. 
The lucite also served as the vacuum seal for the spectrometer, so that the 
anthracene and the radiator (cemented to the phosphor with a light wax) were 
inside the vacuum system. In this connection, it was found that continued 
operation for six weeks was possible before evaporation seriously affected the 
anthracene. The lucite between the source and the crystal was of sufficient 
thickness to block any primary electrons from entering the spectrometer. 

With this arrangement, all Compton electrons (except those originating 
within the radiator) which enter the spectrometer in such a direction as to be 
focused at the detector must pass through the anthracene flake where they 
leave identifying pulses in the source counter. The efficiency of the anthracene 
flake for detection of fast beta-particles was tested by a direct comparison 
with a thin-walled beta counter with the same geometry using a source of RaE 
which has a single beta group with a maximum energy of about 1.18 Mev. 
With a thickness of 1 mm. the anthracene flake gave the same counting rate 
as the beta counter which was assumed to have an efficiency of 100% for all 
electrons entering its sensitive volume. It was then assumed that all Compton 
electrons originating in the lucite absorber which produce a pulse at the 
detector counter also produce a pulse at the source counter. 

It is expected that some Compton electrons, focused and detected in the 
spectrometer, will not produce coincident pulses in the source counter. These 
might be generated (a) in the radiator itself or (6) in a thin outermost segment 
of the anthracene of thickness less than a few ionizing mean-free-paths. This 
represents one of the limitations of the method for no further separation of 
Compton and photoelectrons is possible once they have left the source assem- 
bly without leaving an identifying pulse. Effect (a) may be reduced in magni- 
tude by reducing the radiator thickness but this in turn reduces the photo- 
electron count. 

The detector counter for focused electrons was a second photomultiplier 
using a somewhat thicker anthracene crystal. This crystal also was inside the 
vacuum system, being mounted on a small lucite plug which formed the 
vacuum seal. The detector photomultiplier was butted against the lucite and 
optically coupled to it with a transparent jelly. 

The proximity of the radioactive source to the source photomultiplier re- 
sulted in a very high counting rate at the source counter. In typical operation 
with a0.5 millicurie source of Ra (B + C), this amounted to 2 X 10° counts per 
second. The speed of the electronic circuits thus puts a limit on the strength of 
the sources that may profitably be used. With the circuits used in this investi- 
gation, a | millicurie source appears to be about the limit. It is also important 
to assure that no primary electrons reach the anthracene flake since many of 
these might be in true coincidence with the photoelectrons from the radiator. 
The action of the anticoincidence element would then limit the photoelectron 
response as well as the Compton electron counts. 
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It might well be expected that some undesirable anticoincidence blanking 
should occur whenever two gamma-rays are emitted by the source in cascade. 
Thus photoelectrons from one might be blanked by Compton electrons from 
the other. However, because of the geometry and the low conversion efficiencies 
of the radiator and the absorber for Compton and photoelectron events, this 
effect is negligible as indicated in Fig. 4 for the two cascade gamma-rays of Co®. 

The total source-radiator distance is determined essentially by the required 
absorber thickness plus the 1 mm. anthracene flake. For a Ra (B + C) source, 
the total separation was about 3 mm. as compared to about 2 mm. in the con- 
ventional arrangement, the difference being necessary because of the small 
lucite density. This increase results in little, if any, loss in photoelectron peak 
height because of the relatively large sizes of source and radiator and the 
anisotropy of the photoelectron emission. 
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Fic. 2. Block diagram of anticoincidence arrangement. 


Fig. 2 shows a block diagram of the arrangement used. The detector head 
amplifier is a feed-back amplifier (4) with an observed rise-time of 0.1 usec. 
and a maximum output of 120 volts. The output stage is a cathode follower 
leading to the discriminator shown in the detector channel. Shaped pulses 
(approximately 2 volts in amplitude and 0.20 usec. in duration) from the 
discriminator go to the difference amplifier. 

The source amplifier has a gain of approximately 50 and all pulses are 
limited to 2 volts by the final tube, thus preventing the difference amplifier 
from overloading. The voltage on the source photomultiplier and the over-all 
gain of the following amplifier stages combined to produce a spectrum of 
pulses extending into the noise region. Occasional noise pulses may be limited 
by the source amplifier but their number is believed to be small. The limited 
pulses are approximately 0.20 usec. in duration. The rise-time of this amplifier 

_is 0.04 usec., and the insensitive time after receiving a pulse as large as 1 volt 
was estimated to be 0.2 usec. The pulses in the source channel are delayed 
0.1 usec. to allow the discriminator in the detector channel to fire. This delay 
is provided by three feet of RG/65 U cable with a characteristic impedance of 
1000 ohms. To match this impedance, the output stage of the source pre- 
amplifier is an amplifier stage with a 1000-ohm plate load. 
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The spectrum of pulses from the source counter go to the difference amplifier 
where they are subtracted from the discriminator pulses coming from the 
detector channel. Those output pulses from the difference amplifier which 
retain their full magnitude are then accepted by the discriminator of a com- 
mercial scaling unit and recorded. 

Tests were conducted to determine how serious was the accidental sup- 
pression of true photoelectron pulses at the detector due to the large counting 
rate in the detector channel. It was estimated that with a 0.5 millicurie source 
of Ra (B + C) approximately 5% of the photoelectron pulses were accidentally 
blanked, while with a 1.0 millicurie source of Ta!'**, the loss rose to 10%. 


COMPTON SUPPRESSION EFFICIENCY 


Fig. 3 shows the effectiveness of the method for the suppression of the 
Compton background as a function of electron energy with sources of Ta!® 
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Fic. 3. Compton electron suppression efficiency. (Logarithmic abscissa. ) 


and Ra (B + C). The fraction of the Compton electrons not suppressed was 
obtained at each spectrometer setting by taking counts with and without 
voltage on the source photomultiplier. Such spectrometer settings were ad- 
justed as well as possible to lie between known photoelectron peaks. It will be 
noted that the method is most effective in the region of the spectrum where the 
Compton electron intensity is a maximum. Poorer suppression is evident at 
the high and low energy ends of the distribution. In these regions, the Compton 
electron count is low so that the effect is not troublesome. 

The poorer performance with high energy electrons can be explained if we 
consider the probable points of origin of the Compton electrons. The highest 
energy electrons are most probably those resulting from head-on collisions 
between photons and electrons taking place either in the radiator or in the 
outermost layer of the phosphor. Such electrons would be expected either to 
produce no pulses at all in the source counter (if they originate in the radiator), 
or to produce pulses of the order of thermal noise (if they originate in the 





PEARCE AND MANN: COMPTON ELECTRON SUPPRESSION 597 


insensitive outermost layer of the phosphor). To register in the source counter, 
an electron must lose some minimum energy AE in the phosphor, where AE 
is probably in the neighborhood of 50 kev. for a 50% chance of cancellation 
(see Fig. 3). If Emax represents the maximum energy of the Compton distri- 
bution, then all electrons recorded at the detector counter of energy greater 
than (Emax — AE) will therefore produce no detectable count in the source 
counter, and hence will not be cancelled by the anticoincidence network. 
Emax iS greater in Ra (B + C) than it is in Ta!®. For this reason, Compton 
electron suppression remains effective over a larger energy interval in the 
spectrum of Ra (B + C). Similarly, the poorer suppression efficiency at the 
low energy end may be ascribed to large angle Compton electron scattering 
from the source holder, baffles, etc., at such positions where the electrons do 
not pass through the anticoincidence crystal, and to large angle scattering 
from the insensitive outermost layer of the crystal itself. 
RESULTS 

(A) Co® 

The photoelectron spectrum of a 0.5 millicurie source of Co® taken with 
and without Compton electron suppression is shown in Fig. 4. As was expected, 
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Fic. 4. Photoelectron spectrum of Co. (Logarithmic abscissa.) Broken curve—zero 
voltage on source photomultiplier. Solid curve—Compton electron suppression. (Statistical 
uncertainty is 4 X circle diameters.) The ordinate scale markers represent units of i00 counts 
per min. 
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only the two well-known (8, 10) lines at 1.17 and 1.33 Mev. were found. No 
evidence appeared for any weak gamma-ray transitions. The well-defined 
hump lying just below the 1.17 Mev. photoelectron peak in the suppressed 
spectrum is caused by the coincidence of the rapidly falling Compton electron 
distribution and the rising inefficiency curve. Such humps seem to be char- 
acteristic of this method of suppression. Fortunately they are much broader 
than photoelectron peaks and there is little danger of confusing the two. 


(B) Ta'® 
Fig. 5(a) shows the photoelectron spectrum of a 1.0 millicurie source of 
Ta!® with and without Compton electron suppression. This nucleus has been 
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Fic. 5(a). Photoelectron spectrum of Ta!®. (Logarithmic abscissa.) Broken curve—zero 
voltage on source photomultiplier. Solid curve—Compton electron suppression. (Lead radiator 
25 mgm. per cm.?; uranium radiator 24 mgm. per cm.?) The ordinate scale markers represent 


units of 100 counts per min. 


the subject of many investigations by other workers (1, 5, 12) and the agree- 
ment as to detail is not very satisfactory. Most workers agree, however, that 
the gamma-rays of Ta!® fall into two main groups; a low energy group lying 
below 350 kev. and a high energy group of gamma-rays clustered about 1 Mev. 
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A recent report by O’Meara (11) is not in agreement with this distribution. 
He reports having found evidence of 14 additional gamma-rays between 
300 kev. and 1.1 Mev. 

The prominent 222 kev. transition found here has been identified by other 
workers as have the 250 kev., the 226 kev., and the 288 kev. lines allowing an 
uncertainty of 5 kev. in the comparison with other work. Admittedly, the 
spectrometer used in this investigation does not have the resolution nor the 
low energy performance to be very reliable in this region of the spectrum, so 
that the authors do not wish to overemphasize the importance of this agree- 
ment. It is to be noted however that in the high energy region three strong 
gamma-rays are evident, in good agreement with the work of Beach, Peacock, 
and Wilkinson (1) who quote values of 1.133, 1.219, and 1.237 Mev. The en- 
ergies found in this investigation are 1.13, 1.23, and 1.24 Mev. In addition, 
a new transition corresponding to a gamma-ray energy of 1.01 + 0.01 Mev. 
appeared. This peak is superimposed almost exactly upon the Compton elec- 
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Fic. 5(b). The photoelectron spectrum of Ta'® in the region of the 1.01 Mev. photoelectron 
peak. The abscissa represents the focusing current reference voltage and so is proportional to 
electron momentum. The first number in the brackets is the electron energy, the second being 
the appropriate K-shell binding energy of the radiator used. 


tron hump previously noted in the Co® spectrum. In order to make certain 
that this peak was not spurious, this part of the spectrum was re-run using 
a lead radiator in place of the uranium radiator. (See Pig. 5(b).) The peak in 
question shifted to the right by exactly the difference in A-shell binding en- 
ergy between lead and uranium. None of the gamma-rays reported by O’ Meara 
(11) produced detectable photoelectron peaks. 


(C) Ra (B+ C) 

Fig. 6 shows the conventional spectrum of a 1.0 millicurie source of 
Ra (B + C) (upper curve) previously reported in this journal (9). Also plotted 
(lower curve) is a normalized spectrum taken with 0.5 millicuries of Ra (B + C) 
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Fic. 6. Photoelectron spectrum of Ra (B + C). (Logarithmic abscissa.) Upper curve— 
conventional photoelectron spectrum taken with lead radiator 50 mgm. per cm.? See Reference 
(9). Lower curve—Compton electron suppression spectrum taken with uranium radiator 
24 mgm. per cm.? and 40 mgm. per cm.? The ordinate scale markers represent units of 250 
counts per min. : 


using the Compton suppression technique. The ordinates of the lower 
curve have been multiplied by two to correct for source strength differences. 
The vertical dotted line represents a change of radiator thickness: below the 
line, the radiator thickness was 24 mgm. per cm.? and above it the thickness 
was 40 mgm. per cm.” The radiator used for the upper curve was a lead foil 
of thickness 50 mgm. per cm.” In Fig. 7 the Compton suppressed spectrum is 
shown in detail on a larger scale for clarity. All peaks are very distinct since 
sufficient counts were taken at each point to ensure a very low statistical 
uncertainty. For example the probable error of all points taken on weaker 
peaks above 1.0 Mev. is contained within the circle diameters. 

It will be seen that the spectrum taken this way reveals the presence of a 
number of gamma-ray transitions that were not evident from the earlier 
results obtained in this laboratory. Several gamma-rays reported by Latyshev 
(6, 7) and his associates are confirmed here, while still others have been found 
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Fic. 7. Photoelectron spectrum of Ra (B+ C) with Compton electron suppression. 
Below broken vertical line 24 mgm. per cm. uranium radiator; above vertical line 40 mgm. per 
cm.? uranium radiator. (Logarithmic abscissa.) Statistical uncertainty above 1.0 Mev. is less 
than the circle radius. The ordinate scale markers represent units of 50 counts per min. 


that have not been reported either by Latyshev or Ellis (3). Since Latyshev’s 
results were obtained largely from internal electron pair measurements, 
Ellis’s result largely from the measurement of internal conversion electron 
energies, and the present results from photoelectron measurements, the dif- 
ferences can perhaps be attributed to the different probabilities and selection 
rules governing the three nuclear events. Table I shows a comparison of the 
results from the three laboratories. 

No attempt has been made to compare relative intensities from the data 
presented here. The usual method of doing so is to plot N/Hp vs. Hp and to 
compare the areas under thé photoelectron peaks. These comparative areas 
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TABLE I 
GAMMA-RAY ENERGIES (MEv.) oF Ra (B + C 
i.c.—internal conversion 
i.p.—internal electron pairs 
p.e.—photoelectrons 
Uncertainties in the energies quoted in the third column are 
estimated to be approximately 0.5%. 


Ellis and co-workers | Latyshev and co-workers | Present investigation 


0.0529 i.c. 
0.2406 i.c. 
0.2571 i.c. 
0.2937 i.c. .292 p.e. 
0.3499 i.c. .390 p.e. 
0.4260 p.e. 
.452 p.e. 
0.4980 p.e. .500 p.e. 
0. 6067 i.c. 606 i.c. 607 p.e. 
0.766 icc. . 766 i.c. 
. 783 p.e. 
| . 860 p.e. 
.933  i.c. . 933 i.c. .932 p.e. 
=i) 2p. 
120 i.c. | . 120 i.c. . 123 p.e. 
21 i.p. 
238 i.c. . 234 i.c. . 236 p.e. 
379 icc. | .370 i.c. 
.39 icp. .400 p.e. 
414 ic. 414 ic. 
.52 ip. | .525 p.e. 
.62 i.p. 
.75 ip. .750 p.e. 
SOL LC. 
.82 ip. .800 p.e. 
.09 icp. 
20 i.p. + i.c. . 192 p.e. 


in turn must be corrected for the known variation of photoelectric cross- 
section with energy. This method cannot be applied unless a reasonably 
trustworthy residual Compton electron background can be drawn. This might 
be obtained by re-running the spectrum with the radiator replaced by a 
Compton electron “equivalent” since much of the residual background arises 
in the radiator itself. Tentative attempts to do this were not too satisfactory. 
A background can be obtained in this way but it seems necessary to normalize 
it so that it is consistent with the photoelectron curve. This procedure involves 
a great deal of guesswork because of the large number of closely spaced photo- 
electron peaks in this spectrum. A small error in normalization introduces a 
large error in the area ratios. Therefore the authors did not feel justified in 
presenting a list of relative intensities whose accuracy was so suspect. 

In conclusion, it appears that the method of suppression of the Compton 
electron distribution described here can prove to be a useful aid in the de- 
tection and measurement of relatively weak gamma-ray transitions. This is 
particularly true where there is present in the decay scheme a strong high 


energy gamma-ray whose Compton electron distribution tends to mask weak 


lower energy photoelectron peaks. 
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NOTE ON THE RESONANCE METHOD OF MEASURING THE 
RATIO OF THE SPECIFIC HEATS OF A GAS, C,/C;' 


By Haro_tp W. WooLLEY 


ABSTRACT 


Experimental results of Clark and Katz and of Katz, Leverton, and Woods 
obtained in a resonance method for determining the ratio of specific heats 
Cp/Cy have been recomputed with an improved formula for the mass effect of the 
gas. Improved agreement with values based on spectroscopic and PVT data is 
obtained for nitrogen, argon, carbon dioxide, nitrous oxide, and sulphur dioxide. 


In examining the agreement between the ratio of specific heats based on theory 
(spectroscopic plus PVT) and on experiment as given by the resonance method 
of Clark and Katz (8, 9,10, 11,17), the magnitude and nature of a discrepancy 
has led to an examination of the experimental method and the calculation 
procedure used for it. 

One formula used in their extensive computation procedure is not correct, 
and affects their earlier results appreciably. In much of the later work the 
additional correction required is negligibly small. 

The particular difficulty is in the correction to the mass of the moving 
system to include the effective mass of the gas. The gas is evenly divided into 
two equal cylindrical spaces at either end of an oscillating piston. They 
evidently considered the gas as participating to an extent of 50% in the motion, 
as they took the effective mass of the gas as equal to the amount of gas in a 
single end volume. A correct analysis shows that the effective mass of the gas 
is essentially two-thirds as much, in rather good approximation. 

While there is 50% participation in the motion in the sense of the velocities 
as such, the influence upon the motion is more properly analyzed in terms of 
kinetic energy, such as might enter into a Hamiltonian for the system. With 
velocity varying approximately linearly with distance from the end of the 
cylinder, the distribution of the kinetic energy of interest varies approximately 
quadratically with distance, so that the integral supplies a factor of one-third. 
The combined effective mass of the two volumes of gas is then approximately 
two-thirds of the mass for one of them.* The effective mass of the piston is 
approximately m + 4m,, so that the correction factor A of Clark and Katz 
for the mass ratio is 
[1] A =1+2 m,/3m. 

A more exact correction for the effective mass of the gas will now be derived. 

It may be noted that for a limited range of variation of pressure and specific 
volume in the neighborhood of the values Py and Vo, the actual dependence 


between pressure and volume under adiabatic conditions is given well by 


[2] PV« = Py Vor 


1 Manuscript received January 19, 1953. 
Contribution from the National Bureau of Standards, Washington, D.C. 
* 4 fter completing the more elaborate analysis which follows, a paper by Koehler (18) was read 
mentioning the % factor but not pointing out its omission by Clark and Kats. 
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where a, the isentropic expansion coefficient, is given by 


3] = + Oey eg ee 
: on POV a =O PNOV/ ¢ 


It is equal to yG~! in the notation of Clark and Katz. 

If the neutral or average position of each part of the gas is indicated by x, 
its distance along the cylinder from a stationary end, and if the instantaneous 
displacement in the same direction from that average position is indicated by &, 
taken to be a function of x and time only, then the ratio between the local 
instantaneous specific volume and the average specific volume, V/Vo, is given 
by 1+ 0£/dx, if displacements in all other directions are disregarded. Any 
small variations in pressure of the gas related to purely longitudinal motion 
follow the equation 


[4] P = Py (1 + 0&/dx)= 
so that 
[5] aP/dx = — a Py(1 + d&/dx)-=! 8°%/ dx? 


and to the approximation in which terms proportional to the first power of the 
displacement are sufficiently accurate (implying small relative variations in 
pressure) 


[6] OP/dx = — a Py d?§/dx*. 
The net force on a small mass of the gas between x and x + 6x is 
[7] 6P a = — MoV." bxa 07E/ dt? 


where a is the cross-sectional area of the cylinder, My V,~' is the density of the 
gas, and 6P is an increment in pressure between the position x and x + 6x in 
the gas. Thus 


[8] OP, Ox =-- MoV" 0°E/ at? 
so that 
(9] aP)V»M- 8°t/ax? = d%/at? 


is the governing equation. This is the equation for the transmission of sound with 
the velocity ¢ = [aPy Vy»M-"}. 
For a condition of simple resonance in the cylinder, a usable solution of the 
equation is 
24x 2mct 


[10] §=A sin re “cos = 


with x = 0 at a stationary end of the cylinder. If the length of the gas chamber 
is L, conditions at the piston boundary are given by 


. 2rL 2 

[11] é= Asin <. cos ame 3 

6 2 2rL 2mct 

9 OF 2m, eek amet 

[12] - x A cos x COs .% 
and 

a4 tec’. . HE. 2 
[13]  =— -“— A sin ae on S2e, 


ot” ¥ d r 
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To the accuracy of linear terms, the pressure in the gas is 
[14] P = P,(1 — adé/dx) 


so that the excess of pressure on the piston wall over and above the average 
value, Po, is 

= OF _ 2a 2arL 2 act 
[15] P-—P),= —Pva — Pua SF 

Ox r A r 

As the pressure on the other end of the piston deviates oppositely from the 

average value, the net force on the piston is 
2aL 2mct 


or 
9 == — eee 
[16] 2aP a — x ™ A cos x C8 


Equating this to the product of mass times acceleration for the piston, 


og _ 4mx* c ‘ee 2nct 
[17] el a x A sin x COS 
which with 2rc/A = w and m, = LaM,V,~', and the formula for c?, leads to 


mL 


[18] a ao 


with 
[19] 2m,/m = — 


By combining these two relations, the result becomes 


‘ ae ee mL" 2m, i 8 fae) ] a mL" 
[20] a= ml + 3m . 45\m 189 G 2aP» AG. 


The quantity in the brackets is the appropriate A factor, using the terminology 
of Clark and Katz, and should replace their value of 1 + m,/m for this quantity. 
Recomputed values of y for various gases based on the measurements of 
Clark and Katz are listed in the final column of Tables I to V. The initial column 
gives the pressure in atmospheres, the columns following give, respectively, 
y and A as reported originally and the improved value of A from equation 20. 
A value for y° at zero pressure based on spectroscopic data is listed in paren- 
theses. A graphical comparison of their results with values computed from 
P-V-T and spectroscopic data is shown in regard to @ rather than y because 
of the smaller dependence on the P-V-T data. In most cases, the quality of 
agreement is quite comparable on the two bases. The uncertainty in PV is 
not large enough to modify A significantly, so the new values for a might be 
regarded as essentially correct. In Figs. 1 to 5, original and recalculated experi- 
mental values of a = — ce 4) are shown with theoretical curves so 
P\dV/r 
obtained. Some of the gases treated by Clark and Katz are omitted here because 
of the minute change of the results due to the smallness of the mass of the gas 
relative to the mass of the piston. 
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TABLE I 
NITROGEN (23°C.) 





Aola 





(1.3996) 

0.9984 1.4028 .00084 1.00056 | 1.4024 
3.668 | 1.4083 .00307 | 1.00205 1.4069 
5.389 1.4128 | .00452 1.00302 1.4107 
6.751 | 1.4162 1 .00566 1.00378 | 1.4136 
8.056 1.4175 | .00675 1.00450 1.4143 
10.516 1.4240 .00881 | 1.00588 1.4199 
13.032 | 1.4310 .01092 1.00729 1.4259 
15.659 1.4335 | .01313 1.00877 1.4273 
21.219 | 1.4465 .01777 1.01188 | 1.4381 
25.929 1.4581 .02171 | 1.01452 1.4478 


TABLE II 
ARGON (24.2°C.) 





(1.6667) 
1.6685 00117 | 1.6678 
1.6747 .00268 1.00179 1.6732 
1.6840 00569 1.00380 1.6808 
1.6909 .00800 1.00534 1.6864 
1 
1 
1 


6977 01042 1.00696 1.6919 
7055 01279 1.00854 1.6983 
7115 01517 1.01013 | 1.7030 
1.7178 01759 1.01175 1.7079 
1.7248 01996 1.01334 1.7136 
1.7325 02237 1.01496 1.7199 
1.7403 02483 1.01661 1.7263 





TABLE III 
CARBON DIOXIDE (23.8°C.) 





A old 


| (1.2891) 
.00083 1.2990 
.00201 1.3062 
.00378 1.3165 
.00551 1.3299 
00741 | 1.3440 
.00931 1.3578 
.01125 1.3729 
.01125 1.3744 
.01321 1.3905 
.01543 1.4095 
.01752 1.4314 
.01968 1.4522 
.02173 1.4736 
1.4798 


00130 
00301 
00567 
00826 
01110 
.01394 
01683 
01683 
.01976 
.02307 
02619 
.02941 
.03245 


9917 1.2996 
273 1.3075 
4.240 1.3190 
3. 119 | 1. 3335 
130 1.3489 
103 1.3640 
054 1.3805 
101 1.3820 
3.991 | 1.3995 
5. 121 1.4201 
071 1.4436 
036 1.4661 
840 1.4891 
223 1.4956 
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TABLE IV 
__Nirrous OXIDE (25.1°C. and 25.3°C.) 


| 
Yold Aoia | Anew 








| (1.2736) 
00135 | 1.00090 1.2841 
00303 1.00202 1.291 
(00597 1.00398 1.305 
00858 1.0057. 1.318 
01158 | 1.00773 1.334 
01648 | 1.01101 1.361 
02169 1.01450 1.390 
02707 1.01811 1.425 
(03312 1.02218 | 1.467 
‘03756 1.02517 1.501 
04376 1.02934 | 1.552 
05315 | 1.03568 1.636 


1.2847 
1.292 
1.308 
1.322 
1.339 
1.368 
1.400 
1.438 
1.483 
1.519 
574 
1.664 





Pe et et ft ft et et 








1.0005 1.2792 
.0009 1.0006 1.2807 
.0010 1.0007 1.2809 
.0013 1.0009 1.2840 
.0015 1.0010 1.2878 
.0016 1.0011 1.2900 
.0025 1.0017 1.2944 
.0033 1.0022 1.3047 
.0037 1.0025 1.3136 


4017 1.2795 
6944 1.2811 
8877 1.2813 
3101 1.2845 
6944 1.2884 
9757 1.2906 
6897 1.2954 
4.8104 | 1.3061 
5.3356 | 1.3152 





TABLE V 
SULPHUR DIOXIDE (25.1°C.) 





= = — 
| 
| Agia 





0 (1.2638) 
0.9970 1.2833 1.00192 | 1.00128 | 1.2825 
2.241 1.3154 1.00440 | 1.00294 1.3135 
2.8705 1.3354 1.00570 1.00380 | 1.3329 
3.641 1.3594 1.00733 1.00489 | 1.3561 


| 


Table I and Fig. 1 give results for yand a, respectively, for nitrogen, Table II 
and Fig. 2 for argon, Table III and Fig. 3 for carbon dioxide, Table IV and 
Fig. 4 for nitrous oxide, Table V and Fig. 5 for sulphur dioxide. In Figs. 1, 2, and 
3 the curves were calculated using B® (7) and C(r) for 6-12 Lennard-Jones 
potentials for nonpolar gases as functions of r = kT/e. For Figs. 1 and 2 the 
second virial coefficient B was taken as }.B(r2), with b2 = 24Nro*/3. For 
Fig. 3 the second virial coefficient for carbon dioxide was taken as B = 
8+ 6B (72). For the curves in each of these three figures, the third virialcoefficient 
was taken as C = 6;2(C (73) — 4(B(r3))?] + 4B? as given in Reference (30). 
For nitrous oxide and sulphur dioxide, no force law parameters previously 
chosen appear to be based on all available P-V-T data. A treatment of the 
P-V-T data is therefore included for each of these gases. The straight lines in 
Fig. 4 show the initial dependence (limiting slope at zero pressure) of a on 
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Fic. 5. Values of a = — y Pp (5) for sulphur dioxide at 25.1°C. A parabola is shown 
T 


representing the experimental points and agreeing in initial slope with the theoretical line 
for a polar gas based on second virial data. 

pressure for nitrous oxide at 25.1°C. consistent with two possible sets of paras 
meter values to be discussed in connection with Fig. 6. The dashed line corre- 
sponds to the parameters given by Hirschfelder, Bird, and Spotz (14). 

In Fig. 5, the nearly straight solid line represents a dependence of @ on 
pressure consistent with the 6-12 Stockmayer force law parameters selected 
on the basis of second virial data shown in Fig. 7. Also, in Fig. 5, a parabola is 
shown representing the corrected experimental values of a beginning at the 
spectroscopic value at zero pressure and agreeing in initial slope with the theo- 
retical line based on the second virial alone. 

Fig. 6 shows the comparison between experimental second virials for nitrous 
oxide (2, 6,7, 16, 19,23, 24) and theoretical curves for the two choices of Lennard- 
Jones parameters shown in Fig. 4. One experimental value for B by Batuecas 
(3) is far from the others and has been omitted. The trend of the extensive set 
of values of Johnston and Weimer (16) is indicated by the part of their data 
shown here. The slope remains approximately as indicated over a range to- 
ward lower temperature even though their data are out of line with the results 
of other observers in the range of the figure. A third curve, near these latter 
data, is still able to give the same fit in Fig. 4as the continuous curve, because 
of the flexibility in the choice of parameters allowed by the data. The calcula- 
tions for these graphs for nitrous oxide have been made on the basis of Lennard- 
Jones potentials, as an estimate of polar effects using the small experimental 
dipole moment (26) shows the nonpolar treatment to be adequate to the 
accuracy appropriate for virial coefficients. 
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Fic. 7. Second virial data for sulphur dioxide as fitted with a 6-12 Stockmayer potential 
with ¢ = 0.5 (1, 4, 5, 7, 12, 15, 19, 20, 22). 
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Fig. 7 shows the approximate fit obtained for the experimental second virial 
for sulphur dioxide (1, 4, 5, 7, 12, 15, 19, 20, 22) using a theoretical curve with 
t= 0.5 and fitting by a modification of Rowlinson’s method (25). ¢ here 

a Np? ; 

represents 3 V2 he? parameter depending on the dipole moment yz. Lateral 
displacement of the theoretical curves vs. 6 = kT/e for t = 0.4, 0.5, and 0.6 
using experimental points obtained from the second virials with the experimental 
value of the dipole moment permits the selection of the best value of t and the 
best value of €2:/k. The dipole moment used, 1.61 Debye units (31), differs only 
slightly from the better values 1.60 (27) and 1.59 (13). The quality of fit with 
equations of state that have been proposed for sulphur dioxide is also shown 
(21, 28, 29). 

As a general comment on the quality of agreement between the values of a 
obtained by the resonance method and values computed using PVT values, 
discrepancies still remaining are likely to be due in part at least to the neglect 
of higher virial coefficients in estimating the PVT effects and to some inaccuracy 
in the virial coefficients used. 
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THE DETERMINATION OF URANIUM AND THORIUM IN ORES' 


By G. G. E1cHuoiz, J. W. HILtBorn, AND C. McMAHON 


ABSTRACT 

The application of various physical methods to the assay of uranium and 
thorium in ores is discussed. It is shown how it is possible to determine their 
uranium and thorium content by means of simultaneous measurement of their 
beta and gamma activities. Simple working equations are derived which permit this 
determination to be carried out irrespective of the equilibrium condition of 
the uranium in the sample. Suitable experimental equipment is described briefly 
and some typical experimental results are presented. 

1. INTRODUCTION 

The increasing attention paid in recent years to exploration for radioactive 
mineral deposits and to extraction of uranium and thorium from various ores 
has underlined the need for a simple and precise method for determining the 
uranium and thorium content of mineral samples consistent with a minimum of 
handling of the samples and suitable for routine analysis. To appreciate the 
problem in its proper context it is bést to survey briefly the various methods 
available. No consideration will be given here to purely chemical analytical 
methods as these have been described in detail elsewhere (22, 33, 34) and, owing 
to the preparatory treatment of the samples, do not fully meet the limitations 
‘imposed above. On large numbers of prospectors’ samples, for instance, individual 
chemical assays would be undertaken only as a last resort. 

Spectrographic methods (8), so far, have largely proved incapable of providing 
analyses of the required accuracy owing to the complexity of the spectra involved 
and the effects of interfering elements. X-ray fluorescence methods (13) are 
still in their infancy. They have been applied successfully to the analysis of 
lighter elements (2) but the extension of this method to the heavy elements has 
proved difficult owing to the low intensity of the fluorescence produced and the 
difficulty of correcting for the presence of other heavy elements which may 
seriously affect the intensity distribution. The fluorimetric method has been 
applied successfully to the determination of uranium over the range of 0.0005 
to 2.0% U,Os (46). It has not been applied to the determination of thorium in 
ores and the preparation of samples calls for solution, dilution, and final fusing 
of the sample. 

Radiometric methods which depend on the nuclear radiations emitted by 
uranium and thorium and their decay products have been applied most widely 
as they call for a relatively small amount of equipment and can be modified for 
the detection of uranium and thorium in a variety of circumstances. Most of 
the work done has been concerned primarily with uranium and its decay 
products, and in the following sections emphasis will be placed on the assay of 
uranium. Similar considerations apply to thorium, unless stated otherwise. 

1 Manuscript received October 6, 1952. 


Contribution from the Radioactivity Division, Mines Branch, Department of Mines and 
Technical Surveys, Ottawa. 
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Most of the practical problems associated with the assaying of radioactive 
ores are due to the diverse properties and origins of the radiations emitted by min- 
erals containing uranium and thorium and their various decay products. Table 
I contains collected data on the uranium family and Table II on the thorium 


TABLE I 
_U RANIUM SERIES 5 (MAIN SE SEQU ENCE ONLY) 


Principal emission energies in Mev. 
Name Isotope Half life |——— | at oes 
Gamma 


| U 238 | 4.5 X 10% y. 
| Th 234 | 24.1 d. 
? 234 | 1.18 m. 
234 | 2.6 X 105 y. 
Th 230 8.0 X 101 y. 
| Ra 226 | 1600 y. 
Em 222 | 3.825 d. 
Po 218 3.05 m. 
Pb 214 | 26.8 m. 
et ae Sm. 
| Po 214 164 us. ‘ 
| Ph 210 | 22y. .026 10% 0.007 
Bi 210 5.0 d. - Lig ; — 
Po 210 | 138.3 d. 5. — ; — 
| Pb 206 | Stable | = bs oe 


0.2,0.1 | 0.09 
2.32,1.5 | 2% 0.78,0.82 


ke 
eo 


| 
— | (11%) 0.07 
(0.09) (0.0 019) 


> Ot te te 
eS 
ae 
on 
— 


l\oRuoes 
SSONDG 


1S 


0. 1.7 (0.047,0.035) 
1.65, 3.17 | 1.76,2.19 








: Energies in 1 brackets indicate ‘low intensity. Branch products of less than 0. 2% of decays 
omitted. 


TABLE II 
THoriu M SERIES (MAIN SE EQU ENCE ) 


| + 
| Principal emission energies in Mev. 
| Isotope Half life oe 


Name aes Be SE 
Alpha 1 ‘ Gamma 


Th | Th 232 | 139 X 10%y. | 3.98 - i_— 
MsTh 1} Ra 228 6.7 y. | — .05¢ - 
MsTh 2} Ac 228 | 6.13h. }| — | 1.55 | 0.96,0.91 
RdTh | Th 228 | 1.9 y. 5.42,5.34 | 0.08 
ThxX | Ra 224 | 3.64d. | 5.68,5.45 - | (0.25) 
Tn | Em 220 | 54.5 s. | 6.282 - ; - 
ThA | Po 216 0.16 s. | 6.774 _ 

ThB Pb 212 10.6 h. | 0.33, 0. 57 

ThC | Bi 212 | 60.5 m. B40 6.04,6. 08 | | 66% 2.25 

Thc’ | Po 212 | O3us. 66% 8.78 ~—sis| 

ThC” Tl 208 3.1 m. | 34% 1.72 

ThD Pb 208 | Stable — — 





Note: - Energ rgies in brackets indicate low intensity. Branch products of less than 0.2! o of decays 
omitted. 
family (24, 41). The third natural radioactive family, the actinium family, 
occurs usually with the uranium family, but its total contribution is such a 
small fraction of the whole radiation detected (1/139) that it may safely be 
neglected here (26). 
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2. SURVEY OF RADIOMETRIC METHODS 
Radiometric assay methods can be classified in two groups. 


(a) Direct methods 

These are based on properties of the uranium itself and include the following: 

Alpha detection by ion chamber 

Scintillation counting 

Photographic detection 

Fission analysis 

(b) Indirect methods 

These are based on properties of the daughter elements, and the amount of 
uranium or thorium present is deduced indirectly. Such methods are the 
following: 

Gamma counting methods 

Beta counting methods 

Emanation flow counters 

Photographic methods 

Alpha-~gamma methods 

Energy discrimination (gamma-gamma) method 

Alpha discrimination methods 

Equilibrium counting (beta-gamma). 

Many of these methods have been in use for several years and a brief survey 
of their relative advantages and disadvantages may place them in their proper 
perspective. Most of the direct methods are based on the emission of alpha 
particles from the natural uranium isotopes (U?*8, U?%5, U*54) themselves and 
would appear to offer the simplest approach. However, alpha particles are 
easily absorbed and hence only a thin surface layer of the uranium-bearing ore 
will contribute appreciably to the total radiation detected. Detectors used 
include ionization chambers (11, 31), scintillation detectors (32), and photo- 
graphic plates (4,6,23,25,38,44). They all suffer from the common problem that 
in order to register a sufficient number of particles they must either be kept 
sensitive for extremely long periods (up to four weeks for photographic plates) 
or they are confined to the detection of very strongly emitting sources only. 
Additional problems arise owing to the emission of alpha particles by daughter 
elements and radon emanation from the ores (12). Direct alpha detectors of the 
scintillation type are now used mainly to detect dangerous contamination in 
laboratories, and photographic techniques serve for the localization and identifi- 
cation of specific occurrences in selected ore samples. 

An entirely different method is that of fission analysis (17,25,21). In this 
case use is made of the fissionable properties to U**. The sample is exposed to a 
strong neutron source and the resultant fission activities are detected. This 
method is unsuitable for routine work because of the strong neutron source 
required to produce sufficient secondary particles and of the complicated 
preparatory procedure. 

All indirect methods depend on the emission of particles by the various 
daughter elements and are based on certain assumptions concerning the propor- 
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tion of these daughters to the mother element in the ore. If the sample has been 
subject to severe natural or chemical leaching, most or all of the daughter 
elements may be absent and only a direct method or the fluorimeter can then 
give a correct analysis. For most natural ores, however, and in certain cases 
even those treated by gravity methods, one or other of the indirect methods 
may be applied. The choice will depend on the precision desired: a gamma 
Geiger detector is the simplest, but also frequently the least accurate method, 
whereas the ‘‘equilibrium method”’ will give the most precise results. 

Ideally a natural ore, undisturbed by any leaching, will contain amounts of 
all the daughter elements inversely proportional to the ratio of their half-lives 
to that of the mother isotope (U?** or Th?*? respectively). This is the equilibrium 
condition and is found to exist particularly in pitchblende ores and in the majority 
of unexposed uranium minerals. If the uranium is finely dispersed or the ore is 
subject to natural leaching these equilibrium conditions may be upset, particu- 
larly through loss of the emanation (27). The emanating properties of various 
substances have been studied by Fliigge and Zimens (12,45). In general, radon 
will escape fairly readily and hence uranium ores are frequently found to be 
out of equilibrium with a deficiency in the radium family, i.e. that part of the 
decay series which follows radon (See Table I). Thoron, on the other hand, has 
a half-life of only 54 sec. and cannot travel very far in that time (10,16), and 
thorium ores are usually found to be in equilibrium. 

Of the indirect detection methods ordinary gamma detectors (36,1,7,39) are 
by far the most popular because of their inherent simplicity. Geiger tubes, 
though suitable for portable equipment (7), are being largely superseded by 
ionization chambers (19) and scintillation counters (5) which combine higher 
sensitivity with greater consistency. For assay purposes they all fail if the ore 
is out of equilibrium, as the gamma radiation is emitted mainly by Bi?!4 (RaC). 

The same difficulty arises with beta counters. Here it is possible to get fairly 
high sensitivity with a suitable Geiger tube and finely ground ore samples but, 
again, the ore must be in equilibrium if more than indicative results are desired. 
Neither gamma nor beta methods can really distinguish between uranium and 
thorium. 

Flow counter methods are particularly suitable for thorium determinations 
(14,15,37) but have also been used for radon measurements (20). In this method 
emanation is driven off from the dissolved ore sample and carried through a 
counting chamber by a stream of nitrogen. The counting rate is then propor- 
tional to the thorium content of the ore. This method is precise but rather slow 
and tedious and unsuited for large-scale routine work. 

Photographic emulsion techniques are very popular for detailed work on 
specific mineral samples (44,3,38,4). They cannot seriously be considered for 
routine work because of the very long exposures required. However, their 
cheapness makes them suitable for many research investigations where detailed 
localization of the emitting mineral grains may be important. 

Analpha—beta method has been proposed by Peirson (32). In this method use is 
made of the different half-lives of Po?!4 (RaC’) and Po?!?(ThC’) to discriminate 
between the uranium and thorium series. The beta particles from Bi?!4(RaC) 
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and Bi?!?(ThC) initiate carefully timed gating circuits and the difference in 
counts from the two channels gives a measure of the Th/U ratio in the sample. 
The main drawback of such a system is the complexity of the electronic equip- 
ment, which makes it unsuitable for routine assay work. A further disadvantage 
lies in the fact that it can handle satisfactorily only high-grade samples of at 
least 1% U;Os content, and requires long counting times. 

An energy discrimination method designed to distinguish between the gamma 
radiations from Bi*!4(RaC) and Bi?!2(ThC) has been described by Whitham 
(42). In this method a scintillation detector with a variable discriminator is 
used to register the gamma radiation from the sample. By comparing the ratio 
of the counting rates at two predetermined discriminator settings and the total 
counting rate with a calibration curve, the thorium and radium contents of the 
sample can be established. The uranium content can be determined only if the 
sample is known (from outside evidence) to be in equilibrium. 

Alpha discrimination methods are based on the difference in energy or range 
of the alpha particles from Po*!*(RaC’) and Po*!*(ThC’) respectively. Spark 
counters and scintillation counters have been used as detectors and the range 
varied by movement of the source (9) or by variation in air pressure (29). The 
low counting rates obtained make any such methods particularly susceptible 
to interference from emanation of radon or thoron from the sample and such an 
approach appears to be unsuitable for routine work. 

The so-called “equilibrium method” for the determination of uranium in 
ores irrespective of its equilibrium condition was devised by Lapointe and 
Williamson (30) and, independently, by Thommeret (40). In essence it depends 
on a simultaneous measurement of the beta and gamma radiation emitted by 
the various decay products of the uranium series in order to avoid the need to 
determine the equilibrium value. This method, which has since been extended to 
include thorium determinations, forms the substance of the remainder of this 
paper. 

3. THEORY OF THE EQUILIBRIUM METHOD 


Inspection of Table I shows that practically all the gamma radiation emitted 
by a uranium mineral and detected is due to Bi?!*(RaC) in the radium group 
alone. On the other hand for a sample in equilibrium approximately equal 
amounts of beta radiation should be emitted by Pa?*4(UX.), Bi?!4(RaC), 
Bi?!°(RaE), and Pb?!4(RaB). In practice, however, with thick sources and 


detectors of finite wall thickness it is found that the combined beta contribution 


of the radium group (Bi?!‘, Bi?!°, and Pb?!) is only slightly greater than that 
of Pa?*4(UX,.) in the uranium group. 

If, now, the equilibrium condition is disturbed by loss of radon from the ore — 
this is by far the most common cause of disequilibrium (26)—then the beta 
contribution from UX, is left undisturbed, but the radium group contributions 
to the beta and gamma activities are reduced. The equilibrium method consists 
of a reconstruction of the actual uranium content from a comparison of the 
total beta and gamma activities of the sample. The sole assumption implied in 
the method is that the ratio (UI/UX_2) has not been disturbed so that it can be 
applied to all but chemically purified ore samples. 
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The total beta counting rate for a sample in equilibrium can be expressed as 
[1] Cs = f(Bu + Br) 


where By and Bz are the beta contributions from the uranium and radium 
groups respectively. For a sample in equilibrium 
Br/By = a, a constant, 


and therefore 


[2] C3 _ t(Be ad aBy) = fBcQ 4 a). 


Similarly, the gamma counting rate C, can be written as 

[3] C, = gGr 

where Ge is the gamma activity of the radium group when in equilibrium 
with the uranium; f and g are geometry factors. The gamma contribution of the 
uranium group may be neglected. The actual uranium content of the sample, 
U, in per cent U;Os per gram ore can be written as 


[4] U = ksCz = k,C, 


where kg and k, are calibration constants of the apparatus, obtained with a 
sample known to be in equilibrium. 

If the sample is out of equilibrium, such that the contribution of the radium 
family has been diminished to a fraction p of the equilibrium value, one obtains 
counting rates 


[5] C’s = f(Bu + pBr) = fBu(l + pa) 


and 

[6] C’, = pgGr. 

The equilibrium fraction p can be eliminated between equations [5] and [6] as 
I 


7] ~ 3 = Ftae 


SGr CGC, U 
where U”’, is the apparent uranium equivalent derived from the gamma measure- 
ment using the calibration equation [4]. The true uranium content U can be 
obtained by comparing equations [4] and [5]: 
U G l+a 
a Lees oe 


Us 5 re a + pa 


and inserting [7] 


L+ pa =1+ “ut = 


Hence 
[8] U= U'3(1+a)—-— Uy. 


This is the basic equation of the equilibrium method. The most notable 
feature of equation [8] is the complete absence from it of the calibration constants 
kg and ky, and the geometry factors f and g as such, although, of course, they are 
implied in the definition of the uranium equivalents U’s and U’,. That means 
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that equation [8] is valid for any beta-gamma system no matter what its sensi- 
tivity or geometry may be. Furthermore, there is no need to establish the 
equilibrium condition or its lack in the sample. The only constant appearing 
in the equation is a which indicates the relative contribution of the uranium 
and radium groups to the total beta activity. For practical systems with detec- 
tors of finite wall thickness and with thick sources the softest beta rays are not 
detected. The ratio a has been determined experimentally using aged natural 
pitchblende of known composition and pure uranium oxide. The value obtained 
was 
Br _ 3% 
a= = ———— = 1.30 
By 48% 

and equation [8] may be written 


(9] U = 2.30'U’s — 1.30 U’,. 


Underlying this discussion has been the assumption that By bears a fixed 
relation to the uranium content of the ore. This has been found to be the case 
for almost al) natural ores as the Pa?*4(UX.) content of an ore quickly regains 
its equilibrium value after a disturbance because of the relatively short half-life 
of Pa?84(UXz2) (1.18 min.) and of Th?84(UX,) (24.1 days). 

Another case of importance arises when there is also some thorium present 
in the ore. Owing to the short half-life of thoron all the members of the thorium 
family can normally be assumed to be present in the equilibrium proportions. 
Equations [2] and [3] can then be expressed as follows: 


[10] C”’; = fBvu(1 +a) + /fBr 


and 
[11] C”’, = g(Gre+Gr). 
If the sample contains thorium only and no uranium, one obtains a calibration 
equation analogous to [4], 
[12] T = 13fBy = lgGr, 
where J = thorium content in percent per gram and /3 and /, are the calibration 
constants. 
Inserting these values in [10] and [11] gives 
[13] C's = (Bc + a) + (T/Is) = Ca + (T/ls), 
‘ \C", = gGret (T/ly) = Ci + (T/ly). 
Eliminating 7 between these equations and introducing the uranium content U 


from [4] gives 


, ow 7 , l, L, 


H ence 


- ls a l, we \/( ls bat h) 
c (lec . .* ’ ks, 


[14] U"3(1 + 6) — Ub 
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where U"’s and U”, are again the apparent uranium equivalents, and 
1 

15 b=, 
! (Rylp /Raly) Ss 

The formal similarity between equations [8] and [14] is notable and due 
essentially to the similarity in the radiation characteristics of the thorium and 
radium families, i.e. thorium gives rise to an effect similar to that of an excess 
of radium. 

Substituting the experimental values of the calibration constants, } is found 
to have the value 

1/0.77 = 1.29, i.e. b = a, 


so that [9] may be considered to apply equally well in both cases. 

Lastly, consider the general case with uranium and thorium both present 
and the uranium out of equilibrium by a factor p. 

The counting rate equations now read: 


[16] C's = fBu(1 + pa) + fBr 
and 
[17] c = gpGr+ gGr. 


In terms of the uranium and thorium contents 


(cp= Ue Uitpe, 7 

= ~ ke lta Ig’ 
ae. 2 

lc, = ah k, p + lL, 


Eliminating p between these equations and rearranging gives 


; i ” | Rly(1 +a) —a bls 
( i = ie eee SEE ee iicsma eee 
[19] l U'%,(1 +a) —U',:-a-—T | ears : 


[18] 


but 
Rely a a 


kylg 1+6 1+a 
so that the coefficient of JT vanishes and [19] is equivalent to [8]. 

It is, therefore, possible to determine the uranium content of any ore even if 
it is out of equilibrium or if it also contains thorium. As thorium leads to excess 
gamma counts, whereas a loss of radon leads to a decrease in gamma counts, 
it is not possible to assay the thorium precisely if it is mixed with uranium which 
is out of equilibrium with its decay products. If the ratio Th/U is greater than 
10, a fairly close result can be obtained even in that case, though. 

The thorium content of an ore can be determined in the following way. After 
applying equation [9] to calculate the uranium content, use the calibration 
constants, equation [4], to compute the contribution of this uranium to the beta 
and gamma counting rates. After subtraction of these contributions the thorium 
calibrations, equation [12], will give two independent determinations of the 
thorium content of the ore. If the two thorium values should disagree the ore 
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is one of the relatively rare thorium ores in which the uranium is strongly out of 
equilibrium, and in which the thorium contents must be determined by chemical 
analysis. In the majority of cases the availability of two independent thorium 
determinations affords a valuable check on the validity and precision of the 
method. : 

An alternative method is to eliminate the uranium contributions from equa- 
tions [13] and to solve for T. This leads to 


a ) ne, ee 


nS ue" U"s; 
9 Maite > Sececditl ce sdataeee secon 
[20] T = : , 


or 


where 
— hy _ ke 

LE & 
Inserting again the experimental values of the calibration constants gives 
c = 0,165, or 
[21] T = 6(U", — Us). 

This is a particularly simple equation to apply but in the absence of the 
self-checking feature of the previous method some outside information must be 
available to confirm the equilibrium of the uranium present. In addition, for 


low grade ores (U’, — U’’s) may be a rather small quantity and the result 
obtained from equation [21] is very sensitive to small statistical fluctuations in 
either Us or U”’,. In case of doubt, therefore, the longer procedure outlined 
before should be followed. 


4. DESCRIPTION OF APPARATUS 

The present equipment has been designed to handle crushed ore samples 
powdered to minus 100 mesh or less in quantities varying from 50 to 100 gm. 
That amount is sufficient to ensure good sampling and adequate counting rates 
without demanding excessive quantities of ore. 

The apparatus proposed initially by Lapointe (28) consisted of an annular 
container surrounding a gamma sensitive Geiger tube, with another beta sensi- 
tive Geiger tube outside it. To obtain easier handling of the samples this was 
later replaced by an arrangement in which two Geiger tubes are mounted 
parallel, one above and one below, to a long rectangular sample tray. This is 
the arrangement discussed in detail by Wilmot and McMahon (43) who also 
dealt with many constructional and practical matters pertaining to radiometric 
assaying. Another system using an ionization chamber has been proposed by 
Roethlisberger (35). 

Such systems are not sensitive enough to handle very low grade ore samples, 
i.e. the counting rate obtained in that case is too small statistically to give a 
consistent result in less than about 15 min. which would have a probable error 
of less than 8%. They are perfectly adequate to handle high grade samples 
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“aa 


containing 1% or more U;Qs and for such samples there would be no advantage 


in trying to attain higher sensitivity. 

The main statistical limitation of the Geiger system lies in the low efficiency 
of its gamma counter. By changing the gamma detector to a scintillation counter 
the gamma sensitivity was increased by a factor of 200 and the signal-to- 
background ratio improved by a factor of 60 (18). To utilize fully the time- 
saving made possible by the increase in gamma sensitivity the beta counting 
rate has also been increased by an improvement in geometry made possible 


by the use of a pill-box shaped Geiger tube. 
The whole assembly is shown in Fig. 1 with the brass gamma filter removed 
to show closeness of sample tray and scintillation crystal. 


Fic. 1. Photograph of apparatus. 


The lead shielding bricks in front of the counting chamber have been removed 
and the hinged lead door swung open. The sample pan (Cenco No. 12715) is 
placed into a brass slide in the middle of the chamber which locates it directly 
above the scintillation crystal and immediately below the beta detector. In 
this way almost perfect 27 geometries are obtained. The gamma detector 
consists of a 5819 photomultiplier tube with a thallium-activated sodium iodide 
crystal as detector. For protection, the crystal, which is cylindrical in shape, 
2.6 cm. long and 3.2 cm. in diameter, is mounted inside a small aluminum 
container with a transparent Lucite window at one end, and completely 
immersed in silicone oil (DC 200) to exclude all moisture. The window is placed 
on the photosensitive end of the photomultiplier with a thin silicone film for 
optical contact. A preamplifier unit is attached to the photomultiplier tube 
containing a single 6 AK 5 amplifier stage and a 6 AK 5 cathode follower. A 
brass absorber plate is normally inserted between sample tray and phosphor 
to eliminate the possibility of the gamma detector counting beta rays. 

The beta detector is a halogen-filled cylindrical Geiger tube with a large 
3 mgm. per cm.” mica window (Anton type 1001 H). Such a window thickness 
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will transmit all the more energetic particles. Halogen-filled tubes have a much 
longer life than organic-vapor quenched ones and more stable operation, quite 
apart from their better geometry, should result from their use. 

The counting chamber is surrounded by 10 cm. of lead to reduce cosmic 
background. Commercial scaling units, actuated by a common timer, have been 
used. 

The sample pans used can be seen in Fig. 1. They are aluminum dishes, 
5 cm. in diameter, holding 50 to 80 gm. of ore sample. For high grade material 
containing more than 1% U,Oxs equivalent shallower and smaller pans are used 
to keep the counting rate at a level that can be handled by the scalers and 
registers without causing overloading. 

5. EXPERIMENTAL RESULTS 

The system has been calibrated for uranium by means of chemically assayed 
aged pitchblende samples of various grades and for thorium with old thorium 
salt samples, also chemically analyzed. Using a number of such samples the 
mean calibration factor for samples in a fixed geometry is determined in terms 
of the number of counts per per cent U,Os per gram sample. To avoid packing 
errors it is advisable to crush all samples to the same mesh size as the beta 
activity is essentially a surface activity and varies somewhat with surface 


Rate 


> 
° 
° 


Counting 


pod 
Gamma Rays 


_ Beta Rays. 











20 40 60 80 100 
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Fic. 2. Self-absorption curves. Effect of sample density on counting rates. 
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grain size. The commonly employed method of specifying uranium content in 
%U;Os per gram of sample also makes it necessary to correct for variations in 
density of the rock, both as it affects the weight and self-absorption of the 
sample. In practice this weight correction has been found to be appreciable 
only for the gamma determination which is due to the volume radiation of the 
sample. The beta activity is essentially independent of the sample density 
provided that the tray depth is large enough to exceed the range in the ore of 
the most energetic beta particles present. Such a sample then approximates the 
condition of infinite thickness. This condition is responsible for the flat part 
of the beta absorption curve in Fig. 2. 

Fig. 2 shows the effect of density variation of the sample on the counting rate. 
It was obtained from measurements on artificial pitchblende mixtures, all 
containing 0.96% U,Os by weight with various filler materials (18). The gamma 
absorption in the sample depends primarily on the electron density and is 
practically proportional to the sample density. 

In the system used the density correction amounted to 0.16 count per second 
per 100 counts per gram and is to be subtracted from the gamma count for 
samples weighing less than 80 gm. and added to it for weights above 80 gm. 
This correction becomes appreciable only when the sample contains more than 
0.25% U,Qs. As the absorption curve is not a straight line, it is advisable to use 
a standard sample of comparable density if the difference in density is appreciable. 

The only other correction of importance is a resolving time correction applic- 
able to the beta counting rate because of the relatively long dead time (20 usec.) 
of a Geiger tube compared with a scintillation counter, which results in a loss 
of counts at high counting rates. This correction has been determined experimen- 
tally and was found to amount to 0.5 & 10~* (number of counts per second)? 
in the present system. 

After adding these two corrections and allowing for background counts, the 
experimental data must be corrected for changes in sensitivity of the equipment 
to avoid the need for frequent recalibration. This is achieved most easily by 
running a permanent sealed uranium source under standard conditions at 
regular intervals between samples. The ratio of its momentary counting rate to 
that obtained at the time of calibration provides a convenient ‘sensitivity 
factor”’. 

The corrected counting rate is then converted to % U;Ox content using cali- 
brating factors obtained with carefully chemically assayed standards. The 
over-all sensitivity of the system is such that 2 to3% accuracy can be obtained 
in five-minute runs for samples containing down to 0.002% U;Os. Higher 
precision is limited by difficulties in sampling and filling, weighing errors, 
normal statistical fluctuations of the detectors, and uncertainty of the same 
order (2 to 3%) in the chemical assay of the standard samples. Table III 
contains a selection of run-of-the-mill uranium ore samples from various sources 
and several thorium-bearing ores to show typical results obtained. 

The table has been arranged in groups: Nos. 1 to 9 are typical samples 
containing uranium in equilibrium, Nos. 10 to 17 are samples out of equilibrium 
due to loss of the radium group (U3/U, > 1), and Nos. 18 to30 show a gamma 
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TABLE III 


EXPERIMENTAL RESULTS 





ua tte | Ts |6(U'y | ThO2 
© calc. |chemical | } = U ’a)| chemical 


| | j 
174-1 | 0.001 | 0.001 | 0.001 | 0.001 | | 
289-1} 0.012| 0.012| 0.012! 0.012 | 
418-1 | 0.025 | 0.026) 0.027) 0.026 | 
214-1 | 0.063) 0.064 | 0.065 | 0.064 
213-1 | 0.216 | 0.219, 0.22 | 0.22 
419-1 | 0.29 | 0.30 | 0.31 | 0.30 
426-1 | 0.565 | 0.572/| 0.58 | 0.58 
141-1 | 0.777 | 0.770| 0.77 | 0.7 
420-2 | ‘36 | 1.965] 1.87 | 1.87 


CONOR WNe 


15-310 193} 0.196 | 0.20 | 0% 
21-310! 0.049 | 0.055 0.063 0 
297-1 | 0.057 | 0.066 | 0.078 07: 
3060M| 0.075 0.097! 0.12 | 0.12 
282-1 156 | 0.180} 0.21 | 0.24 | 
256-1 535 | 0.579 | 0.64 | 0.64 
477-2 80 | 0.83 | 0.87 | 0.84 
203-1 | 1.062! 1.156 | 1.25 29 


388-1 | 0.029 | 0.020} 0.009) 0.008} 0.05 | 0.05 
148-1 | 0.044 | 0.038 | 0.032 | 0.032) 0.024 | 0.024 | 
2706 | 0.0048, 0.0037 0.002 | 0.0019} 0.007 | 0.008 | 0. 
13-308] 0.054 | 0.032) 0.003 | 0.0024 0.145 0.145 | 0.13 | 0.13 
H12-1| 0.060 | 0.047 0.030 | 0.027 | 0.08: 077 | 0. 0.08 
309-3 | 0.383 | 0.358 | 0.32 | 0.31 16 15 | 0.15 | 

408-1 | 0.152} 0.114} 0.065 | 0.07 2 22 | 


| 


pe pee tet feet ht ta 
NOUkrt WN OS 


_ 
co 


0.2 


387-1 | 0.51 | 0.45 38 | 0.38 3 32 | '36 | 0.21 


149-1 | : 0.74 | on | .58 Eg .62 6 

140-3 | . 2¢ Loy I hae | 18 55 | 30 | 6 | 1.42 

306-3 1.70 | 1.61 69 | 0.4 42 | 

305-3 a 2.07 97 99 | 46 | 46 | : | 

143-3 | 6.3% 4.61 2.90 2.82 9.26 94 10.26 |<0.05 

393-3 3.86 2:27 21 3 | 10% .03 9.54 | 8.88 
| | 


excess due to the presence of thorium or excess radium. It shows the order of 
magnitude of assays that can be handled. Ores containing more than 2% U;Os 
can be assayed more conveniently in a Geiger tube equilibrium system, like that 
described by Wilmot and McMahon (43). The ‘‘chemical’’ U;03 values are 
mostly fluorimeter determinations and subject to a 4 to 5% probable error. 

Samples No. 18 to 31 are of particular interest as they show clearly the accuracy 
obtainable in determining the thorium content of the ore, even in the presence 
of measurable amounts of uranium. Conversely, No. 21 is an example of how a 
small amount of uranium can be determined in the presence of much larger 
quantities of thorium. In sample No. 27 the thorium determinations are not 
self-consistent and it can be assumed that there may be excess radium in the 
sample to account for the high gamma activity. In this case a chemical analysis 
will be required to give a complete analysis and the radiometric data serve as a 
useful guide to the order of magnitude of radium and thorium that can be 
expected. Sample No. 30 is a good example to show how use of equation [21] 
alone may give a misleading result. The discrepancy between 73 and T, indicated 
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a possible radium excess and this was confirmed by the chemical analysis for 


thorium. 

It can be seen that the thorium determinations are rather less accurate than 
the uranium assays. This is due to the indirect way in which the thorium values 
are obtained which tends to make any small error cumulative. 


6. DISCUSSION 

As Table III shows, normal mine samples can be assayed quite precisely 
over a wide range of uranium and thorium content. Its speed and the-ease of 
sample preparation make this method preferable to any other chemical or 
physical method for the assay of natural unaltered ore samples. Anomalies due 
to enrichment of the radium content alone or lack of uranium equilibrium in 
thorium-bearing ores can usually be deduced by inspection of the beta and 
gamma equivalents and in such cases the equilibrium method serves as a useful 
guide to any detailed chemical analysis required. 

Two factors arising from the theoretical considerations in Section 3 might 
usefully be discussed here. The first one concerns the gamma sensitivity of the 
beta detector. This has been measured and it was found that the gamma 
contribution to the beta count Cg amounts to 5% under equilibrium conditions. 
This contribution is automatically included in the calibration and no special 
correction is required as even for a sample as much as 50% out of equilibrium 
the change in beta counting rate due to this factor alone would not exceed 
1.5%. 

The second point concerns the contribution to the gamma counting rate of 
the gamma rays from Pa**4 (UX. and UZ). In formulating equation [3] it was 
assumed that this contribution can be neglected. Reference to a Table of 
Nuclear Data (41) shows that the following gamma rays are emitted by this 
isotope: 0.782 Mev. and 0.822 Mev. in 2% of all decays each, 1.5 Mev. in 0.2% 
of all UX2 decays, and 0.8 Mev. from UZ in 0.12% of all UX» decays, i.e. 
roughly 4% of all beta emissions from UX» are accompanied by a 0.8 Mev. 
gamma ray. These rays pass through a 1/16 in. brass filter plate and 1/8 in. 
aluminum before reaching the crystal phosphor. The absorption coefficient for 
aluminum at 0.8 Mev. is 66% higher than for the 2 Mev. gamma rays of Bi?!4 
(RaC) and as the response of the sodium iodide crystal is proportional to the 
energy of the radiation the transmitted radiation is only one-third to one-half 
as effective as the high energy gamma radiation from RaC. Its contribution is 
included in the gamma calibration values while its effect on the change in gamma 
counts with equilibrium changes may be regarded as negligible. 

The equilibrium method as described can thus be applied with ease to any 
powdered mineral to give precise assays of uranium and, in the majority of 
cases, of thorium. The upper limit of uranium content that can be handled is 
set essentially only by the mechanical arrangements for locating trays and 
detectors. Above 2% U;Ox content it has been found more convenient in practice 
to use less sensitive detectors and/or a less favorable geometry than that de- 
scribed here. The lower limit of detection is governed largely by statistical con- 
siderations. However, below 0.002% U;Os content corrections may have to 
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be applied for potassium content in the natural ore as 1% K,O is approximately 
equivalent to 0.0007% U,QOs as regards beta activity. Large potassium concen- 
trations show themselves by producing a higher ratio of beta-to-gamma uranium 
equivalents but owing to the high ratio of uranium to potassium activities no 
serious discrepancies in the uranium assays have been found so far. 
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THEORY OF THE ELECTROMAGNETIC VACUUM. I 







By F. A. KAEMPFFER 


ABSTRACT 


The reasons are restated and amended which make it possible to consider 
the electromagnetic vacuum as a nonviscous fluid in which excitations of the 
motion appear as observable particles. It is shown, in close formal analogy to 
Dirac’s new electrodynamics, that the electromagnetic vacuum can be character- 
ized at each point in space time by a scalar function x, representing the ratio 
(energy density)/(charge density) of the medium, and by a four-vector 7, 
representing the state of motion of the medium at that point. As a first step to- 
wards quantization of this theory a spinor formulation of electrodynamics is 
set up which allows possible excitations of the vacuum to be classified. The 
program for full quantization of this theory is outlined. 













1, THE HYDRODYNAMIC ANALOGY 






In a preceding paper the author (5) has proposed to consider Dirac’s (2) new 
electrodynamics as the correct description of the electromagnetic vacuum at the 
absolute zero of temperature. It is then possible to picture the electromagnetic 
vacuum as a nonviscous fluid, and to identify excitations of the motion of this 
vacuum fluid with observable particles. If one restricts the consideration to 
nonrelativistic velocities in the vacuum fluid, it turns out that vortexfree 
excitations of the vacuum fluid are not sources of an observable electromagnetic 
field, and are therefore identified with neutral particles, while vortex excitations 
of the vacuum fluid will always become sources of an observable electromagnetic 
field, and should therefore correspond to charged particles. The justifications for 
this point of view may be restated and amended as follows. 

We define the electromagnetic vacuum as the state in which no observable 
electromagnetic fields are present, i.e. 

{1] —E=grad¢++%-0; H = curl A = 0, 

















these equations expressing through the identity signs in them the desire to 
maintain the usual relations between electromagnetic fields E, H and electro- 
magnetic potentials ¢, A. Introduction of Dirac’s electrodynamics is now 
established by postulating for the electromagnetic potentials the relation 







[2] 2 VOTH mete +... 






the expansion of the root being valid only for small velocities in the vacuum 
fluid. In Dirac’s first paper (2) the symbol « was identified with mc?/e, and mand e 
being mass and charge of the electron respectively. We shall not follow this 
identification, but instead modify Dirac’s theory decisively by demanding that 
the potentials ¢, A should be gauge-invariant, i.e. the condition 


10d, aa 
[3] = ss +divA=0 
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should be satisfied. The remarkable fact now is that this can be done, if one does 
not consider x as a constant, but instead assumes that 


[4] kK = K(x, y, 3, t) 

is a scalar function of the coordinates and the time, which is subject to the two 
conditions [2] and [3]. It is then readily seen that the equations [1] and [3] 
become formally identical with the classical Bernouilli equations of a non- 
viscous fluid (in the approximation v < c): 


4 2 1 
[la] = + grad =) =— os gradp; curl Vv = a X grad p], 


0 ‘ 
[10] m4 + div (pv) = 0 


provided we identify: 


[5] A= =, R= 0s oC / = = velocity of “sound”. 

In other words, the equations of the electromagnetic vacuum state are formally 
identical with the classical equations of a nonviscous fluid of ‘density’ x = p, 
the condition of gauge-invariance corresponding to the law of conservation of 
substance, and the velocity of “‘sound’’ in this fluid being equal to c. 


2. PRELIMINARY REFORMULATION OF ELECTRODYNAMICS 


On the strength of this formal analogy we shall now adopt the following 
point of view: The electromagnetic vacuum is a medium which can be character- 
ized at each point in space time by a scalar function « = x(x, y, 2, f) and a 
four-vector velocity field v* = v#(x, y, 2, t). Since « must be dimensionally of the 
form (energy density) / (charge density) we visualize the medium to be associated 
at each point in space time with a certain energy density and a certain charge 
density, the ratio of which may vary from point to point. It should then be 
possible to construct a theory in which observable electromagnetic fields are 
produced at a certain point whenever «x and vary in the vicinity of that point 
in a prescribed way, while vacuum in absence of observable electromagnetic 
fields should appear as the state in which «x and v* fulfill equations which may 
be determined from the vacuum equations [1], [3], [5], and which result from 
setting F*” = 0 in equation [16] of section 3 of this paper. 

As a preliminary step towards such a theory we investigate some consequences 
of the following assumptions, in close analogy to the theory proposed by Dirac 
(2; 3). 

The electromagnetic field tensor F*’ is derived (in four-dimensional notation) 
as usual from electromagnetic potentials A* by 


[6] 

where the potentials A¥* are subject to the condition of gauge invariance 
es aA" 

[7] ao ae), 


ox" 
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We describe now A¥# in terms of a scalar function «x and a vector function v# 
such that 
[8] 







A* = 








and we associate in our mind « with the ratio (energy density) / (charge density) 
of the medium in which electromagnetic phenomena may occur, and v7 with the 
velocity four-vector field of possible excitations of the motion in that medium. 
The field equations follow then from the action principle 






[9] 6 { Sd'x =0; G= —-F,,F"+ X- 





and are found to be, if A* and the Lagrangian multiplier \ are taken as indepen- 





dent field variables, 









OF, 
OX, 


[10] 





It is seen that the four-vector of the current density j, must be 


; On 
a] Ju = ax" 










and that the condition of gauge invariance guarantees as usual the law of 


conservation of charge 





07 a 0A 
[12] du. = ——_ —-= 0. 
OX, OX OX, ON, 












It seems further worth noting that from the point of view of this theory it is 
not necessary to introduce two extra variables — and n, as proposed by Dirac (3) 
in his second paper, in order to allow far vortex motion. The foundation of Dirac’s 






latest theory is the relation 










a 
Abirae =k 





[13] 









with kaconstant, é and 7 being two functions which are not uniquely determined, 
but can be replaced by any two functions of them such that the Jacobian is 
unity. The tensor of the observable electromagnetic fields F*’ can thus, according 






to Dirac, be written in the form 






4 whe e - = ‘i (2 on 0E an.) 
O6, O%% OX, OX, 20, OXF 

It was then shown by Buneman (1) that indeed 

[15] fidn = vorticity along the line of integration. 






Now it is readily seen that our identification [8], with « a scalar function, gives 
rise to vorticity in a similar way but without the introduction of new variables. 
Substituting [8] into the definition [6] of the electromagnetic fields we obtain 


’ av” ov" OK Ox 
6 pee eee (: Ree ) ( 2 a” a: r) 
[16] : Ok, Oly + Ox, Ox, 
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which establishes with respect to the second terms in the expression for F#’ the 
formal correspondence 


[ ] (E)ps 8 OX, Dirac 


and therefore 
[18] | £ Edn} pirac 7 Lk(v4dx,) = vorticity along line of integration. 


It should be kept in mind, however, that despite this formal analogy of the 
second terms in the expressions for F#’ our interpretation of vorticity is entirely 
different from the one considered by Dirac. In Dirac’s theory gtdyn represents 
vorticity along lines in a medium consisting of actually observable electrons, 
while in our theory g¢x(v.ds) represents vorticity along lines in the medium 
called vacuum, which plays the part of an underlying liquid, and in which 
electrons may appear as excitations of the motion. 
3. SPINOR FORMULATION OF ELECTRODYNAMICS 


In order to obtain particles, neutral or charged, as excitations of the motion 
of the vacuum fluid, which is characterized by the scalar function x and the 
velocity four-vector field v“, we shall have to quantize the theory outlined in 
the preceding paragraphs. Such a quantization procedure would correspond then 
to the quantization of ordinary hydrodynamics, which was first accomplished 
by Landau (6), and which leads to the appearance of phonons and rotons in the 
underlying liquid. 

Quantization of this theory means that « and v shall have to be considered 
as operators which should fulfill certain commutation relations. We shall 
attempt to carry out this quantization in two steps. In the first step we shall 
look upon « still as an ordinary scalar function, but replace everywhere v“ by the 
Dirac matrices a“. It is clear that this choice represents a new hypothesis. It is 
suggested, however, by the well-known fact that v* is the expectation value of 
the operator a“ in the relativistic theory of the electron. We shall refer to the 
theory resulting from this choice as the ‘spinor formulation of electrodynamics”. 
The second step will then consist of replacing x by an operator as well, as out- 
lined in section 4 of this paper. 

The basis of this spinor formulation of electrodynamics is then the operator 
identification 


[19] A* = xa" 
where the a# satisfy the commutation relations 


[20] ata” + a’a” = 25". 


Equations [19] and all subsequent equations containing one or more a*’s have 
to be read as operator equations, i.e. they always correspond to a set of four 
linear spinor equations. The spinor equations corresponding to [19], for example, 


are: 
Uy uy; 
Uo Uo 
pf tH nf U2 
[19a] AM 4.) = OL |e 


U4 U4 
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As long as x is considered to be an ordinary scalar function the choice of the 
functions “, appearing in the spinor is quite arbitrary, since a“ operates upon the 
index of these functions only. We shall therefore take (u,) = constant for the 
time being, and manipulate only the operators themselves. It should be kept in 
mind, however, that this procedure will no longer be admissible as soon as «x is 
considered to be an operator acting upon the argument of the functions u,. 
The usefulness of equations of the type [19a] in the spinor formulation of electro- 
dynamics is restricted to the fact that they enable us to write down necessary 
and sufficient conditions for the existence of nonvanishing solutions of these 
linear equations. The necessary and sufficient conditions that equations [19a] 
have nonvanishing solutions are that the four eigenvalues of A* satisfy: 

[19d] {(A*)? — x}? = 0, ie. either A* = + x or A*= — xk. 


We see thus that the spinor formulation of electrodynamics allows for 16 different 
ways in which the scalar function x may give rise to electromagnetic potentials 
A’, 

It is now possible to formulate electrodynamics in terms of the one scalar 
function x. In order to see better what is going on we shall return to the three- 
dimensional notation. With a = {a!, a, a*} and 8 = a‘ the operator identifica- 
tions [19] read 
[19c] A=xa; ¢= «6 
and the electromagnetic fields E and H are defined by the operator relations 


A , 
[21a] E = — grad ¢ — 1 aa = — Bgradx — a 


ot c ot’ 
[21d] H = curl A = curl (ax) = — (@ X grad x). 
If one wishes to impose on the potentials the condition of gauge invariance one 
will have to subject the potentials to the operator condition 


22] div A : s = (a: grad x) + Bo 


= 0. 


First of all let us see what the state “‘vacuum in absence of electromagnetic 
fields’, as defined in the first paragraph, means in terms of the scalar function x. 
It follows from the equations [21] that this state is characterized by the 
conditions 


a OK 
[23a] B grad «+ a 0, 


[23d] (a X grad x) = 0. 


One sees immediately that « = constant is a possible solution of these operator 
relations, this statement bearing out our contention that Dirac’s original theory 
‘contains a correct description of the electromagnetic vacuum in absence of excita- 
tions of any kind, i.e. at the absolute zero of temperature. However, the condition 
k = constant is not the only solution of these operator equations. In fact, the 
necessary and sufficient conditions that the linear spinor equations corresponding 
to [23] have nonvanishing solutions are: 
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en =. (2) “05 gi 
[28a] = ve al 2, 3, 


[230'} (grad x)” — (*.) .” 5 Dye 

It is clear from our interpretation of the function « that whenever a state 
(excitation) of the vacuum occurs such that «x satisfies the system [23’], the 
excitation will not be accompanied by any observable electromagnetic field. 
We shall call such excitations “‘neutrino-like”’. 

The neutrino-like excitations have to be distinguished from possible excitations 
which are accompanied by an electromagnetic field, but not by the appearance 
of electric charges and currents. Such excitations we shall call ‘“photon-like’’. 
The equations for x, which characterize the photon-like excitations, are obtained 


from the operator equations for the sources of the electromagnetic field: 
i 2 ld 
[24a] div E = — BV'« —-- * (a: grad x), 
cc 


1 dE » 1% j B dx\ 
246) curlH — —--—— = — al Vi'« — 33 rrad 4 (a- grad x) 
c Ot Cor Tg | 8 + C ats 
The right-hand sides of these equations have to be identified with 4p and 
(4x/c)j respectively, p and j being charge and current densities representing 
observable electric charges. If the condition of gauge invariance [22] is imposed 
on the potentials, then these identifications reduce to 
) 1 a*x\ 


25a] itp = — ByV'« aes 


4dr. Jo 
j= -—ayV«— 
: 


DI 
200 
[250] : 
Photon-like excitations are then characterized by the conditions p = 0 and 
j = 0. It is seen immediately from equations [25] that photon-like excitations 
will be obtained whenever « is a solution of the equation 

2 1 0x 
26 Vi«-—- 33 =0 
[26] G Ot 
which is solved by plane waves, travelling with velocity c. 

Finally, there appear in this theory excitations of the vacuum which are 
accompanied by both electromagnetic fields and electric charges and currents. 
We shall call such excitations ‘‘electron-like’’. They are obtained whenever « 
satisfies the inhomogeneous operator equations [25]. The necessary and sufficient 
condition for existence of nonvanishing solutions of the linear spinor equations 


corresponding to [25a] is: 


2 1 a°*«\? 2 1 a°«\? 
o7 (— 35 — Ug tas) om 
[27] bite +Vk a 2 (. ™m—-V«t+ 2 _ 0, 


. 2 1 a°x : 
i.e. either dap = + (- cos us) or 4rp = — (v% — 
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This means that for a given electron-like excitation, described in terms of x, 
there exist always two possible values of p, which differ only in their sign, and 
which correspond to the appearance of a positive or a negative charge density 
respectively. The very peculiar fact that actual electric charges can be either 
positive or negative thus comes out of this theory as a result, and need not be 
postulated as in ordinary electrodynamics. 


4, PROGRAM OF QUANTUM VACUODYNAMICS 


As an intermediate step towards full quantization of this theory it will be 
necessary to bring the hydrodynamics of the vacuum, or ‘‘vacuodynamics”’, 
which was outlined in the first two paragraphs of this paper, into Hamiltonian 
form. This should be done in close analogy to quantum hydrodynamics. The 
scalar function x, corresponding to the density in the hydrodynamic analogy, 
must then be considered as one of the independent field variables, and it will 
no longer be consistent with our interpretation of electrodynamics to treat the 
electromagnetic potentials as independent field variables. The action principle 
should be chosen so that the Hamiltonian resulting from it represents the total 
excitation energy of the vacuum, making vacuum in absence of excitations of 
any kind (i.e. « = constant) a state of total energy zero (4). Once the question 
has been settled which functions are the correct canonical variables of the sys- 
tem, quantization can be carried out in the usual way. The system will be de- 
scribed in terms of a spinor ¥ such that 'y|? is the probability of finding a certain 
value of « at a given point of space time, while the expectation values of the 
operators a give the velocity characterizing the excitation at that point. For a 
given type of excitation the eigenvalues of the Hamiltonian represent possible 
energy values of that excitation, which may be interpreted as possible mass 
values in the rest system, while the eigenvalues of the operator divE, which 
should appear in terms of the constants 4 and c, may be interpreted as charge 
density of the excitation. 

The author has done some exploratory work in this direction. The results 
indicate that this program can be carried out, but the calculations are not yet in 
presentable form. It is hoped that further clarification of this matter can be 
submitted in a future publication. 
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MEASUREMENT OF NUCLEAR GAMMA-RAY ABSORPTION 
IN CARBON!’ 


By R. N. H. Hasvam, R. J. Horstey,? H. E. JouNns, and L. B. Rosinson 


ABSTRACT 


The cross section for the absorption of y rays by carbon has been determined 
as a function of photon energy by means of “‘nuclear detectors’. The electronic 
absorption coefficients in the energy range 12 to 20 Mev. are found to be about 
1% lower than the theoretical values. The nuclear absorption’is shown to exhibit 
a resonance behavior. The integrated cross section in carbon is considerably lower 
than predicted. The contribution of nuclear scattering is found to be negligible. 
Differences in results as determined by three different detecting reactions, 
C2(y, n)C", O'8(+, 2)O", and S*(y, d)P?", are discussed on the basis of detector 
sensitivity. It is suggested that the absorption mechanism can be represented 
by a continuous absorption on which is superimposed absorption peaks. 


I. INTRODUCTION 

In recent years investigators (1, 29) who have measured absorption coefficients 
for X rays in the energy region up to 30 Mev. have observed that they must 
take into account the contributions due to nuclear absorption. However, until 
the present no attempt has been made to measure the total nuclear absorption 
in an element, although this is important in view of the theoretical predictions 
of Goldhaber and Teller (9) and Levinger and Bethe (21). 

As experimental evidence concerning individual photonuclear processes 
accumulates, it is becoming possible in some cases to estimate the proportion 
of the total absorption in an element which can be attributed to nuclear reactions 
at specific photon energies. In elements of low atomic number it appears that 
nuclear absorption may well be an appreciable part of the total absorption. 
For example in carbon, if one considers only the (y, ) and (y, p) processes 
(11, 22) which have been measured experimentally, at 21.5 Mev. nuclear 
absorption amounts to about 14% of the total electronic absorption. This is 
clearly shown in Fig. 1 in which curve A represents the total electronic absorption 
(compton plus pair production) in carbon as a function of photon energy; 
and curve B shows the sum of electronic, (y, 2), and (vy, p) cross sections. In the 
calculations of the nuclear effect reactions involving C' only have been con- 
sidered. This introduces little error since C!? forms 98.9% of natural carbon. 

For elements of higher atomic number, although the total nuclear cross section 
increases with Z, the electronic absorption increases still more rapidly so that, 
relatively, nuclear absorption plays a less important part. For example, curve C, 
Fig. 1, represents the electronic absorption in copper as a function of the energy. 
Curve D shows the estimated nuclear contribution. This estimate was determined 
from the total photoneutron cross-sectional curve for natural copper as deter- 
mined recently in this laboratory (23). The cross-sectional values, however, 
have been increased by 40% to allow for the contributions of other nuclear 


processes. The 40% increase was estimated considering the relative yields of 


1 Manuscript received January 27, 1953. 
Contribution from the Physics Department, University of Saskatchewan, Saskatoon, Sask. 
2 Holder of a National Research Council of Canada Studentship 1951-1952, and a National 
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Fic. 1. Curves A and C are the theoretical electronic coefficients (compton plus pair 
production), in carbon and copper respectively, plotted as a function of the energy. The 
values for copper have been divided by 10. Curves B and D represent the sum of the electronic 
and estimated nuclear absorption in the two elements. 


photoparticles as reported by Byerly and Stephens (4). Thus it is seen that in 
copper the maximum nuclear absorption at 19 Mev. amounts to only about 5% 
of the electronic absorption. 

It would be extremely interesting to measure absorption coefficients with a 
pair spectrometer, which effectively sorts out the incident photon energies 
in the energy region where photonuclear processes are important. However, 
this equipment is not available in this laboratory and other means must be 
sought. Adams (1) has measured the absorption coefficients in various elements 
using threshold detectors. This method, however, is not applicable for carbon 
since there are no suitable reactions with thresholds in the desired energy region. 
Therefore, it has been necessary to devise a different method of measuring 
nuclear absorption in carbon. 

It is the purpose of this paper to report a method in which the total absorptiom 
coefficients, including compton, pair production, and nuclear, are measured in a 
carbon absorber by suitable ‘‘nuclear detectors’’ whose response characteristics 
to the available photon spectrum have been determined experimentally. In the 
course of the experiment, the electronic coefficients for carbon in the region 12 to 
20 Mev. were checked and found to be about 1% too high (Section IV). By 
subtracting the electronic absorption coefficients in the region above 20 Mev., 
the nuclear absorption cross-sectional values are obtained (Section V1). It is 
shown in Section VIII that the total nuclear absorption exhibits a resonance 
type curve similar in shape to (7, 7), (vy, p), etc., cross-sectional curves. Further 
it is shown in Section IX that the results obtained with carbon and oxygen 
detectors differ considerably from those obtained with sulphur detectors. This 
difference leads to interesting but speculative considerations given in Section X. 


“a 
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Il. METHOD OF MEASURING THE TOTAL ABSORPTION IN CARBON 
The experimental arrangement used in the present investigation is shown in 
Fig. 2, and is similar to the method used by Adams. However, in the present 
arrangement the X-ray beam is collimated and the rear detector situated in 


LEAD 
COLLIMATOR 


\ 

REAR EOGE OF CARBON FRONT \ 

DETECTOR X-RAY, BEAM ABSORBER DETECTOR BETATRON 

t A | \ \ TARGET 
SZ 7 | 


WTA 


T._[. [MN 


Fic. 2. Experimental arrangement. 


“oood geometry”. In this way, the effects of scattered compton photons and 
secondary bremsstrahlung produced in the absorber are minimized. A small 
correction for the compton scattered radiation, which is discussed more fully 
later, is applied to the results. 

The experimental procedure is to radiate the detectors in fixed positions first 
without the absorber in place. The activity produced in the front detector is 
counted by an “end-on’’ Geiger counting tube while the activity in the rear 
detector is counted by a Victoreen thyrode. The ratio of the front detector 
activity A» to that of the rear detector A» is calculated. In a similar manner 
the ratio of the activities is determined with the absorber in place. Let these latter 
activities be signified by A,’ and A’. A ratio R is then determined which is 


equal to 


and will be called the attenuation factor. 

Since all the front detectors and all the rear detectors are the same size, and 
since they are radiated in fixed positions, ‘“‘geometry”’ corrections drop out and 
the value of R at any maximum betatron energy can be represented by the 


following expression : 


Eo 

| o(E) P(E, Ey) dE 
[1] Rue.) = sien = += ++ +--+ --------- 
| o(E) P(E, Eo) &°7* dE 


Et 


where 

Ey is the maximum betatron energy and E, is the threshold energy, 

P(E, Ey) is the number of photons per square centimeter per unit energy 
interval at energy E when the betatron is operated at a maximum energy Eo, 
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a(E£) is the value of the cross section of the detecting reaction at energy E&, 

or(£) is the total absorption coefficient (including electronic plus nuclear 
absorption) at energy E. 

Let 
eK 

| a(E) P(E, Eo) dE = a(Fo). 

VE; 
Since o(£) and P(E, Ey) are known, a(/») can be evaluated graphically. 
Then 

v oe 

[2] J = £ o(E) P(E, Ey) &°7™* dE. 
The only unknown in equation [2] is e~°7‘”)* and this can be solved for, in a 
manner similar to the method reported by Johns et ai. (16) for calculating 
(y, 2) cross sections. After obtaining e~’7* as a function of energy, it is straight- 
forward to solve for o7. By subtracting the values of the electronic absorption, 
the total nuclear absorption oy can be obtained. 

Since the activities in the front and rear detectors are produced simultaneously 
and the ratio of these activities calculated, it is not necessary to measure the 
actual X-ray dose. In practice, however, the dose was kept constant for any one 
set of runs. By taking the ratio of activities, errors due to small fluctuations in 
the beam intensity and variations in the maximum betatron energy are mini- 
mized. At least five or six determinations of R were made at each betatron 
energy and the average value calculated. The probable errors for each experi- 
mental value of R are shown in the figures. 

III. DETECTORS 

The front detectors are thin disks about 2.5 cm. in diameter, while the rear 
detectors are hollow cylindrical samples about 6 cm. in length which fit closely 
over a thyrode counting tube. In the course of the experiment, several different 
detector materials were used and the particulars of the reactions used with the 
different materials are shown in Table I. 

TABLE | 


REACTIONS USED AS DETECTORS 


Material Half-life Threshold 
(min.) (Mev.) 


C2(y, 2)C" Polystyrene 

O'*(+, 2)O% Boric acid 

S#(+, d) P39 Flowers of 
sulphur 

P3!(-, 2) P3° Red phosphorus 2.55 19 

Cu®(y, 2)Cu® Copper 10.1 | 5 16 

Zn*4(y, n)Zn® Zinc 38 ) 18 


11 
15 


19 


The carbon samples were cut from 2.5 cm. diameter polystyrene tubing. 
In a similar manner the copper samples were cut from 2.7 cm. diameter copper 
tubing. The zinc rear detector samples were square tubes made from 0.05 cm. 
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zinc sheeting. The front copper, zinc, and polystyrene samples were made from 
solid rods or available sheeting. The boric acid, sulphur, and phosphorus front 
and rear detectors were made by filling suitable patterns with powder and 
compressing them under a pressure of 16,000 Ib. per sq. in. by means of a Carver 
Laboratory Press. By starting always with the same amount of powder, it is 
possible to make any number of identical samples. 
IV. FACTORS INFLUENCING THE VALUES OF opy 

The calculated values of o7y are dependent upon the following factors: 

(a) Relative shapes of the spectral distributions and detector cross-sectional 
curves, 

(b) Measured thickness of the absorber, 

(c) Scattered compton and secondary bremsstrahlung radiation, 

(d) Counting statistics, 

(e) Errors due to spurious activities induced in the detectors, 

(f) The value of the electronic absorption coefficients in carbon. 
(a) The Spectral Distribution and the Shape of the Cross-sectional Curves 

The spectral distribution used is one based on a formula derived by Schiff 
(26) and used generally in this laboratory. Experimental evidence to date is in 
reasonable agreement with this formula. The shapes of the cross-sectional curves 
were obtained by the ‘‘photon difference’? method (17), which uses the Schiff 
spectral distributions. In the calculations involved in this experiment, we are 
interested in the product of the cross-sectional and photon distribution curves. 
Further, since the ratio of activities is calculated (see equation [1]), small 
variations in the product o(£) P(E, Eo) are not serious. This is illustrated by 
considering the three arbitrary cross-sectional curves shown in Fig. 3(a@), and 
calculating the values of R for each curve as a function of the betatron energy. 
In Fig. 3(0) it is seen that the value of R based on the cross-sectional shapes 
A and C differs from the value of R based on curve B by about 1% or less. 
Since the shape of the cross-sectional curves as determined by the ‘‘photon 
ditference’’ method is considered to be reasonably accurate (see Reference 17), 


’ a 
a 3 


_ ye 
a 2 
ATTENUATION COEFFICIENT 
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Se ie ie a ae 16202224 26 
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Fic. 3(a) Three assumed cross-sectional curves as a function of photon energy. 
(b) The value of the attenuation factor R as a function of the betatron energy calcula- 
ted on the basis of the assumed cross-sectional curves in Fig. 3(a). 
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it is felt that, in view of the above discussion, the values of R are probably in 


error by no more than about 1% due to uncertainties in the product of the cross- 
sectional and photon distribution curves. 


(b) Absorber Thickness 

The results discussed in this paper were all obtained with a 57.7 cm. cylindrical 
block of graphite having a diameter of 5.0 cm. The thickness of the absorber is 
92.2 gm. per cm.” and is accurate to better than 1/10%. 


(c) Scattered Radiation 

One of the difficulties in measuring absorption coefficients is the effect of 
scattered compton photons influencing the detector. In the present experiment 
the effect of scattered radiation with the absorber in place is to increase the 
activity in the rear detector. As a result, the factor R as measured is too small. 
By collimating the X-ray beam as is shown in the diagram, and by placing the 
rear detector as far as possible from the absorber, the amount of scattered 
radiation which can strike the rear detector is very small. The error in R due 
to the compton scattered radiation has been calculated for the different detector 
reactions and is found to vary from 0.25 to 0.90%, depending on the size of the 
collimating device. Rough calculations show that activities induced in the rear 
detector due to secondary bremsstrahlung produced in the carbon absorber 
by high speed electrons and positrons are extremely small, and may be neglected. 

In order to check experimentally the effect of scattered radiation, the three 
following tests were made. In the first test the absorber thickness was varied. 
The carbon detectors were radiated in fixed positions, and the values of R 
obtained at 24 Mev. plotted as a function of the logarithm of the absorber thick- 
ness. The resulting points formed a straight line, within experimental errors. 
This is expected, providing the scattered radiation is very small. In the second 
test, the 92.2 gm. per cm.” carbon absorber was used and the position of the rear 
detector varied. If scattered radiation were appreciably affecting the rear 
detector, the values of R would increase in magnitude as the rear detector 
moved further away from the absorber. Using oxygen detectors, it was found 
that the values of R were constant within experimental errors as the distance 
of the rear detector from the absorber was varied from 10 cm. up to the distance 
actually used, namely 102 cm. In the third test, the scattered radiation was 
measured by placing a phosphorus rear detector sample at the usual distance 
behind the absorber, but outside the X-ray beam. The activity induced in the 
detector by scattered radiation was then measured. Making the assumption 
that the scattered radiation seen by the detector at the edge of the beam is 
about the same as at the center of the beam, the error in R due to scattered 
radiation was calculated. The errors in R based on measurements made with the 
detector 1.1 cm. and 0.3 cm. outside the edge of the beam were 0.69% and 0.72%, 
respectively. These values are in good agreement with the calculated error in R 
of 0.80% for the detector at the center of the beam. 
(d) Statistical Errors 


The “‘on-off” switches on the two counting scalers were connected to a timing 
clock in order that both scalers could be started and stopped simultaneously. 
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In this way the ratio of the measured activities could be obtained directly after 
subtracting the appropriate tube backgrounds. At all times the counting rate 
was kept low enough to eliminate counting losses through lack of resolution. 
The statistical counting errors at energies several Mev. above the threshold 
varied from about 1 to 2%, depending on the magnitude of the detector cross 
section. At energies 1 or 2 Mev. above the thresholds, the statistical counting 
errors were of course larger and amounted to about 3 or 4%. A typical set of 
experimental data is shown in Table II. These results were obtained using 


TABLE II 
EX PERIMENTAL DATA USING POLYSTYRENE DETECTORS AT 21 MEv. 


Sample | Absorber Counting | Total| Back- Count Ratio | Ratio 
number position | Detector | interval, | count! ground | minus | absorber | absorber 


min. count back- IN Le, 


ground 


Front | 7327 7105 
Back 4831 4445 


Front 7713 7491 
Back | 20126 | 19740 0.379 


Front | 7939 cole 


Back | 5107 | 4721 


Front 7849 | 7627 
Back 20726 20340 
Front 7889 7667 
Back | 4878 4492 
Front : 111700 | 444 11256 
Back 30495 | Zé2- | 29723 
Front | 7704 | 7482 
Back 5020 | 4634 


Front 6912 6690 
Back 18407 18021 0.371 


Front | : 9484 9262 
Back 5907 5521 


Front $ 9252 9030 
Back 24025 23639 


Average 1.647 0.377 
R = 4.37 +0.04 


polystyrene samples. A delay of 10min. was allowed between the end of irradia- 
tion and the start of counting, in order to allow any spurious O'* activity to 
die away. 
(e) Spurious Activities 

Spurious activities present in the detectors could affect the experimental 
results. In the case of polystyrene detectors, a small activity was detected at 
energies below 18.7 Mev., the (y, 2) threshold in C'?. This activity was attributed 
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to the presence of a 2 min. O" activity and a 10 min. N'8 activity. By waiting 
10 min. after irradiation before starting to count most of this spurious O' 
activity has disappeared. Since the thresholds for the (y, 2) reactions in O'* and 
N!4, 15.6 and 10.8 Mev. respectively, are lower than 18.7 Mev., a considerable 
part of the activity detected at energies immediately above 18.7 Mev. is due 
to the above-mentioned spurious activities. However, above 20 Mev. most of 
the detected activity is due to C''. For example, counting for a 10 min. interval 
after a 10 min. delay, the spurious activity at 20, 21, and 22 Mev. was estimated 
to be about 1.9, 0.4, and 0.1%. However, since both of the spurious activities 
in carbon are photo-induced reactions, the ratio of the spurious activities in the 
front and rear detectors is about the same as the ratio of the C" activities. 
For example, the calculated value of R at 20 Mev. using carbon detectors is 
4.27. The calculated value of R using the N'4(y,2)N'™ process (15) as the 
detecting reaction is 4.64. Thus the true calculated value of R at 20 Mev. is 
obtained by adding together 98.1% of 4.27 and 1.9% of 4.64. The value of R 
determined in this way is 4.28. This differs from the value of R calculated using 
only the carbon reaction by about 0.25%. At 21 Mev. the error in R amounts 
to about 0.05%. Thus it is seen that the errors in R due to the spurious photo- 
induced activities are negligible. 

On the other hand, if the spurious activity is caused by a neutron-induced 
reaction, then the value of R is more seriously affected. This is true because the 
neutron-induced activity may not be the same fraction of the photo-induced 
activity with the absorber in and out of position. The carbon absorber undoubt- 
edly moderates the fast neutrons in the beam, and in addition the absorber is 
itself a source of neutrons at photon energies above 18.7 Mev. Therefore it is 
necessary that neutron-induced activities be eliminated. 

The 5.2 min. neutron-induced activity in Cu®® at first gave considerable 
trouble. It was found that the values of R using cadmium shielding surrounding 
the detectors were about 2% higher than without cadmium shielding. Because 
of the large Cu®*(y, ~)Cu® cross section, it was possible to wait 30 min. after 
irradiation before starting to count and still obtain good counting statistics. 
Because of the difference in half-lives, the ratio of the 10.1 min. Cu® activity 
to the 5.2 min. Cu® activity was reduced by a factor of about 8. It was found 
that the values of R were the same within experimental error whether cadmium 
shielding was used or a delay of 30 min. allowed after irradiation. Finally R was 
determined using cadmium shielding and waiting 30 min. The values obtained 
in this manner were in agreement with the values obtained with either of the 
above-mentioned arrangements, and are the ones given in this paper. In addition 
to the 5.2 min. Cu® activity, there is a very small Cu® activity which is partly 
photo-induced and partly neutron-induced. In several cases this small 12.9 hr. 
activity was measured several hours later. When this activity was subtracted, 

_the value of R was essentially unchanged. 

With zinc, red phosphorus, and boric acid detectors, no spurious activities 
were observed. In the case of sulphur detectors, cadmium shielding was used to 
eliminate any 5 min. S*? neutron-induced activity that might be present. 
In addition, a small unknown activity was also detected in sulphur which might 
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be attributed to either a photo- or neutron-induced reaction. However, this 
latter activity could safely be neglected, since it amounted to only 0.05% of the 


(y, d) activity. 
(f) Values of the Electronic Absorption Coefficients 

For carbon in the energy region investigated, only the compton and pair 
production cross section, including triplet production, need be considered. 
The compton coefficients were determined from the Klein-Nishina formula 
(20, 24). The values for pair production were calculated by Davisson (6) and 
are based on the Bethe-Heitler formula (14). The Z? dependence of the pair 
production cross section was increased to Z? + 0.8 Z to include triplet production. 
The value of the constant 0.8 is in agreement with the experimental work of 
Gaerttner and Yeater (8) and the theoretical calculations of Borsellino (3, 30). 

As a check on the values of the calculated electronic absorption coefficients, 
the attenuating factor R was measured and compared to calculated values of R 
at energies between 15 and 20 Mev., where no nuclear absorption is present. 


16 18 20 22 24 16 I 20 22 24 
MAXIMUM BETATRON ENERGY (MEV) 


Fic. 4. The experimental values of R with four different detector reactions, Zn®(y, 2)Zn® 
(A), P3(y, 2) P®* (B), Cu®(y, 2)Cu® (C), and O'8(y, 2)O™ (D), are compared to the calculated 
values (solid curves). The upper solid line shown in each section represents the value of R 
when o7 includes the nuclear absorption. The broken line in part C indicates the calculated 
value of R when Vortruba’s values for triplet production are used. 


As shown in Fig. 4, all the experimental points with four different detectors, 
copper, zinc, phosphorus, and oxygen, are too low. The average amount by 
which they are too low in the energy region 15 to 20 Mev. is 2 + 0.2%. We feel 
that this is good evidence for assuming that the theoretical values for the elec- 
tronic coefficients in carbon are in error. On the basis of an average 2% error in 
R, revised values for the electronic coefficients were calculated over this energy 
region. In Table III, column 2, the theoretical values for the electronic coeffi- 
cients in carbon are given. These values are in agreement with those reported by 
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White (30) in a recent survey of X-ray attenuation coefficients. Revised values 
as determined by us are shown in column 3. The error in the revised values, 
0.5%, was estimated by assuming that the average percentage difference between 
the experimental and calculated values of R may vary between | and 3. It is 
unlikely that R could be in error by more than this amount. The revised value 
of o7 at 17.6 Mev. can be compared to the experimental results of other workers. 
Our value of 0.318 + .002 agrees, within experimental errors, with the results 
given by Colgate (5, 30) (0.321 + .006), and Walker (29) (0.323 + .004), all 


expressed in units of 10~-*4 cm.? per atom. 


















TABLE II 
ELECTRONIC ABSORPTION COEFFICIENTS IN CARBON 


Revised coefficients, 
10-** cm.? per atom 













Energy Theoretical coefficients, 
(Mev.) 10-*' cm.’ per atom 








15 0.338 0.334 







16 0.332 0.328 
17 0.326 0.322 
18 0.321 0.316 
19 0.316 0.312 
20 0.312 0.308 


















Some of the uncertainty in the theoretical electronic coefficients lies in the 
determination of the triplet production. If the theoretical values for triplet 
production as determined by Vortruba (27) are used, the calculated values of 
R are now lower than our experimental values. This is illustrated by the dotted 
line in Fig. 4 (C). Our experimental results would indicate that agreement could 
be obtained if values for triplet production midway between those calculated 
by Vortruba and Borsellino were used. 

Above 20 Mev., we have no method of checking the theoretical electronic 
coefficients. In the work that follows, the theoretical electronic coefficients in 
the region 20 to 25 Mev. are also assumed to be in error, and have been lowered 
by about 1% in order to produce a 2% change in R. 














V. MEASUREMENT OF RIN CARBON, WITH CARBON, OXYGEN, AND SULPHUR 
DETECTORS 





In Fig. 4 it is seen that with copper, phosphorus, and zinc detectors the lower 
curves, which represent the calculated values of R using only electronic absorp- 
tion, differ only a little from the predicted values which include the nuclear 
absorption. This is because the thresholds for these detecting reactions are 
quite low in comparison to the threshold for nuclear absorption in the carbon 
block. Thus most of the activity induced in these detectors is produced by 
relatively low energy photons, that is photons with an energy between 10 and 
19 Mev., and in this energy region the nuclear absorption is negligible. In order 
for the nuclear absorption to produce an appreciable effect in R, it is necessary 
that the detecting reaction have a high threshold value, in order that photons 
which produce most of the activity in the detectors are also attenuated by the 
nuclear absorption. This condition is satisfied by the three following detector 
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reactions: C!2(y, 2)C", O'8(y, 2)O', and S**(y, d)P*°. Although the threshold 
for the O'%(y, 2)O™ reaction, 15.6 Mev., is lower than the effective nuclear 
absorption threshold, most of the activity induced in the oxygen detector is 
produced by relatively high energy photons. This is evident from the shape of 
the cross-sectional curve which exhibits a slowly increasing initial portion up to 
about 20 Mev. and then increases rapidly. (See Reference 15.) 

In Fig. 5 the experimental values of R determined with carbon, oxygen, and 
sulphur detectors are shown with their probable errors. These experimental 
values can be compared to the calculated values of R when a7 is composed of 
electronic absorption, and when a7 is composed of electronic, plus (y, 7) and 
(y, p) absorption. The dotted line in each part of Fig. 5 represents the value of 
R when oz is made up of only electronic absorption. It is seen that with each 
detecting reaction some nuclear effect is observed. When a7 includes the nuclear 
absorption, the calculated values of R depend on the errors in the absolute 
determination of the (y, 2) and (vy, p) cross sections. Errors of 25% quoted by 
Mann and Halpern for the (y, p) reaction and 20% as estimated by us for the 
(y, ) reaction yield the upper and lower curves bordering the hatched areas in 
Figs. 5 (A), (B), (C). 


OXYGEN 


/ 4 


HTT 


20 22 4 24 


22.24 2 is 20.22 
MAXIMUM BETATRON ENERGY (MEV) 


Fic. 5. The experimental values of R with three different detector reactions, C!2(y, 2)C™ 
(A), S®(y, d)P% (B), and O'*(y, m)O"™ (C), are compared to the calculated values. The shaded 
areas in each section, determined from the probable errors in the (y, ) and (y, p) reactions in 
C!2, represent the uncertainty in the calculated values. The broken line in each part represents 
the values of R when a7 includes only electronic absorption. 


20 


In Figs. 5 (A) and (C) it is seen that our experimental values are for the most 
part lower than the calculated values. In Fig. 5(B) the experimental results 
with sulphur detectors are of about the right order of magnitude but are displaced 
about 4 Mev. This apparent displacement is thought to be real since the entire 
sulphur results were determined experimentally twice, the second time four 
months after the first time. With the present method of controlling the maximum 
betatron energy, the absolute value of the energy is reproducible to better than 
0.2 Mev. 

VI. TOTAL NUCLEAR CROSS-SECTIONAL VALUES FOR CARBON 

The method of solving for «7 and the total nuclear absorption ¢7y was ex- 

plained earlier. The values of ¢7y based on the carbon and oxygen detectors and 
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Fic. 6. The cross-sectional values for the total nuclear absorption in carbon using sulphur, 
carbon, and oxygen detectors are plotted as a function of photon energy. The broken line is the 
cross-sectional curve for the reaction C!2(y, m)C". 


on the sulphur detector results are shown in Fig. 6. A discussion of the surprising 
differences between these two experimental results for the total nuclear absorp- 
tion will be given later. 

The values of the total nuclear integrated cross section as determined with 
the different detectors can be compared to the theoretical values of Goldhaber 
and Teller (9) and Levinger and Bethe (21). This comparison is made in Table 
IV. In addition, the integrated cross section can be estimated using the statistical 
calculations of Weisskopf (2) concerning the probable emission of either a neutron 
or proton. On the basis of the measured (y, 7) reaction, the value of the (y, p) 
cross section was calculated assuming that these two reactions are the only ones 
of importance. 


TABLE IV 


COMPARISON OF THE TOTAL INTEGRATED NUCLEAR CROSS SECTION IN CARBON 


‘ | 

Oxygen Levinger | 
Method | or carbon Sulphur | and Bethe Statistical | Goldhaber 
detectors detectors “sum rule’’ | calculations & Teller 


Integrated nuclear 
cross section 0.08 0.11 
(Mev-barns) | 


It is seen from this table that the experimental values for the total integrated 
nuclear cross section are considerably lower than any of the theoretical predic- 
tions. It should be pointed out, however, that the theoretical values are deter- 
mined over all energies while the experimental results were measured up to 
about 26 Mev. 
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Very little information is available concerning other possible nuclear reactions 
in carbon which at higher energies might contribute to the total integrated 
nuclear cross section. Perlman and Friedlander (25) found that the (vy, 27) 
yield in carbon at 100 Mev. bremsstrahlung energy was of the order of 1% 
or less of the (y, 2) yield. From the evidence available it seems likely that most 
of the nuclear absorption in carbon occurs in the energy region studied and hence 
our experimental values can be compared to the theoretical predictions. How- 
ever, the theoretical calculations of Goldhaber and Teller were derived on the 
basis of a “dipole vibration” nuclear model and are not expected to hold for 
elements of low atomic number where there are relatively few nucleons. The 
“sum rule’’ as derived by Bethe and Levinger is independent of any nuclear 
model and should hold for all elements. Our experimental values are about 
one-half or less of the value determined from the ‘‘sum rule” or the “dipole 
vibration’”” model. They are in better agreement with calculations based on 
Weisskopf’s statistical considerations. 

VII. DETERMINATION OF THE (7, 6) REACTION IN CARBON 

The dotted curve shown in Fig. 6 is the C!?(y, 2)C!! cross-sectional curve as 
recently redetermined in this laboratory. By subtracting the values of the 
(y, m) cross section from ory, as determined with both carbon and sulphur 
detectors, the remaining cross section can be attributed to the (y, p) reaction 
in carbon plus perhaps any nuclear gamma-ray scattering. These remaining 
cross-sectional curves are shown in Fig. 7. The dotted line in this figure is the 
C!*(y, p)B" cross-sectional curve as measured by Mann and Halpern. No 
account has been taken of the small reduction in the (y, p) cross section which 
would be introduced by the fact that the proton distribution is anisotropic 


O 
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Fic. 7. The (y, ») cross-sectional curve in C" as determined using carbon and sulphur 
detectors is compared to the (y, p) cross section (broken curve) determined by Mann and 


Halpern. 
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(10). It is seen that the remaining nuclear cross section as measured with sulphur 
detectors is in remarkably good agreement with Mann and Halpern’s results. 
On the other hand the values as measured with the carbon detectors disagree 
strongly with the work of Mann and Halpern. The pertinent data from these 
latter curves are compared in Table V. It is evident from our experimental 
results that, if we accept the absolute values of the (y,) and (y, p) cross 
sections referred to above, there is no or extremely little nuclear scattering. 
This is in agreement with the observations of Gaerttner and Yeater (7) who 
measured the resonance scattering in carbon using 100 Mev. X-rays. They 
found that the nuclear scattering in carbon is less than 1% of the total cross 
section for resonance absorption. 


TABLE V 


COMPARISON OF EXPERIMENTAL (y, P) RESULTS IN C? 


Sulphur detectors Mann and Halpern 


Measurement |! Carbon detectors 


Integrated cross 
section (Mev-barns) 0.042 


| 
| 
| 
| 


| 
0.070 | 


Peak cross section 
(mbarns) 5.6 33.4 


Peak position (Mev.) é 5 21.6 


Half-width (Mev.) 2:3 1.4 


VIII. RESONANCE SHAPE OF NUCLEAR CROSS-SECTIONAL CURVES IN CARBON 

During the last two or three years, measurements of individual photonuclear re- 
actions have shown that the shape of cross section versus energy curves is strongly 
peaked. It was suggested by Waffler and Hirzel (28) in 1948 that competing 
reactions might account for the turning over of at least the Cu®(y, ”)Cu® 
cross-sectional curve. However, since that time experimental evidence has 
shown that competing reactions cannot account for the shape of many of 
the photonuclear reactions. Another explanation for the shape of the cross- 
sectional curves is that the cross section for the absorption of photons is a reso- 
nance phenomenon. This absorption cross section, as measured in this experiment 
and shown in Fig. 6, is similar in shape to (y, 7), (vy, p), etc. cross-sectional 
curves. The following considerations leave no doubt that the shape of the 
absorption cross section, at least in carbon, is similar to a resonance curve. 
Let us assume that the total nuclear absorption cross section does not fall off 
as does the sum of the (y, ”) and (y, ) cross-section curves, shown by curve A 
in Fig. 8, but either increases steadily above the peak position, curve B, or else 
flattens off, curve C. The values of the attenuation factor, calculated on the basis 
of these assumptions for both carbon and sulphur detectors, are compared to 
the experimental values of R in Fig. 9. It is quite obvious that the experimental 
points are in strong disagreement with either curve B or C. On the other hand, 
the experimental points with both detectors go through a maximum value, and 
as far as the over-all shape is concerned, are in good agreement with curves A. 
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Therefore it is quite evident that the turning over of the (y, 2) and (v7, p) 
curves in carbon is caused by a falling off of the absorption cross section above 
21.5 Mev. and cannot be attributed to any competing reactions. 
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Fic. 8. Curve A represents the sum of the (y,) and (y, p) cross-sectional curves in C? 
as a function of photon energy. The assumption is made that the total nuclear absorption 
does not fall off above 21.5 Mev. but increases steadily (curve B) or else flattens off (curve C). 
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Fic. 9. The values of the attenuation factor R for carbon and sulphur detectors are 
calculated on the basis of assumptions A, B, and C shown in Fig. 8, and are compared to the 


experimental results. 


IX, DIFFERENCES IN opy AS MEASURED BY CARBON AND SULPHUR 
DETECTORS 


Let us now consider the difference in oy as measured with carbon and sulphur 
detectors. (See Fig. 6.) The absolute errors in o7y are dependent upon the factors 
which influence the value of R. These factors were discussed in detail in Section 
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IV. The errors in ory can be considered to arise mainly from two sources. The 
first is the probable counting error shown on the experimental points. Secondly, 
in solving for ory, a knowledge of the cross-sectional shape, spectrum, and 
absorption coefficients is needed. 

In the case of carbon detectors, we estimate the average error in ozy to be 
15%. With oxygen and sulphur detectors the corresponding error is 25%. 
These large errors result from the fact that the nuclear effect is a small proportion 
of the measured effect. The two ory curves of Fig. 6, as determined by carbon 
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Fic. 10. The values of apy as measured by carbon and sulphur detectors are shown with 
their estimated maximum errors indicated by cross-hatching. 


and sulphur detectors, have been replotted in Fig. 10 with their maximum 
errors indicated by the cross hatching. The integrated cross sections of the two 
curves as shown in Table IV differ by about 30%. This in itself is in fair agree- 
ment since the error quoted on (y, ”) reactions measured in this laboratory is 
between 15 and 20%. Also, both ory curves peak at about the same energy. 
It is seen, however, that the shapes of the two curves are not in agreement. 
The ory curve determined using sulphur detectors is narrower, and more strongly 
peaked. 

Although there is no particular source of error large enough to explain the 
discrepancies in the two determinations of o7y, it might conceivably be that the 
sum of all the possible errors inherent in this experiment is sufficient to explain 
the differences. However, we feel that this difference in shape is real and not 
‘caused by the errors inherent in the experiment. Adopting this point of view, 
we conclude that the differences in o7y as determined by carbon, oxygen, and 
sulphur detectors must be attributed to the response characteristics of the 
different detector reactions. A discussion of this effect will now be given. 
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X. DISCUSSION OF DIFFERENCES IN o7y BASED ON DETECTOR SENSITIVITY 
(A) Presence of Nuclear Absorption Levels in C}* 

Recent work done in this laboratory (12, 13) has shown that there are sharp 
breaks in the oxygen and carbon activation curves. The relationship between 
these breaks and the absorption mechanism is however not known. It is thought 
likely that these breaks may be attributed to the presence of strong absorption 
levels in the initial nuclei. The following discussion is speculative since only 
preliminary measurements have been made on these activation breaks. However, 
it is felt that these breaks are real since they have been checked repeatedly. 
It is further thought that the change in slope at a break is proportional to the 
absolute strength of the level. In addition, since the breaks are sharply defined, 
the levels are considered to be narrow. The relative strengths and the preliminary 
positions of the levels in C!” are given in Table VI. 


TABLE VI 
SHARP BREAKS IN THE C!2(y, 2)C"™ ACTIVATION CURVES 


Energy position (Mev.) Relative strength 


18.71 
19.35 
19.68 
20.06 
20.47 
20.74 
21.37 
22.52 é 


20 
.O7 
54 
.10 
.39 
.29 
.93 
18 


Nee eKe OCS 


nw 


(B) Nuclear Absorption Occurring Only in Sharp Discrete Levels 


The assumption is now made that all the nuclear absorption up to about 2: 
Mev. occurs in these discrete energy levels. For the purposes of this discussion, 
the levels are assumed to be rectangular in shape, the relative heights proportion- 
al to the change in slope at the break and 0.1 Mev. wide. Since all the nuclear 
absorption is assumed to occur only in these levels, the area under these levels 
must be made equal to the area under the sum of the smooth (y, ) and (vy, p) 
cross-sectional curves in C!? up to 23 Mev. In this manner the absolute cross 
section values in the different levels can be assigned. On the basis of the nuclear 
absorption occurring in the carbon absorber in such discrete levels, the value of 
R using carbon detectors has been calculated. It must be remembered that the 
response characteristics of the C!*(y, 2)C!! reaction must now also be changed. 
This is done by assuming that the (y, 7) cross section is composed of the same 
type of levels at the same energies. However, the area under these latter levels 
must be made equal to the area under only the (y, ”) smooth cross-sectional 
curve up to 23 Mev. From Fig. 11 it is seen that the values of R are much larger 
than those calculated before on the basis of smooth absorption, and hence 
considerably greater than the experimental points. The reason R is so much 
larger is that the very photons which are strongly attenuated in the carbon 
absorber are the only ones which activate the rear detector. The nuclear absorp- 
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tion in these levels is now considerably larger than on the basis of smooth 
absorption, since although the same integrated absorption is present, it is now 
confined to a relatively few sharp peaks. It is quite evident that the nuclear 
absorption in carbon does not occur only in a few narrow, discrete levels as 
suggested by the breaks in the activation curve. 


oS 2 2 2 am 264 
MAXIMUM BETATRON ENERGY (MEV) 


Fic. 11. The solid line represents the calculated values of R for carbon detectors, based 
on the assumption that the nuclear absorption occurs in discrete energy levels. The dashed 
line indicates the values of R when only electronic absorption is included. 


(C) Nuclear Absorption Occurring in Sharp, Discrete Levels Modified to Include 


Some Continuous Absorption 

(C,) Oxygen Detector Results 

The experimental values of R and of o7y obtained using oxygen detectors are 
too low. (See Figs. 5 (C) and 6.) Thus it must be concluded that the detector 
does not see all of the nuclear attenuation. Preliminary experiments have shown 
discontinuities in the O!*(y, 2)O" activation curve which may be interpreted 
in terms of level structure. If absorption took place only in sharp levels, both in 
oxygen and carbon, no nuclear effect would be observed unless by chance certain 
levels coincided. The fact that there is some measured nuclear attenuation 
points strongly to a continuous absorption. But continuous absorption sufficient 
to explain the sum of the observed (y, 7) and (y, p) results in carbon would lead 
to values of ory larger than we observe. Thus we are led to the conclusion that 
nuclear absorption takes place partly in a continuum and partly in discrete 
levels for both the oxygen detector and carbon absorber. 


(C2) Sulphur Detector Results 

If nuclear absorption levels are real it is not surprising that they are found in 
. light elements like carbon and oxygen. However, sulphur is a heavier element 
and for sulphur the absorption levels would be expected to be closer together or 
perhaps overlapping. Some preliminary detailed investigations have been made 
on both the S*?(y, d)P*° and S*?(y, 7)S*! activation curves. The results however 
are not accurate enough yet to decide whether sharp breaks occur or not. At 
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energies close to the threshold energies there is some indication of breaks. At 
higher energies there is considerable doubt whether or not breaks are present. 

At this time it seems probable that the S**(y, d)P*° cross-sectional curve can 
best be represented by the smooth cross-sectional curve as determined in this 
laboratory. In Fig. 6, the value of o7y as a function of energy was calculated on 
the basis of a smooth (y, d) cross-sectional curve for the detector reaction and 
is found to agree reasonably with the sum of the C!?(y, 2)C™ and C!?(y, p)B"™ 
cross-sectional curves. (See Section VI.) The experimentally determined values 
of R (Fig. 5(B)) are in reasonable agreement with the values of R calculated on 
the assumption of continuous absorption in carbon although they are somewhat 
low at energies close to the nuclear absorption threshold in carbon. These low 
values could be explained by the assumption that there is some discontinuous 
absorption in the sulphur (vy, d) reaction in the energy region concerned and that 
absorption peaks in sulphur and carbon do not coincide. Thus the sulphur 
detector results may be said to be in agreement with the absorption mechanism 
suggested to explain the oxygen detector results, that is a combination of discrete 
and continuous nuclear absorption. 


(C3) Carbon Detector Results 

The results obtained with carbon detectors, like those using oxygen detectors, 
are too low. Again we must conclude that for some reason the carbon detectors 
do not measure all the nuclear attenuation occurring in the absorber. Certainly 
since the (y, 2) reaction in C!? is the means of measuring the attenuation, this 
reaction must detect all the nuclear attenuation in the absorber which can be 
attributed to (y, 2) processes in C!*. One way in which the carbon results might 
be explained would be to assume that absorption maxima also occur in the 
C!2(y, p)B" reaction and that the detector reaction C!*(y, 2)C" is not sensitive to 
photons with energies corresponding to these maxima. This assumption is not in 
accordance with any present theories of photonuclear reactions and must be 
tested by more sensitive means. Further work is contemplated in measuring 
the total nuclear absorption in other elements which is expected to yield informa- 
tion concerning the absorption mechanism. 

XI. SHAPE OF THE C*(y, 2)C'"' CROSS-SECTIONAL CURVE 

One further argument can be made to strengthen our belief that there is some 
absorption continuum as well as absorption peaks. The relative carbon activation 
curve for the C!?(y, 2)C!! reaction which was investigated in great detail, to 
determine the absorption levels, has been analyzed by the method previously 
mentioned (16) using 0.1 Mev. energy intervals, instead of the customary 
0.5 Mev. intervals. The cross-sectional curve obtained is reproduced in Fig. 12. 
The absolute cross-sectional values were obtained by normalizing the area under 
the relative cross-sectional curve to the integrated cross section for the smooth 
(y, ) curve. The straight-lined activation curve can also be fitted by slightly 
different cross-sectional values, but in each case the resulting cross-sectional 
curve has the same general characteristics. These characteristics are a contin- 
uous absorption on which is superimposed several absorption peaks. 
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FIG. 12. The cross-sectional curve determined from the straight-lined C!2(y, )C™ 
activation curve is plotted as a function of photon energy. 


XII. CONCLUSIONS 


From consideration of the experimental results we have drawn the following 
conclusions. 

(1) The cross-sectional curve for the absorption of high energy photons in 
carbon has a resonance shape. This curve is very similar in shape to (y, 7), 
(y, p), etc. cross-sectional curves. 

(2) Nuclear scattering of gamma rays makes no important contribution to 
the total nuclear absorption in carbon for energies up to 25 Mev. 

(3) The total integrated nuclear cross section in carbon is considerably less 
than predicted. 

(4) Nuclear absorption in carbon does not take place solely in a few narrow 
discrete energy levels. 

(5) The results of this experiment indicate that the absorption mechanism 
may best be represented by assuming a combination of a nuclear absorption 
continuum on which is superimposed absorption peaks. 

(6) The observed electronic absorption coefficients in carbon between 12 and 
20 Mev. are about 1.3% lower than the theoretical predicted values. 
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FORBIDDEN TRANSITIONS IN DIATOMIC MOLECULES 


Il. NEW ‘37 <—‘*S; AND ‘A, —*2; ABSORPTION BANDS OF THE OXYGEN 
MOLECULE! 


By G. HERZBERG 


ABSTRACT 


Two new forbidden transitions of the O. molecule have been found. They give 
rise to very faint absorption bands overlapping the much stronger forbidden 
8Yi<— ZZ bands previously described. The upper states are identified as 
'Y, and 3A, respectively, both of which arise from the same electron configuration 
as the known states *2{ and *2y. For the 'Zz state the following vibrational 
and rotational constants have been determined: T. = 36678.91, we = 650.49, 
wWeXe = 17.036, weve = — 0.1056, were = — 0.00741, Be = 0.8261, ae = 0.0205s, 
ye = — 0.00083, cm.~', re = 1.597 X 10-8 cm. The constants are based on the 
assumption of a certain vibrational numbering which may have to be revised 
(increased). For the *A, state the data are quite fragmentary and only two 
rotational constants, B; = 0.8177, Bs = 0.7915, and one vibrational quantum, 
AG(53) = 611.15, have been determined. The bands of the *A, — *2g system 
are very Close to those of the *2 — E> system and represent in all probability 
the analogue in free O» of the diffuse triplet bands of Wulf, Finkelnburg, and 
Steiner ascribed to Oy. The positions of the new 'Zz and *A, states agree closely 
with those predicted by Moffitt. Almost half, of the unidentified features of the 
spectrum of the nightglow agree within 5A with the predicted positions of 


emission bands of the '2y7 — *Z> system. 


A. INTRODUCTION 


In paper II of this series (9) an analysis was presented of the *Z, — *Z, 


bands of oxygen based on absorption spectra of very high resolution which were 
obtained with absorbing paths up to 800 m. With such absorbing paths the 


8S, — *Y, bands appear with considerable intensity. In addition on the same 
plates two extremely weak new band systems occur which represent 'Z, < #2, 
and *A,< *3, transitions. These band systems form the subject of the present 
paper. The data for the second system, *A,- *Z,, are quite fragmentary and 
much greater path lengths would be required if one wanted to obtain an adequate 
analysis of this system. 

Apart from supplying information about two new electronic states of the 
O» molecule, the new band systems appear to be of importance for an interpreta- 
tion of the spectrum of the light of the night sky (nightglow). As is well known 
(13) the *3y — 8Y, bands occur prominently in the spectrum of the nightglow. 
It seems probable that band systems with upper states so close to that of the 
8, state will also appear. It is for this reason as well as a better understanding 


of the structure of the O, molecule that the present investigation was undertaken. 


B. EXPERIMENTAL 


The experimental details of the observation of the new bands have already 
been described in paper II. The new bands were observed only on the spectro- 
grams with the longest path lengths. Even then they are quite weak and 
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difficult to measure. For greater ease of measurement the original plates were 
enlarged using plates of high contrast (Eastman Kodak IV-O). Fig. 1 shows two of 
the bands of the '2, <— *Z, system and Fig. 2 shows one of the bands of the 
3A, 8, system. The faintness of the bands entails a greater than normal 
average error of the measurements, viz. about + 0.1 cm.~! for unblended lines 
and appreciably higher for blended lines. Because of the long exposure times 
there were displacements of the order of 0.1 cm.~! between the iron arc compari- 
son spectrum (taken at the beginning of the exposure) and the oxygen spectrum. 
The present measurements were corrected in such a way that any residual 
shift is the same as for the *5; <— *2, bands given in II. 
C. THE !33<—*=- BANDS 
The absorption bands at 2714.5, 2672.3, 2634.0, 2599.2, 2568.0, and 2540.0A, 
as shown by the two examples of Fig. 1, consist each of four branches, two 
R-form and two P-form branches. Except for the much larger difference B’ — B”’, 
the structure of the new bands appears to be entirely similar to that of the red 
atmospheric oxygen bands which represent a z — 82, transition. This is 
borne out by the more detailed analysis: The two R and the two P branches are 
separated by the same wave number difference as the corresponding branches of 
the ‘‘atmospheric’’ bands, i.e., the differences F2 — F,; and F, — Fy; of the *3, 
ground state of the O» molecule. 
TABLE I 
WAVE NUMBERS OF THE OBSERVED LINES IN THE !2y ¢—°2@ SYSTEM OF Oz 


6-0 band, vo = 39357.8; 


Pp | PO RR 3, 


39344.59* | 39346. | 39353 39355. 
327.94 | 329.{ | 342. | 344. 
305.01 | 306 .{ 324 326. 
275.84 | 277. 301 | 302. 
240.48 | 242. | 270. - 272. 
198.49 200. 233 | 236. 
150.82 | 193. 

| 142.4 


NOG 


fmt fd ed fp 
NI CIO © 


035. 83 


5-0 band, vo = 38929.7, 


FO 





38926.29* | 38931 | 38932.94 
916.55 | 38918. 65 926 | 928.17 
900. 52* | 902.33 915. 917.38 
878.04* 880.07 898.7 900. 52* 
849 .53* 851.76 875 878.04* 
815.63 817.56 | 847 849. 53* 
775.34 777. 23* 812. 814.35 
729 .08* 730.82 rire © 773.59 
676 .56* 678.54 724.13? 726. 43* 
618.28 671.4: 673.48 
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TABLE I (concluded) 
4-0 band, vo = 38461.3o 















K | Pp | =O | RR | *0 

1 38458.42* |  38460.32* |  38462.50*? | 38464.35*? 
3 448.33* | 450.31* 458.42* | 460 .32* 
5 432.65*? | 434.81*? | 448.33* | 450.31* 
7 } 410.80" | 412.77* 432.65*? | 434.81* 
9 383.41* 385 .30* 410.80* | 412.77* 
11 350. 11* 351.92* | 383.41* | 385. 30* 
13 311.34* 313.00* | 350.11*? | 351.92* 
15 266.61 268.16* | 311.34* | 313.00* 
17 216.10 217.90 | 265.83 | 268. 16* 








| 





3-0 band, ve = 37954.11 































K Pp PO RR XO 

1 | $7951.64"? | | $7957.38? 
3 941.34 37943.93* | 37951.64* | 953.75 
5 925.79 927 .83 942.19 943. 93* 
7 t + 937:23 | 929.14 
9 t t T 

11 846.20 848 .39* 879.97* | 882.28* 
13 808.51 810.62* | 848.39* | 850.42 
15 810.62* | 813.07 
17 716.29 | 


19 | 663. 





2-0 band, ve = 37409.5; my 












Pp PO RR “0 







































1 | 37406.51 | 37413. 22? 
3 396.92 37398 . 83* 37407. 61 409.58 
5 381.80 384.36* | 398.83* | 400 . 67 
7 361.42 | 363.29 | 384.36* | 386.33 
9 335.53 337.50 | 364.76 366.73 
11 304.36 — | 306.36 | 339.71 341.69 
13 267.89 269.69 309 . 23 311.18 
15, 273.37 | 275.49 
1-0 band, vo = 36828.7; 
K Pp re RR “6 













1 | 36830. 40? 

3 36816.01? 827.32? 36828 . 97 
5 | 801.54 |  36803.34 819.05 

7 781.74 783.52 805.41 807 .31 
9 756.45 758.29 786.43 788 . 60 
11 726.34? | 728.51? =| 762.58 764.59 
13 690.76 692.62 733.14 735.54 
15 649.92 651.83 699.15 701.27 
17 | 604.22 606.11 659.54 661.59 





*4n asterisk indicates blended lines assigned to two or more branches. (The overlapping branches 
may also be in the *2%<— Zz system.) 

? A question mark indicates a doubtful assignment. 

+ Theselines have not been measured because of overlapping by strong lines of the 3-0 *2—*Zy band. 
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In Table I are listed the wave numbers of the lines of all the measured bands 
of this band system. The designation of the branches, “R, “Q, ’P, ’Q, is explained 
in Fig. 3. This figure is identical with the corresponding figure for the atmos- 


J=K 


- O 1 
an See 
Pp 


FQ 
Smit 
01 123 234 345 456d 
1 2 3 4 5 K 


Fic. 3. Branches of a '2y — *2@ transition. 
The rotational levels that are missing in Oz are indicated by broken circles. The 
corresponding transitions are not shown. 


pheric oxygen bands (see (8), p. 278) except that here the upper state is 'Z, 
instead of we. i.e., in the upper state the even rotational levels (the only ones 
that occur) are “‘negative’’ rather than “‘positive’’. As is well known, the atmos- 
pheric oxygen bands are due to magnetic dipole radiation while the new bands 
are here assumed to be due to electric dipole radiation. For the former only states 
of the same parity (+ , — ) combine, while for the latter only states of opposite 
parity combine. On the basis of the band structure alone it is impossible to 
distinguish a 'Z, — *2, from a ', — *2, band. However, as explained in 
section E, the electron configuration of the Os molecule decides in favor of 
iF, — *2,. 

It can easily be checked that the combination differences A2.F’’(K) = R(K — 1) 
— P(K + 1) of the new bands agree within the accuracy of the present 
measurements with the much more precise combination differences of the 
atmospheric oxygen bands. The combination differences A.F’(K) = R(K) — P(K) 
yield provisional values for the rotational constants of the upper state. 
Somewhat more precise values were obtained by evaluating the combination 
sums R(K) + P(A) and making use of the accurately known constants of the 
ground state (Babcock and L. Herzberg (1)). One has 
[1] R(K) + P(K) = 2% + (2B’ — 4D’) + 2(B’ — B” — 6D’)K(K + 1) 

— 2(D’ — D”)K?(K + 1)?. 


Thus, plotting the observed combination sums against K(K + 1) one obtains 
from the initial slope a value of B’ — B”, from the deviation from a straight 
line a value of D’ — D”, and from the intercept on the ordinate axis a value of vp. 
In order to make full use of all measured lines the known values of F.(K) — F\(K) 
and F:(K) — F;(K) for the lower state, as listed in II, were subtracted 
from the wave numbers of the “Q and “”@Q lines respectively, yielding additional 
“observed” values of “R(K) and ’P(K) which were averaged with the directly 
observed values for the determination of the constants according to [1]. 

In Table II the constants of the individual vibrational levels of the 'Z, state 
obtained in this way are listed. Because of the weakness of the bands these 
constants are less precise than those of the 8S), state given in IT. In particular, 
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TABLE II 


BAND ORIGINS OF THE 'DZ<—*2G BANDS AND VIBRATIONAL AND ROTATIONAL CONSTANTS OF 
THE UPPER, '2y, STATE 











ABy 








36828 .7; 7935 10.5 K 10~* 











580. 8o 0.024, 

2 | 37409.5; 0.769: 9. 2 2616 
544. 5s 0.025; 

3 37954. 1, 0.744 (9.5 X 107® assumed) 
507 . lo 0 027; 

4 38461 . 3, 0.7167 (9.5 X& 107-® assumed) 
468. 4, 0.0285 

5 | 38929.7, 0.6882 9.5 X 10- 
428. 1, 0.0309 

6 39357 . 8. 0.6573 (9.5 & 1076 assumed) 

















the D, values of only three bands could be determined directly, with an accuracy 
of perhaps 10%; for the other bands D, was assumed to be the same as for 





the 5—0 band which was considered to give the most reliable value. 

It is impossible to determine the vibrational numbering of the bands since 
the observed progression fades out at the longward end. Judging from the 
behavior of the *2; — *2, bands one would expect several more bands at the 
longward end if longer paths were available. For the sake of definiteness it is 
assumed here that the first measured band is 1-0, realizing that the numbering 
may have to be shifted by several units. On the basis of this assumed numbering 









one finds the following constants! 
T, = 36678.9;, ww, = 650.49, wx, = 17.036, wey. = — 0.105¢, 
@ 2. = — 0.00744, B, = 0.826;, a, = 0.0205;, vy. = — 0.000835 cm—'. 















From B, one obtains for the equilibrium internuclear distance in the 'd, state 
r, = 1.597 X 10-5 cm. If the vibrational numbering were increased, 7, would 





be somewhat smaller. 

A fairly short extrapolation of the vibrational levels leads to a convergence 
limit at 41070 cm~'. The agreement of this value, within the uncertainty of the 
extrapolation, with the more accurate value 41219 cm.~! obtained from the 








8>,, — *Z, system leaves no doubt that the 'Z, state dissociates into normal 
. 9 eS - 
(°P) oxygen atoms like the *Z, state. It may be noted that the AG(v + 3) 





; ee ; ont 
and B, values of the 'Z, state are appreciably smaller than those of the *, 






state at the same energy. 








D. THE *A, —337 BANDS 





As mentioned before, the analysis of the *A, <— *Z, bands is quite fragmentary. 
Wulf (14) and Finkelnburg and Steiner (6) have observed a progression of diffuse 
absorption bands in oxygen at high pressure which almost coincide with the 
35, — *Z, bands. Each of these diffuse bands has three peaks. Their intensity 
varies with the square of the pressure indicating that they are due to a loosely 
bound (Oz)»2 molecule. In Fig. 26 one of these bands is shown as it appears under 









1For definitions of these constants see Herzberg (8). 
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Fic, 4. Energy level diagram for a 4A, — *2@ transition. 
The antisymmetric levels which are missing in O2 are indicated by broken lines. 
Only one line of each branch (for K = 5) is shown. 
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high dispersion at a pressure of 8 atm. Finkelnburg and Steiner (6) have inter- 
preted these bands as due to a *A< *Z transition, that is, have assumed that 
the three diffuse peaks of each band are due to the triplet structure of the upper 
8A state. Later, however, Finkelnburg (5) rejected this interpretation of the 
triplet structure in favor of one using vibrational levels of (Oz)2. At a lower 
pressure and correspondingly longer path, as shown in Fig. 2a, the Wulf bands 
are overlapped by a fine structure which is different both from that of the 
35, — 8E, and the 'Z, <— *) bands. This fine structure is here ascribed to a 
3A,,<— 82, transition and this is assumed to be the transition in free O2 to which 
the Wulf bands in (Oz). correspond. 

The structure of each of these new O2 bands is rather complicated and on 
account of their faintness the branches are incomplete and therefore difficult 
to find. However, a number of fragments of branches have been found in two 
of the bands (see Fig. 2a). The branches can be most easily understood on the 
assumption that the upper state is *A,, an assumption that is also supported 
by the electron configuration (see section E). 

In Fig. 4 an energy level diagram for a *A, — *, transition is given which 
shows all the possible branches. Actually a *II,, — *2, transition would be entirely 
similar except for the missing lines at the beginning of the branches. Because 
of the faintness of the bands the number of missing lines near the band origin 
cannot be uniquely established. At present a decision can only be made on the 
basis of the electron configuration (see below) which definitely favors *A, — *Z,. 

Table III gives the fragments of branches of two of the #A, *Z, bands. 
The observation of Q- and S-form branches in addition to R- and P-form 
branches establishes the presence of rotational levels with both odd and even J in 
the upper state, that is, A must be different from zero in the upper state. In 
the “best”? band with center at about 2590A only two of the three subbands 
have been partially analyzed, in the second band only one. 

The vibrational numbering of the *A, <— *2, bands is quite uncertain. Some- 
what arbitrarily we assume that the first diffuse band observed by Herman 
(7) at 2913A is the 0-0 band of this system. This makes the two bands here 
discussed the 6-0 and 5-0 bands. It may be noted that these two bands lie close 
to the 4-0 and 3-0 bands of the #2, <— 3y, system in the numbering adopted 
in II. It is quite possible that in either system the numbering will have to be 
increased by one or more units. Since the diffuse ultraviolet (O2)2 bands have 
been observed almost up to the dissociation limit at 41219 cm.—'! by Finkelnburg 
and Steiner (6), there is no question that the *A, state like 1S, and *3, dissociates 
into normal *P atoms. 

From the combination differences, combination sums, and Q branches the 
following average band constants have been determined: 

6-0 band: ») = 38768.7, cm.—!, Be = 0.797; cm.~! 
vo?) = 38622.8, B,; = 0.791; 
5-0 band: v9 = 38157.6; B,; = 0.823; 


where “ and © refer to the most shortward and the central subband respec- 
tively (*A; and *A_ respectively). Only one vibrational quantum can be obtained, 
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TABLE III 
WAVE NUMBERS OF THE OBSERVED LINES IN THE *A,<—'2> SYSTEM OF O: 





6-0 band, (vo(8) = 38768.79, vol?) = 38622.8,) 


Sku | *Qu | Qn = | PP ar + PRs 





| 

| 

| 
| 38772 
.23* | 769. 38761.09* |  38763.09 
'37* | 761. 751.53 
761.94 747. 734.98 
570 | 729. 711.63 | 713.85 
5 43* 705. 684.27 686.19 
‘27 676.56 652.85 654.15 
13 | 642. 615.15* 617.06 
633.25 | 603.4: 572.55 574.80 


| 





®R» | 2 °Qe0 | °Po1 + Ras 





| 
38624.79 ? | 38626.03*? | 
621.49 623.46 | 38615.15* | 38617.06 
| 603. 45+ 605.52 

586.75 588.70 


612.81* 615.15* 


599. 62* | 601.29 
580.32 | 582.46 564.64 566.93 
556.40 | 558. 41 537.46 
a, 504.75 ? 507.09 ? 
| 
| 


| | 
| 


5-0 band, = (vo(%) = 38157.63) 








@Ps, + °R;; | 
- = 


xO 31 ”O 33 


38159.56 

156.71 | 38150. 27 

38160.61 | 149.03 | 139.18 
151.33 136.46 | 123.16 
137.77 118.90 | 102.30 
117.81 096.25 | 076.56 
093.39 | 068 . 84 | 045.93 
036.49 | 010.09 

37999 .04 


38145 .53 
131.00 
111.65 
087 .22 
058 . 23 


AG(54) = 611.1. cm. The slight difference of Bg in the two subbands, i.e., in 
two of the components of the *A state, appears to be real. The sign of this differ- 
ence is as expected for a normal °A state, and its magnitude is in rough agreement 
with that expected for acase (a) triplet state whose splitting between central and 
shortward component is 145.9 cm—!. Incidentally, this splitting may be compared 
with the values 136 and 119 cm.~! which Finkelnburg (5) gives as the separations 
of the shortward and central and of the central and longward peaks of the 
(Os)2 bands. The B, values of the central components would be expected to 
represent good approximations to the true B, values. Assuming that the differ- 
ence B;“® — B; is the same as Be“ — Be’ we have 


B; = 0.817;, Bes = 0.791; cm. 
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E. DISCUSSION AND CONCLUSION 


By the observations described above two new electronic states of the Oz 
molecule have been established, both of which dissociate into normal (*P) O 
atoms. The observed band structure of the first system is compatible with 
either a 12, or 'Z) upper state, while that of the second system is compatible 
with either *A, or *II, or possibly *A, or *II,. The possibility *A, is immediately 
eliminated since *A, cannot arise from normal atoms. However, all the other 
states ('Z,, '2,, °A,, *I,, *I,) can arise from normal atoms. 

It is well known that the lowest electron configuration of the O2 molecule is 


[2] (K)(K) (o42s)?(o,2s)?(o,2p)?(mu2p)*(ae2p)? 

which gives rise to the three known low lying states X*Z, (ground state), 
b>}, and a'A,. The first excited electron configuration is 

[3] (K) (K) (42s)? (0,25)? (og2p)?(4,2p)*(4,2p)$ 

which gives rise to the states 


+ = + _ 
Is is 1 35° 3s 3 
“us “us An, “us Sus Ay. 


: aot + ; P 
Of these six states two, *2, and *2,, are accounted for as the upper states of the 
Schumann—Runge bands and of ‘the near ultraviolet bands discussed in I]. 
If the upper states of the two new band systems belong to this electron configura- 
tion, they can only be 'Z, and *A, respectively, and thus these upper states 
would be uniquely identified. However, if the two new states belong to a con- 
- e “4 a ae 4 . yh 
figuration different from [3] they may yet be 'Z, or *II,, *I, respectively. The 
e . a ° 
lowest electron configuration that could give a 'Z, state (other than [2]) is 
[4] (K) (K) (042s)?(o,2s)?(o2p)?(au2p)?(we2p)* 
which would have about twice the energy of [3] and is therefore clearly excluded, 


that is, the upper state of the first new system is definitely !2,. 
The lowest configuration that could give *II, is 


[5] (K) (K) (42s)?(0,2s)?(o,2p)?(mu2p)*(a2p) (ou2p), 
while the lowest configuration that could give *II, is 

[6] (K) (K) (a,2s)?(o,2s)?(og2p) (wy2p)*(a,2p)? 

or 

[7] (K)(K) (o42s)?(0,25)?(o,2p)?(a,2p)* (a 2p)?(o,2p). 


All three of these configurations would be expected to have a higher energy 
than [3] although [5] and [6] might not be much higher. Since the upper state 
of the first new system has just been shown to belong to [3] it appears unlikely 
that that of the second system which is so close to the first should belong to a 
different electron configuration of higher energy. Thus the upper state of the 
second band system is very probably *A, of [3]. 

Further confirmation of the correctness of this identification is supplied by 
the calculations of Moffitt (10).! He has predicted by a modified method of 


1Similar calculations by a different and simpler method have recently been carried out by Fumi 
and Parr (unpublished). Their results are closely similar to those of Moffitt. 
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antisymmetrized molecular orbitals the relative positions of the three states 
1p; 


>, *A,, and *, of configuration [3]. He finds that the 'Z, and *A, states are 
“i eat 
separated by less than 0.2 e.v. from the *Z, 


state. In Fig. 5 Morse potential 
E(cm;') 


. 
. 
. 
. 
. 
° 
. 
. 
. 
. 
+ 
. 
© 
. 


ot 
. A 
"Spicaicl*. 4 


3.0 ¢(10°%m.) 
Fic. 5. Potential energy curves of the 32% and 'Z7Z states of On. 

The full-line '2Z curve corresponds to the numbering adopted in the text, the 
broken-line '2Z curve corresponds to a numbering shifted by two units. The dotted curve is 
obtained from the *2; 


~* curve by subtracting Moffitt’s theoretical difference *2*% — '37 


zt — Eq. 
curves of the *2, and !, states are shown as obtained from the observed 
w,, D,, and r, values assuming the numbering adopted here for '2, and that used 
in II for *3,. In addition, as a broken line curve a Morse function is shown 
which corresponds to a shift of two units in the vibrational numbering of the 
15, state. This curve is merely to show the effect of a change in numbering. 
The true numbering may be different from that corresponding to either curve, 
but probably not very different. The dotted curve represents Moffitt’s predicted 


potential curve for 'E, as obtained from his calculated energy difference between 
syt and 12, § “observed” *Z, curv be realized that the “‘ol 
3p, and '2, and the ‘‘observed” *Z, curve. It must be realized that the ‘‘ob- 
served” curves, even apart from the uncertainties of the vibrational numbering, 
: “ = a ‘ 
are only approximate because the AG curves of both 12, and *, states are far 
from linear as would be required for a Morse function. Considering all these 


uncertainties as well as the limitations of the theoretical predictions, the agree- 
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ment between observed and theoretical potential curves of 'E, must be considered 
as quite satisfactory and as lending strong support both to the identification 
of the upper state of the first new band system and to Moffitt’s method of 
calculating molecular energy states. The data for the *A, state are too incomplete 
to draw an “‘‘observed”’ potential curve, but do suggest that the *A, curve is 
slightly below sy in qualitative agreement with Moffitt’s prediction that 
3A, should be about halfway between 337 and !3,. 

The transition 'Z, — *2, is a simple singlet-triplet intercombination. It is 
not forbidden by any other selection rule but AS = 0. It is, therefore, surprising 
that its intensity is so very low. A rough estimate indicates that its intensity is 
less than 1/1000 of that of the atmospheric oxygen bands which represent a 
magnetic dipole singlet-triplet intercombination ('2; — *Z,); in other words, 
the 'Z, — *2, bands of oxygen have only about 10-7 of the intensity of a strong 
electric-dipole singlet—-triplet intercombination. This extremely low transition 
probability appears even more unusual when one considers the fact that the 


3), state of the same configuration to which !Z, belongs combines very strongly 
with the ground state (f = 0.18). The reason for this low intensity of 'Z, — *2, 
may lie in the fact that both states dissociate into normal atoms, that is, do not 
combine with each other for large internuclear distances by electric dipole 
radiation. The *3, state, on the other hand, is of ionic character (Mulliken 
(11)) even though, on account of interaction with another similar state, it 
eventually dissociates into *P + 'D oxygen atoms. Similar arguments apply to 
the explanation of the low intensity of the *A, — 8, transition which is forbid- 
den only by the rule AA = 0, + 1. 

As has been mentioned in the introduction, it appears probable that the 
\S, — 82, bands occur in emission in the spectrum of the nightglow since the 


8S, — *Z, bands with an upper state very close to that of the former are 


TABLE IV 


DESLANDRES TABLE (WAVE LENGTHS IN A) OF THE '2Z — *E7 SYSTEM OF O2 


l 2 3 4 5 6 


3487.6 | 3672.1*| ¢ 
3414.2 3590.8 

3347.8 | 3517.4*| 

3287.8 | 3451.3 
3233.9  3391.9*| 3563.2 
3185.6 3338.8 | 3504.7 
3142.7 3291.7 | 3452.9 


2884.7 3018: 3162.3*| 3318. < 
2834.2 2963 3101.8* 3251. 
2788.3 2912. 3046.9 3191.- 
2746.6 2867 . ¢ 2997 . 1 3136. 
2708.9 2826. 2952.2 3087. 
2674.9 2789: 2911.9 3043. 
2644.6 2756 2876.1 | 3004 


1b 


| 


© ta = 
* 


otsis! 


9 11 w+ se 14 15 


4095. 4339.0 4608.9 4909 3 5245.2 5623.4 6051.8 | 6541.1 
3994. 4225.9 1481.6 4765.0 | 5080.9 | 5434.9 5834.1 6287.5 
3903 . 6 4124.6 1367 .8 4636.7*| 4935.2*| 5268.5 5642.9 6065.9 
3822. 4034.0 4266 .¢ 4522.4* 4806.0*) 5121.6 5474.6 5871.9 
3749. 3953 4176 4421.0 4691.6* 4991.9 | 5326.6 5702.1 
é 
6 


3684 . { 3881 . : 4095 4331.3* 4590.7 4877.8 5196.9 5553 
3627.7*| 3817. 4025. ¢ 4252.4*| 4502.2 4777.9 5083.8 5424 
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prominent in this spectrum. In Table IV the predicted wave lengths of the 
'y,, — *Z, emission bands are given as obtained from the positions of the 
absorption bands and the known vibrational levels of the ground state. It must 
be realized that in emission, bands with low v’ are of importance, and if the 
vibrational numbering has to be shifted appreciably a number of important 
bands would have to be added at the top of Table IV. If one compares with 
the 47 unidentified bands in the list of nightglow radiations given by Déjardin 
(3) one finds coincidences within 5A for the 20 bands marked by an asterisk 
in Table IV. Nine of these coincidences are within 2A or less. Whether these 
coincidences are real, that is, whether or not the 'Z, — *Z, is actually present 
in the spectrum of the nightglow, is difficult to assess with certainty. The 
identified bands lie roughly on a Condon parabola and the gaps in this parabola 
are largely due to the fact that the particular bands coincide with nightglow 
bands already assigned to other band systems. The number of chance coinci- 
dences evaluated according to the method of Russell and Bowen (12) is 13. 
The ratio of observed to calculated coincidences (20/13 = 1.54) is about as large 
as that found by Dufay and Déjardin (4) for the = 8, bands of O» and the 
Vegard—Kaplan bands of No», both of which are fairly generally agreed to be 
present in the nightglow. 

Incidentally the number of observed coincidences (within 5A) is precisely 
the same as for the hypothetical band system specially designed by Barbier (2) 
to explain the unidentified night sky radiation. The reality of this system appears 
doubtful since the only molecule to which it can be ascribed in view of the lower 
state vibrational quanta, viz., CO, cannot have an excited state at the ‘‘observed”’ 


energy, the lowest excited state possible according to the electron configuration 
being the upper *II state of the Cameron bands (see (8)). 
On the whole it would appear that the evidence for the identification of the 


1y, — *Z, bands in the nightglow spectrum is fairly. favorable, but by no means 


unambiguous. 

The identification of the *A, — *Z, bands in the nightglow spectrum will be 
much more difficult even when more complete data on this system become 
available, because these bands are so close to the sy — 83, bands except 
possibly at the lowest v’ values. 
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A CONDUCTING PERMEABLE SPHERE IN THE PRESENCE OF A 
COIL CARRYING AN OSCILLATING CURRENT! 


By James R. Wait? 


ABSTRACT 


The analysis is carried out for the problem of a current-carrying coil in the 
neighborhood of a spherical body whose conductivity and magnetic permeability 
differ from the surroundings. The case is considered in detail where the frequency 
is low enough so that the primary field of the coil can be derived from a 
magnetic scalar potential. The secondary magnetic fields due to the sphere are 
then derived. The ‘in-phase’ and ‘‘quadrature’’ components of the secondary 
field are discussed numerically and illustrated by graphs. The results have 
application to electrical prospecting. 


INTRODUCTION 


The problem of the electromagnetic response of a conducting sphere has been 
studied by many. Debye (1) has considered the case of a plane wave incident 
on a sphere. Other investigators (4) have applied the general theory of Debye 
to special cases. March (2) has developed a formal solution for a nonpermeable 
conducting sphere in a dipolar field. The author (5) has recently considered 
the conducting sphere under the influence of a uniform transient magnetic 
field and its application to geophysical prospecting. 

Another problem of certain interest to workers in electrical prospecting is 
that of a conducting permeable sphere in the vicinity of a solenoidal coil carrying 
an oscillating current at audio-frequencies. The reaction of the sphere as indicated 
by the voltage developed in an associated ‘‘pickup’”’ coil is a means of detecting 
the presence of the sphere. The analysis is carried out in this paper. 


FIELD OF A SOLENOID AT LOW FREQUENCIES 

It is desirable to first consider the normal fields of a solenoidal coil of finite 
length embedded in a homogeneous, isotropic, conducting medium characterized 
by a conductivity o, dielectric constant e, and magnetic permeability y in 
m.k.s. units. The coil is considered to extend from z = A to z = B on the g axis 
of a conventional polar cylindrical coordinate system (p, ¢, 2) with axial sym- 
metry as shown in Fig. 1. The current in the insulated wire of the solenoid is 
I amperes, and varies as e“‘. The cross-sectional area of the solenoid is A and 
its diameter is assumed to be small relative to other dimensions. There are NV 
turns of the wire per meter length. The equivalent magnetic current K flows 
essentially in the direction of the z axis and is related to the current J in the wire 
as follows: 


[1] K = ipwANI. 


1 Manuscript received December 1, 1952. 
Contribution from the Department of Electrical Engineering, University of Toronto, Toronto, 
Ont. Presented at the Toronto Meeting of the Society of Exploration Geophysicists on October 27th, 
1952. 
2 Now with Defence Research Board, Ottawa, Canada. 
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) 


Fic. 1. Schematic representation of a current-carrying solenoidal coil extending from 
A to B, 


The distance from the point of observation P to a point on the solenoid is 
denoted by r. For cases of practical interest the following approximation is 
always valid (6): 


lyr|}K1 


where y is the propagation constant of the medium given by 
: o\3 ° 1 
y = (topo — enw)? = (topw)?. 
For this case the magnetic fields can be derived from a magnetic potential U 
as follows: 
H, 
and 


[3] i, 


where 


[4] U = K (4ripw)—! (717! — 727?) 
and r= [(s —A)?+ p?]?, ro = [(¢ — B)? + p?]}. 


Then at sufficiently low frequencies (less than 500 c.p.s.) in a moderately con- 
ducting medium (less than 0.01 mhos per meter) the fields may be described 
as being due to a magnetic pole or source of magnetic potential at A and an 
identical pole of opposite sense at B. 

When the distances 7; and rz become much greater than the length of the 
solenoid the potential U is given by 
51 pwKB=A)p 


= Wiper” 


where 7) = 71; = ro. The solenoid is then equivalent to a magnetic dipole. 
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“~ 


Since for certain electrical prospecting techniques in bore holes the length of 
the solenoid is comparable to other significant dimensions, it is not permissible 
to represent the solenoid as a magnetic dipole generally. 
RESPONSE OF THE CONDUCTING SPHERE 

The calculation of the response of a conducting sphere in the presence of a 
solenoid is then equivalent to the calculation of the response of the sphere in 
the presence of two time-varying magnetic poles. It must be remembered 
however that this equivalence is only valid for low frequencies and for a modera- 
tely poorly conducting surrounding medium. There is no restriction, however, 
on the electrical properties of the sphere. 

A magnetic pole is situated at z = / on the polar axis of a spherical coordinate 
system as shown in Fig. 2. A spherical zone of radius 6 with electrical conduc- 


Fic. 2. The solenoidal coil situated in the presence of a conducting permeable sphere. 


tivity o; and magnetic permeability mw: is situated with center at the origin. 
The external medium has electrical properties o and yw. Again all displacement 
currents are considered negligible. 

It is quite evident from the obvious polar symmetry that the resulting electric 
field is only in the ¢ direction. For this case the fields can be represented every- 
where in terms of the scalar stream function (3) as follows: 


oe 
[6] igo 


PE is (quwr” sin 0) 26 sin 6 = , 


10°y 
a 


= (ipwr) Bar’ 
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and E, = H, = E, = 0, 


where the function y satisfies the equation 


2 d°y ( ; =4 $4 
9 ; Ss ey =" . 
[9] vw? amen il 


A subscript 1 can be added to the quantities to indicate that they should pertain 
to the interior of the sphere. 

Solutions of the above equation are well known from the theory of Bessel 
functions and are written as follows: 


[10] ‘a I, (Yr) 


Eas P., (cos 8), 


2 


where L,(yr) = (ryr 2)3 In44 (7) 
and K, (yr) = (2yr/m)! Knsy (v7). 


The direct primary field at some point P in the external medium at a radial 
distance R from the pole is given by 


[11] ' Uy = K/4ripwR 

where K is the magnetic current flowing from the pole. The factor R~! can be 
expanded in a series of Legendre Polynomials with reference to the coordinate 
system as shown in Fig. 2 so that 


[12] Uy = K(Amipwl)' > (r/1)"P, (cos 8) 


n=1 
for r < I. 
Now the primary stream function Yo is related to this magnetic potential as 


follows: 


[13] Uo = (ipw) oye 


The function ¥» corresponding to the primary influence of the pole is given by 


[14] vo= —(K ‘e)® (r/l)"** (nm + 1)7'P, (cos 8) . 


n=1 


The resultant stream functions y and Wj, respectively, outside and inside the 
sphere can then be written as follows: 


Ki (yr) 


[15] — > a - |Patcos 0) 


1 
and 


[16] 


° 1 
where = (10,1)? 
and (iouw)?. 


Since |yr| and |yb) are much less than unity, the following equality is valid: 
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Kn(yr) ey 
Ki (yb) ' 
and this can be substituted into equation [15]. 
The boundary conditions require that the tangential electric and magnetic 


fields are continuous at r = 6. This in turn requires the continuity of y and 


1 oy 
top or ** r = b. This leads to two equations for the determination of the 
be 
constants A, and B,. The expressions for the stream function y and the potential 
U outside the sphere are found to be given by 

K co R, fot 
18 = ow Panne sapere (cost 
[ ] y Wo + 40 2y n 4 1 Vide af ) 


and 

: 3 K ¥ 1 Rede ; 
[19] U=U)+ fae a R, pert nad P,, (cos 6) 
where 
(20) R, = — Mt Metn(a) — wa (Otn(a)/ da) 

. nuit, (a) + pa (Af, (a) da) 
and where 
a= 71d. 


When b// or 6/r is reasonably less than unity the series converges very rapidly. 
When b/r or b// is « 1 only the first term is significant so that 


: S KR,b‘cos 6 
9 — sR a ea ee 
[21] U= Uo 8 ripwr l” 
where 
2uili(a) — a(dfi(@) /da)y 
waili(a) + a(Ofi (a) /da)p 


The magnetic fields outside the sphere are then given by 


[22] Ri = - 


[23] H, = Hy, + AA OT ( 0% 


Smipwlr?\ r* 


9 = & a er sae peremcsiens : z — 
[24] H, = Ho, + 8 ripwl” ( ; 


where p = (x? + y?)), 


This is the same solution (5) as the sphere in a uniform applied field 
Ay = K/4mipwi* in the z direction where Hy is the primary field as calculated 
at the center of the sphere. 

This can easily be extended to the case where the magnetic current element 
is finite of length ZL. The ends of the element are a distance / and /' from the 
center of the sphere and they subtend an angle 6 at the center of the sphere. 
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Two coordinate systems x, y, z and x’, y’, 2’ are chosen with their x axes coinci- 
dent but rotated through an angle 6 about the x axis. This is shown in Fig. 2. 

The total magnetic fields for r > 6 can be written in the following form as 
referred to the x, y, 2 system: 


vr ye 
:= 4 nt ae 
oy 


_ aU , au’ 


Ox ax’ 


sere + = os 6 + ee, sin 6, 


where 
pt 1 


i 1 $ 
[28a] U= ~ + dX oo n jirL wr P,, (cos 0 | 


and 


K 1 = n ee | 
2 ’ 2 ena Ss 
[285] U 7 R - » a iR "Ty —<iP, (cos 6’) 


which is valid when terms of order lyr are < 1 but has no restriction on the 
conductivity o:, inside the sphere. The factor R, is given by equation [20]. 

When the length of the coil Z is much less than distances / and I’ the coil can 
be approximated by a magnetic dipole. It is convenient now to introduce 


P (Xe Yo Ze) 


Yo 


Fic. 3. Magnetic dipole or small current-carrying loop situated outside the sphere. 


another coordinate system centered at the sphere as shown in Fig. 3. The 
magnetic dipole axis or coil axis is taken for convenience to be parallel to the 
Zo axis and the coil is situated at x» = — x1, yo = 0,and z% = —2;. To simplify 
matters further it is assumed that }6// or b/R is much less than one so that only 
the first term in the expansion is significant. The fields can be then written as 
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[29] H,, = Hu, +> i} ae P24 Fh 


4r 0 To 


[30] oe = Ay, + he ro ro Bye | ’ 


[31] H,, = He. += eis cae = 4, 


4a To 


where 
_ JA3zpib'Ri 
Sar, 
32 
“ y= — Ab R30: _ 1) 


= 3 3 
8 ry r 


’ 


and J is the total circulating current in the coil or loop and is given by 
J = NIL. 


RESULTS OF COMPUTATIONS 
The function R; can be written in terms of a real and imaginary part as 


follows: 


[34] R, = 3(M, + 14) 


The function M, is actually proportional to the component of the magnetic 
dipole which is in phase with the exciting field. It is shown plotted in Fig. 4a 
where the abscissa is a frequency parameter ||. The component of the magnetic 
dipole at phase quadrature with the exciting field is proportional to N, and is 
plotted in Fig. 4b. For these curves several values of the permeability ratio 
ui/u were chosen which are indicated on the figures. 

The function R, for n > 1 on the other hand is characteristic of the higher 
order multipoles that can be induced in the sphere. In certain cases these 
functions may be significant, if the distances / and r are not large compared to 
the sphere radius }. It is convenient to write R, in the following form: 

[35] R, = 3(M, + iN,) 


where M, and N, are proportional to the strength of the ‘‘in-phase”’ and ‘‘quad- 
rature’’ components respectively of the multipoles of order n. These multipole 
functions are plotted against the frequency parameter la| in Figs. 5a and 5d. 
Owing to the greatly increased complexity of the calculations only one value 
of the permeability ratio was chosen (i.e. w:/u = 1). 

It is interesting to note that the multipole functions M, and N,, all have the 
same general characteristic shape. 

The application of these results to geophysical prospecting has been carried 
out by S. H. Ward of the University of Toronto. This work is to be published 


in a separate paper. 





WAIT: CONDUCTING PERMEABLE SPHERE 
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Fic. 4a. The in-phase component J, for a permeable sphere in the presence of a time- 
varying magnetic pole. 
b. The quadrature component \. 
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The higher order in-phase multipole functions. 
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LETTERS TO THE EDITOR 


Under this heading brief reports of important discoveries in physics may be published. These 
reports should not exceed 600 words and, for any issue, should be submitted not later than six weeks 
previous to the first day of the month of issue. No proof will be sent to the authors. 


A Method of Concentrating He*-He! Mixtures 


A method has been developed for increasing the concentration of He’ in Het from 2% to 
64% in a single ——-. The principle is similar to that employed on a smaller scale by 
previous workers (1, 4, 5) and depends upon the fact that liquid He‘ flows much more readily 
than liquid He? cea a very small leak. 

The “superleak” consists of a platinum wire sealed into a pyrex capillary (1, 6). The 2% 
mixture is condensed as a liquid on the entrance side of this superleak and the exit side is 
initially evacuated. Liquid flows rapidly through the leak until the pressure on the exit side 
builds up to a value near the vapor pressure of pure liquid He‘, after which the rapid flow 
ceases, presumably because of the osmotic pressure effect (3, 8). A slow flow then takes place 
until the pressure is the same on both sides of the leak. However, when the exit side is pumped, 
rapid flow commences again and the exit pressure again settles down to approximately the 

vapor pressure of pure He‘. These phenomena are obviously similar to the effects observed 
by Hammel and Schuch in the case of flow through the film (7). 

The liquid which flows through the superleak contains only about 0.5% of He*® and so the 
concentration of the liquid left behind steadily increases. This rise in concentration can be 
followed by observing the vapor pressure on the entrance side of the leak. It increases slowly 
at first, then more rapidly, and finally saturates at a value which depends upon several factors. 
The saturation concentration has never been greater than about 30%, but this does not limit 
the concentration attainable, because the vapor in equilibrium with the liquid is much richer 
in He’ and so high concentrations can be achieved by providing a large volume for the vapor. 
In this way we have obtained a mean concentration of 64%, which is already in excess of the 
concentration (~ 50%) at which the solution ceases to become superfluid at the working 
temperature of 1.1°K. (2). Experiments are in progress to investigate the possibility of achieving 
still higher concentrations. 

For the initial application of the method high concentrations were not essential, but it was 
important to have a high rate of processing. A multiple superleak was made by sealing 10 
platinum wires into the annular space between two tubes of pyrex. The pump on the exit side 
of this leak has to have a high speed without introducing any risk of losing the He® passing 
through it. This problem is solved by distilling over the effluent into a second cryostat containing 
liquid helium at a slightly lower temperature than the separation cryostat. Such an arrangement 
behaves as an excellent pump with a speed limited only by the connecting tubes. In this new 
apparatus the helium passes through the superleak at the rate of 200 cm#of gas at S.T.P. 
in one hour, which means that about 1000 cm.’ of gas at S.T.P. can be processed during a day’s 
operation. The final concentration is 37%. About one third of the He® passes through the 
leak but it can be retrieved and raised to a high concentration by a recycling procedure. 

We should like to thank Atomic Energy of Canada Ltd., who supplied the He*-He‘ mixtures 
and performed some of the mass spectrometer analyses. We should also like to express our 
gratitude for the mass spectrometer analyses performed by Messrs. C. B. Collins, R. M. 
Farquhar, and R. D. Russell of the Geophysics Department in the University of Toronto. 
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